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Abstract

We consider a reaction-diffusion-advection problem in a perforated
medium, with nonlinear reactions in the bulk and at the microscopic
boundary, and low diffusion scaling. The microstructure changes in time;
the microstructural evolution is known a priori. The aim of the paper
is the rigorous derivation of a homogenized model. We use appropriately
scaled function spaces, which allow us to show compactness results, espe-
cially regarding the time-derivative and we prove strong two-scale com-
pactness results of Kolmogorov-Simon-type, which allow to pass to the
limit in the nonlinear terms. The derived macroscopic model depends on
the micro- and the macro-variable, and the evolution of the underlying
microstructure is approximated by time- and space-dependent reference
elements.

1 Introduction

In this paper, we consider a reaction-diffusion-advection problem in a perfo-
rated medium with evolving microstructure (the micro-domain). Such type
of problems are encountered as mathematical models for mineral precipitation
or biofilm growth in porous media [29, 6, 27, 26], manufacturing of steel [10],
or the swelling of mitochondria within biological cells [25]. Typically, in such
mathematical models two spatial scales can be encountered: a microscopic scale
representing e.g. the scale of pores in a porous medium and at which the pro-
cesses can be described in detail, and a macroscopic one, representing e.g. the
scale of the full domain.

In situations like presented above, the microscopic processes can alter sig-
nificantly the microstructure, which changes in time. The evolution of the
micro-domain then depends on unknown quantities like the concentration of
the transported species, or the fluid flow and the pressure. On the other hand,
these unknowns do depend on the microstructural evolution, so one speaks about
problems involving free boundaries at the microscopic scale. From a numerical
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point of view, such mathematical models are extremely complex, which makes
simulations a challenging task.

In this context, a natural approach is to derive upscaled, macroscopic math-
ematical models approximating the microscopic ones, and describing the aver-
aged behaviour of the quantities. Compared to the models involving a fixed
microstructure, the case in which the microscopic sub-domains occupied by the
fluid and by the solid phases are separated by a moving interface requires addi-
tionally a way to express the microstructural evolution in time. One possibility
is to use phase fields as smooth approximations of the characteristic functions of
the two above-mentioned sub-domains (see e.g. [24, 7] for a reactive transport
model in a porous medium involving precipitation and dissolution). This has
the advantage that the moving boundaries are approximated by diffuse transi-
tion regions and that the microscopic model is defined in a fixed domain. On
the other hand, this introduces curvature effects in the evolution of this dif-
fuse region and, implicitly, of the evolving interface. Furthermore, two different
limits have to be considered: one in which the diffuse interface is reduced to a
sharp one, and another in which the macroscopic model is obtained from the
microscopic one. Choosing the proper balance in this limit process is not trivial,
in particular in a mathematically rigorous derivation.

Alternatively, one can consider sharp interfaces separating the phase sub-
domains. In the one-dimensional case, or for simple geometries like a (thin)
strip or a radially symmetric tube, the distance to the lateral boundary can be
used to locate the moving interface. For more complex situations like perforated
domains, the moving boundaries can be defined as the 0-level set of a function
solving a level set equation involving the other model unknowns. In this sense we
refer to the micro-model proposed in [29] for crystal precipitation and dissolution
in a porous medium. The evolution of microscopic precipitate layer is described
through a level-set, and a macroscopic model is derived by a formal asymptotic
expansion. In [6], this procedure is extended to account for non-isothermal
effects. Similarly, in [27] the level set is used to describe the microscopic growth
of a biofilm in a porous medium, and the corresponding macroscopic model is
derived by formal homogenization techniques.

For giving a mathematically rigorous derivation of the macroscopic model,
and more precise of the convergence of the limiting process, the main difficulties
are in proving the existence of a solution for the microscopic, free boundary
model, and in obtaining a priori estimates that are sufficient for a two-scale
limit. In a first step toward the rigorous homogenization of problems involving
free boundaries at the micro scale, here we consider a simplified situation and
assume that the microstructural evolution is known a priori. In other words,
we assume that the movement of the interface can be expressed through a time
and space dependent mapping from a reference domain (see also [21, 22, 10]).

In what follows, € > 0 is a small parameter describing the ratio between the
typical micro-scale length and the one of the n-dimensional hyper-rectangle €2.
It also represents the periodicity parameter of a fixed, periodically perforated
domain .. At each time ¢, the micro-domain is €2.(¢) and is obtained as a
mapping of €2.. More precisely, with 7" > 0 being a finite, maximal time, the
mapping Se : [0,T] x Qc — R™ is assumed known and sufficiently regular, and
for each ¢, the microscopic domain (occupied by the fluid) is given as Q(t) =
Se(t,Q¢). In this context, Q. has an oscillating boundary T'. (see Figure 1).
Correspondingly, for each ¢ € [0, T, the microscopic moving boundary is T'c(t) =



Se(t,T'¢), and the outer one becomes 0(t).

Inside §2.(t) the microscopic model is a reaction-diffusion-advection equation.
The diffusion is assumed of order €2, and the advection of order . The boundary
T(t) is moving in time in a manner known a priori. This is expressed as a
nonlinear Neumann-type boundary condition (see (1) below). The aim of this
paper is a mathematically rigorous derivation of a macroscopic model, of which
solution approximates the one of the microscopic model. This is done by using
rigorous multi-scale techniques such as two-scale convergence [20, 2, 18, 3] and
the unfolding method [9, 8], also known as periodic modulation or dilation
operator [4, 5, 32]. In doing so, the main challenge is to pass to the limit in the
nonlinear terms. Hence, a crucial part of the paper is the derivation of strong
two-scale compactness results based only on estimates for the solution of the
micro-model.

Since the microstructural evolution is assumed known, to derive the macro-
scopic model we transform the microscopic problem, defined in the moving
domain Q.(t), to a problem defined on the fixed, reference domain .. This
leads to a change in the coefficients of the equations, which now depend on
the transformation S, between Q. and Q.(¢). Especially, the time-derivative is
applied to the product J.u. involving the determinant of the Jacobian of S,
Je := det(VS,). We mention that e-independent estimates are only obtained for
the time-derivative 9¢(Jeue) and not for dyu., and therefore the product Jeu.
is used to control the dependence of u. on the time variable in the homoge-
nization process. Additionally, the regularity of the product J.u. with respect
to time is insufficient to control the nonlinear boundary terms, and therefore
refined arguments involving the time-derivative are required for the derivation
of strong compactness results. A further challenge in the proof of the strong
convergence is due to the small diffusion coefficient (of order €?), which leads
to oscillations of the solution with respect to the spatial variable and thus to a
gradient norm of order ¢~!. Hence, the two-scale limit depends on a macro- and
a micro-variable, and standard compactness results used in the case of diffusion
coefficients of order 1, like the extension of the solution to the whole domain, see
[1], and Aubin-Lions-type compactness arguments, see [16], fail. To overcome
these problems, we use the unfolding operator and prove strong convergence of
the unfolded sequence in the LP- sense by using a Banach-valued compactness
argument of Kolmogorov-Simon type. These are based on a priori estimates for
the differences of the shifts with respect to the spatial variable and the control
of the time variable via the time-derivative. For the latter, we prove a com-
muting property for the generalized time-derivative and the unfolding operator
using a duality argument, see also [14] where similar techniques were used for
reaction-diffusion problems through thin heterogeneous layers.

The derived effective model depends on both micro- and a macro-variables.
The macro-variable lies in the fixed domain 2. In every macro-point of z € €,
one has to solve a local cell problem with respect to the micro-variable, and
on an evolving reference element. For such cell problems, the macro-variable
x enters rather as a parameter. Hence, the evolution of the micro-structure is
passed on to the cell problems in the effective model.

Strictly referring to rigorous homogenization results for problems with an
evolving microstructure, we mention that even if the microscopic evolution is
known a priori, there are only a few results available and these are for linear
problems, at least in the boundary terms. In this sense we mention [21], dealing



with a linear reaction-diffusion-advection problem in a two-phase medium, and
with diffusion of order €2 and 1 in the different phases. Similarly, a model re-
lated to thermoelasticity in a two-phase domain was considered in [10]. In [22],
a reaction-diffusion problem with an evolving volume fraction (in our notation
Je) is treated, where the volume fraction is described by an ordinary differential
equation which is not coupled to the solution of the reaction-diffusion equation.
In [30, 31] a macroscopic model is derived for a linear double porosity model in
a locally periodic medium not evolving in time. A problem on a fixed domain,
with diffusion of order €? and nonlinear bulk kinetics - however, without the co-
efficient J. in the time-derivative - is treated in [17]. The authors determine the
strong convergence by estimating the difference between the unfolded equation
and the solution to the macroscopic equation, which has to be known a priori.
However, an additional regularity and compatibility condition for the initial
data is required. In [13, 12] a reaction-diffusion system for a two-component
connected-disconnected medium was considered for high diffusion (of order 1)
and nonlinear interface conditions as in our problem, where in [12] an additional
surface equation has been taken into account.

The paper is organized as follows: in Section 2, we introduce the microscopic
model in an evolving domain and transform it to a fixed domain. In Section 3,
the a priori estimates used for the derivation of the macro-model are proved.
In Section 4, we establish general strong two-scale compactness results and a
convergence result for the time-derivative. The macroscopic model is derived in
Section 5. The paper ends with the conclusions in Section 6.

1.1 Original contributions

Here we address the homogenization of a reactive transport model in an evolving
perforated domain. The evolution of the microstructure is assumed known a
priori. Since nonlinear bulk and surface reactions are considered, the derivation
of strong multi-scale compactness results is essential. The main results are:

- The derivation of a priori estimates for the micro-problem with coefficients
depending on the transformation between the time-dependent and the
fixed domain, and especially of the estimates for the differences between
the shifted solution and the solution itself, see Lemma 1 and 2;

- The introduction of the space H. with a weighted Sobolev-norm adapted
to the low diffusion scaling (of order €2), which is the basis for weak and
strong two-scale compactness results, see Section 4;

- The commuting property of the generalized time-derivative and the un-
folding operator, based on a duality argument, see Proposition 3;

- The general strong two-scale compactness result of Kolmogorov-Simon-
type, see Theorem 1;

- The two-scale compactness result for the generalized time-derivative, see
Proposition 4;

- The derivation of a homogenized model for a reaction-diffusion-advection
equation in an evolving domain, with nonlinear reaction-kinetics and low
regularity for the time-derivative, see Section 5.



2 The microscopic model

Withn € N, n > 1and a,b € N” such that a; < b; foralli = 1,...n, we consider
the hyper-rectangle Q = (a,b) C R™ as the macroscopic domain. Further € > 0
is a small parameters such that e € N. Q. C Q is a fixed, periodically
perforated microscopic domain, constructed as follows. With Y := (0,1)", we
let Y* C Y be a connected subdomain with opposite faces matching each other,
i.e.for i =1,...,n it holds that

Y*N{x; =0} +e; =0Y*N{x; =1}.

We define I' := 9Y* \ 9Y" and assume that I' is a Lipschitz boundary. Further,
let K. :={keZ":eY +k)CQ}. Clearly, Q = int (UkeKE e(Y +k)). Now
we define 2. by

Q. :=int ( U e+ k))

keK.

and the oscillating boundary I'. as
e := 09\ 09.

By construction, €2, is connected and T'. is a Lipschitz boundary. We emphasize
that the complement Q \ Q. may be connected (if n > 3) or disconnected.

For for t € [0,T7], the evolving domain €.(¢) and the evolving surface T'.(t)
are described by a mapping S, : [0,7] x Q@ — R™,

Sc(t,) : 0 — Qu(0),

with T'c(t) = Sc(¢,T¢), see Figure 1. The Jacobi determinant of S, is denoted
by J., i.e.we have J, := det (VSE).
Now we define the non-cylindrical domains Q7" and GT by

Q"= | wxow, T = |J (=1,
te(0,T) t€(0,T)
and consider Problem P, namely to find 4. satisfying:
Qe — V- (€2DViie — egeiic) = f(Te) in QT
—(62DV’L~L6 — e(jeﬂe) v =—eg(t.) on GZ,

—(2DVii, — egeie) v =0 on |J {t} xom\TI.(t), (1)
t€(0,7T)
i (0) = @ in Q(0).

We use common notations in the functional analysis. For a Banach space X
with norm || - ||x we also use this notation instead of || - ||x» for the norm in
the product space X™ = X x ... x X. Also, we use C' > 0 as a generic constant
independent of e. With this, and assuming that all integrals are well defined,
the weak form of Problem P (given in (1)) is
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Figure 1: The fixed domain €2, and the time-dependent domain . (t) obtained
through the mapping Sc(¢, ).

Problem Py. Find @, € L?((0,7), H*(Q(t))) such that for all ¢ € C*(QT)
with ¢(T,-) = 0 it holds that

T T
—/ / U Oppdxdt + / / [e2DVﬂ€ — eqeﬂe] - Vodxdt
0 JQ(t) 0 JQ(t)

:/OT /Qe(t)f(ﬂe)gﬁdxdt—i—e/OT /Fe(t)g(ﬁewdodt

T
+/ @ (0)dx +/ / 0t Sc(t,Sc(t, )Y - viicpdodt.
Q(0) 0 JOiQ(t)
Below we state the assumptions on S.:

(A1) S. € CL([0,T] x Q)™ with

1

—l0eSellcoo,mxay + 15l ero,ram) = C-
(A2) There exist constants cg, Cyp > 0 independently of €, such that

co < Je < Cp.

(A3) We have J. € C*([0,T] x Q) with
10 Tell 2 (0,7),212) + €IV Iell Lo 0,7y x00) < C-

For the definition of the space H, we refer to Section 3.



(A4) For any ¢ € Z™ it holds that
| Je -ty + C€) — J6||CO([0,T]x§Tg) < Cle|, and
[V Ity 0 + le) = Vel Lo 0,1y xry < O],

with 0 < h < 1 fixed. For the definition of the domain Q we refer to
Section 3.

(A5) For any ¢ € Z™ it holds that
[[ve(-t, o + Le) — UEHCO([O,T]XSTQ) < C\Z|62

with ve(t, ) := VSc(t,2) 710, Sc(t,z) and 0 < h < 1 fixed.

(A6) There exists Sy € C°(€, C*([0,T] x W))n such that Sy(t,x,-,) is Y-
periodic and Sy(t,z,-) : Y* — Y(t,2) := R(Soe(t,x,-)) (the range of
So(t,z,+y)) is a C'-diffeomorphism and (for the definition of the two-scale
convergence see Section 4)

(t,z) = strongly in the two-scale sense,
VS(t,x) =V So (t,z,y) strongly in the two-scale sense,

VS (t,x) = V, Sy (t,x,y)  strongly in the two-scale sense,
€105 (t,z,y) — 0:So(t, z,y) strongly in the two-scale sense.

Especially, it holds that J. — Jy := det VS strongly in the two-scale sense.
We emphasize that due to the estimates in Assumption (A1) the strong two-
scale convergences in (A6) hold with respect to every LP-norm for p € [1,00)
arbitrary large. For the derivation of the macroscopic model we need the strong
convergence of T.J., where 7. denotes the unfolding operator, see Section 4.

In the following we give an example of a transformation Se, for which the
assumptions (Al) - (A6) are fulfilled.

Example 1. Let us consider that Y \ Y* is strictly included in' Y, i.e. T is a
compact subset of Y. Furthermore, let w(t,z,y) with w : [0,T] x A xY — R be
a smooth function, which is Y -periodic with respect to variable y. We assume
that for every (t,x) € [0,T] x Q the set

L(t,z) = {y+wt,z,y)wly) :yel}CY (2)

is a closed C*-manifold with T'(0,x) = T'. Here vy denotes the outer unit normal
vector with respect to Y*. The properties of T'(t, ) imply the existence of cubes
W, and W;, such that W; C W, CY and

A= |J Ttz cW,\W.

(t,z)€[0,T]xQ

Let us define a cut-off function xo € C§° (Wo \Wl) with 0 < xo <1 and xo =1
in A. Now, we define the transformation S, by

sy (u[2]. 2 (2 )



This

means, that the moving interface I'¢(t) can be described locally on every

microscopic cell. With Sy defined by

So(t,z,y) ==y +w(t, z,y)xo(y)ro(y),

the sequence S, fulfills the properties (A1) - (A6).
Remark 1.

(1)

(i)

In applications like the ones mentioned in the introduction, the transfor-
mation S, is not known a priori, but is itself a model unknown. For exam-
ple, when considering dissolution and precipitation in a porous medium,
the evolution of T'c(t) is determined by the two processes named above,
which depend on the concentration of the solute at the pore walls. Con-
versely, Q¢(t) is the domain in which the solute transport model component
s defined, so the solute concentration depends on the evolution of the free
boundary T'¢(t). This leads to a microscopic, moving interface problem.
From the evolution of T.(t) the transformation S. can be constructed for
example via the Hanzawa-transformation [15], see also the monograph [25]
for an overview on this topic. Regarding Fxample 1, the crucial point is
to find the function w and to guarantee the condition (2) together with the
regqularity of T'(t,x). Often this is only possible locally with respect to time,
which rises additional difficulties in the homogenization procedure.

We emphasize that the Assumption (A1) on the transformation S. im-
plies that the microscopic deformations taken into account are small at
the micro-scale and, consequently, at the macro-scale as well. In other
words, the displacement of every point with respect to its initial configura-
tion is of order €.

Finally, we state the assumptions on the data:

(AD1)

(AD2)

(AD3)
(AD4)

It holds that g. € L*°(Q1)™ and
Gell Lo (@) < C.
Further, we assume that for any ¢ € Z" it holds that
1Ge © Se(+t, 2 + £€) — Ge © Sell Lo 0,7y x2n) < C|lel.
There exists a Y-periodic function gy € L ((0,7) x £ x Y*) such that

Ge © Se = qo  in the two-scale sense.

It holds that f, g € L?((0,T) x R), and for almost every t € (0,T) the
functions z — f(t,2) and z — ¢(t,2) are globally Lipschitz-continuous
uniformly with respect to t.

The diffusion coefficient D € R™*"™ is symmetric and positive.

The initial values u? € L%() are bounded uniformly with respect to €
and for any ¢ € Z™ such that |¢e] < h with 0 < h < 1 fixed, it holds that

le—0

[ud (- + €€) = ulll p2(am — 0.

Further, there exists u® € L?(Q x Y*), such that u? — u° in the two-scale
sense.



Using the mapping S, we transform the problem in (1) to the fixed domain
Q.. Let us define

e : (0,T) X Qe = R, uc(t,x) := e (t, Se(t, x))
and for (t,x) € (0,T) x £,

D (t,z) := VS.(t,2) ' DVS,(t,z)" 7,
qe(t,z) == VS (t,2) 1 Gc(S(t, x)),
ve(t, ) i= VS (t, )10, Sc(t, x).

Then, on the fixed domain €2, we define the transformed Problem P, namely
to find wu. satisfying

at(JeuE) -V (62J€D5VuE —eJeqeue + Jeveue) = Jef(ue) in (0,7
—(eQJGDEVu6 — eJeqeug) v =—eJg(ue) on (0,T)xT,,

—(eQJEDEVu6 - eJquue) v=0 on (0,T
uc(0) = u? in Q,

with u?(x) := a%(S(0, x)).

In the following, given a bounded domain U C R", the duality pairing
between H'(U)" and H'(U) is denoted by (-,-)yy. With this we define a weak
solution of Problem Py (introduced in (3)):

Definition 1. A weak solution of the micro-problem Pr is a function u. €
L2((0,T), H (), such that 0y(Jeue) € L2((0,T), H(Q)")), uc(0) = 42, and
for every ¢ € H*(Qc) and almost every t € (0,T) it holds that

(Or(Jeue),0), + / [€2JeDeVue — eJeqeue + Jeveue) - Voda

(4)
= / Jef(ue)(bd‘r + 6/ Jeg(ue)¢da + / Jeve - vucpdo.
Q. T, 29,

The regularity of 9;(J.u.) and the regularity of J. immediately imply Oyu. €
L2((0,T), H*(Q)"). However, as will be seen below the estimates for the norm
of Qyu. are not uniform with respect to €, therefore we work with the product
Jeue. We start with

Proposition 1. There exists a unique weak solution of Problem (3).

Proof. This follows e.g. by applying the Galerkin-method, and after obtaining
estimates that are similar to the ones in Lemma 1. We omit the details. O

3 A priori estimates

We first introduce an H'(£),)-equivalent norm, which is more adapted to the
e-scaling in the problem. We denote by H. the space of H!(€.) functions,
equipped with the inner product

(ue,vE)HE = (ué,ve)LQ(Qe) + 62(VUE, V’UE)L2(Q€). (5)



The associated norm is denoted by || - ||3.. The spaces H!(Q.) and H. are
isomorphic with equivalent norms. More precisely,

6l < el @y < € Hidellw,  for all g € H' ().
We have the embedding
L2((0,T), M) — L*((0,T), H' (%)),
and for F, € L%((0,T),H.) it holds that

IFellz2 0,7y, 10 20y < I1Fell2((0,7),200) -
Especially, for any w, € L*((0,T),H.) N H((0,T),HL.) it holds that

(Opwe, Be)ar . = (Ouwe, de) iy mr(a.) for all g € H ().
Clearly, the converse embedding also holds: if F. € L%((0,T), H'(Q.)") then
F. € L?((0,T),H.) as well. However, in this case the estimates of the operator
norms in the embedding depend badly on e,

1Fell 2 (0,m) 20y < € HIFelln2(0,m), 51 (0.1

We will see in Section 4 that the norm on . is the appropriate norm for the
time-derivative to obtain two-scale compactness results.

The following Lemma provides some basic a priori estimates for the solution
ue and the product J.u.

Lemma 1. A constant C > 0 not depending on € exists such that for the weak
solution u. of Problem Pr one has

el Lo 0,1, L2(0.)) + luell 20,72 < C, (6a)
10 (Jeue)ll 20,1y, 22) + I TettellL2((0,1),20) < C- (6b)

Proof. We choose u, as a test function in equation (4). The positivity of D and
the properties of S¢ imply the coercivity of D.. Using ¢y < J and the formulas
(remember that 9;J, is a C°-function)

1d, —~ 1
<8t(c]eue>7ue>9F = §£|| Jeue”%ﬂ(ge) + 5/(\2 atJeU?dl’7

and (since 9;J. = V - (J.ve))

1 1
/ Jeueve - Vuedxr = —7/ 8tJ6uzdx + f/ Jeve - I/USdO’,
Q. 2 Ja. 2 Joq.

we obtain for a constant d > 0

1d
§%||V J6u6||2L2(Q€) + de2||Vu5||%2(Q€)

1
< - f/ 8,5J5ufdac + e/
2 Ja. Q.

—|—/Q Jef(ue)uedx—i-e/r

€ €

:6/ J€u6q6~VuEdsc+/ Je f (ue)ucdx
Qe Q.

Jeueqe . Vuedx - / Jeuevg : vuﬁdl'
Qe

Jeh(ue)ucdo + / Jeve - vuldo
00,

4
1 .
€ € ed * eUe * 2d = A(J)
+6/FJg(u)u 0+2/BQJU vuZdo E s

e € j=1

10



We continue with the terms on the right-hand side. For any 6 > 0, a C'(6) > 0
exists such that for the first term one has

AW < CelJegell = el 200 | Vucl ra,) < CO)luclizgq,) + 0% VuellZa o).

Concerning the nonlinear terms, we only consider the boundary integral. All
others can be treated in a similar way. We use the trace inequality for period-
ically perforated domains, stating that for every € > 0, there exists C(6) > 0,
such that for all w, € H'(€2,) one has

ellwel3a o0,y < CO)lweldaq, + 0 1Vudla,). (7)

Together with the Lipschitz continuity of g, this implies that

A®) < Ce/ 1+ uedo < C(1+ ellucl3ar,)

€

< CO) 1+ lluclZzio,)) + 0 Vuelizq,)-
For AY | we use similar arguments as above and Assumption (A1) to obtain
AW < Celluellzoa,) < COuelliz (o, + 06 Vil ).

Choosing 6 small enough, the terms on the right including the gradients can
be absorbed by similar terms on the left. Using the Gronwall-inequality and the
‘H-norm induced by the inner product (5), we obtain inequality (6a).

The L?((0,T), H.)-estimate for J.u, follows directly from (6a) and the prop-
erties of J.. To prove the inequality for the time-derivative 0;(Jcuc), we choose
¢ € He with ||@]|. < 1 as a test function in (4), and apply similar arguments
as above. O

We emphasize that in the proof above we used the C'-regularity of J., but
we have not assumed a uniform bound with respect to e for the C'-norm. We
overcome this problem by using the equality d;J. = V - (Jeve).

Remark 2. Due to the C'-regularity of J. and the product rule we have
e = J7 10y (Jeue) — I uedJe € L*((0,T),HL) < L*((0,T), H* ().

However, we only have a uniform bound for the L?((0,T), H.)-norm of d;J, see
(A3). Therefore, we obtain no bounds for dyu. in the L?((0,T),H.) norm (or
in L?((0,T), H(2.)")) that are uniform in €. Under the additional assumption

10eTell Lo (0,1)x02.) < C,

from the results above one also gets

10¢uellL2((0,1),27) < C.

3.1 Estimates for the shifted functions

To prove strong compactness results which are needed to pass to the limit in
the nonlinear terms, we need additional a priori estimates for the difference

11



between shifted functions and the function itself. For h > 0 let us define the set
Q" := {x € Q : dist(z,00Q) > h}. Further we define

Kh:={keZ" : Y +k) c Q"},

€

QF .= int U e(Y*+k) |,

keKh
FZ = int U e(f—k k)
keKh

Then, for ¢ € Z™ with |le] < h we define for an arbitrary function v, : Q. — R
the shifted function

v (x) == ve(z + Le),

and the difference between the shifted function and the function
ove(z) := 08 (x) — ve(x) = ve(@ + Le) — ve().

In the following, we want to estimate §(J.uc). Therefore, we need the variational

equation for the shifted function u!, respectively Jfu’. Due to the low regularity

for the time-derivative 9;(J.u.) € L*((0,T), H'(Qc)), it is not obvious how to
obtain the time-derivative of (J.u.)", since this function is only defined on Q.
Therefore, we argue in the following way: First of all, we define the space

HH(QL) = {¢p € H'(Q") : ¢ =0o0n 0Q" \TI}

of Sobolev functions with zero trace on the outer boundary of Q. For v, €
HY((0,7), H'(Q.)") it holds that the restriction to Q7 fulfills v. € H((0,T), H§(Q2")")
with

(Orve, D)aacary mpar) = (Orves @) 1 (0.y 1Y)

for all ¢ € HE(Q!) and ¢ denotes the zero extension of ¢ to .. Further, we
have

(O0vl, O) s any () = (006, &Y gy H1 (00 -
Finally, the space H" is defined in the same way as H., with Q" replacing €2..

Lemma 2. Let u. be the sequence of weak solutions of Problem Pr (stated in
(3)),0<h< 1 and £ € Z™ such that |le| < h. Then it holds

||(5(J€ue) HL%(O,T),HE’”‘) SC”(S(Je(O)US)HL?(QQ) + leﬁ‘ + C\/E
Proof. For the ease of writing we use the notation
we(t,x) = J(t, x)uc(t, z).

Using the product rule gives

JeDVu, = DVwe — we%VJE.

12



An elemental calculation gives us the following variational equation for all ¢ €
H§(Q2F) and almost everywhere in (0, T)

2
(80w, ¢>7~Lé(ﬂ?)ﬂ7—t},(ﬂ?) +e o D Véw, - Vodx

= (s, B)aacany war) + € /Q} DIV - Vodz — € g 5D Vw - Vda

~ (@uwe gy giom — € [ DV Vodo
Qp
(0w, D) any Haom) + € /Qh JEDIV UL -
— <3w6, ¢>Hé(szél)/7%é((zi’,) — 62 A’ JEDEVUG . ¢d$

762/ §D€wa-¢dx+e2/ 5<w€D€w€> -Vodx
Qn Qr Je

D,
=— [ DV -Védr + | Sw.—VJ.-Vodr
an Qn Je

€

D.
+ 62/ ) <VJ€) wf -Vaodr + e/ wféqe - Vodz
ar \ J an

+ € dweqe - Vodr — / wfévE -Vodzx

h h

— / dwev, - Vda + / (JEF(ul) — Jef(ue)) pda
Qb Qh

+e /F ? (JEg(ug) = Jeg(ue)) ¢do

10
0,0 b . _. ()
+ /F} (JEvt - vul — Jeve - vue) pdo =: ZAE .

j=1
Now, we choose ¢ = n?6w., where n € C> ((TQ) is a cut-off function with
0<n<l,n=1 in@andn:OinQG\Q?. This implies

1d

<at6wea n26we>yé(ﬂg)/’ﬂé(gg) = 2dt HnéweH%?(Qe)

and the coercivity of D, implies the existence of a constant d > 0 such that (we
extend every function by zero outside )

€ D Vow, - V(nzdwe)dx
Qp

=2 Dn?Véw, - Véwedz + 262/ ndwe D Vow, - Vndz
Q. Qe

> €2d||7’]V(S’LUE||2Lz(QE) + 262/ néw.D Vow, - Vndax.
Q.

For the last term we use Lemma 1 to obtain for every 6 > 0 a constant C(6) > 0
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such that

62

/Q ndweDVow, - Vndx| < C(Q)EQHﬁwEH%z(QQ) + 962H17V5w€H%2(Q€)

< C(0) + 962||17V6w6|\%2(95).
Now we estimate the terms Agj). From the assumptions on S. we obtain
16Del[ Lo ((0,7)xny < Cllel. This, together with the a priori estimates in Lemma

1 and after integration with respect to time, implies that for arbitrary 8 > 0, a
constant C(0) > 0 exists s.t.

t t
/ Agl)ds = —¢? / / 7725D€wa - Véw, + 2775D66w6wa - Vndxds
0 o Jar

SCE 0D || . ((0,6)x 2

VWl || 2 (0.6 xm) 1MV 6Well L2 ((0,6)x o)

+ C€ [ndwell L2((0,6) xm) VWl L2 ((0,6)x 2

<CO(0)|le]* + 0€%||nV dw,

10Del| Loo ((0,4) x2m)

2L2((07t)xﬂ2) + C||775w6||2L2((0,t)ng) + O|el*.

For the term A we use Assumptions (A2) and (A3) to conclude that

C
< =

D,
Hwe <<
Je Lo ((0,T)x Q") €

Using the above gives

t t
/ AP s = 2¢2 / / 5w§&w€ -V + mgwe - Vowen*duds
0 0 JQh Je Je

< Celldwel| 22 (0,0 xan) + Cellndwel| L2 (0.6 m 11V 0we | 2 0.0y x 21y

<Ce+ 0(9)||775we”%2((0,t)xgg) + 962||77V(5w6||2L2((07t)X9?)'

For A®), we use Assumption (A4) to obtain

D
§( ==V,
b (Gev)

t
/ A®)ds <Cllelel|wtl] 12 0.0 xam)
0

+ Cllelel|ndwell L2 (0,6 x )

<.
Lo ((0,T)x QM)

This implies that

[NV wellL2((0,6)xm)

\wf||L2((o,t)ng)
<C(0)|tel” + 9€2||7IV5we||2L2((0,t)ng) + C||n6we||%2((0,t)xﬂg) + Cleel.

Using the assumptions on g., we obtain

[NV wel| L2 qny

t
/ AW ds <Cel|wt]| L2((0.6x0m) 10Ge | Lo (0,6)xm)
0

+ Cel|wil| L2 ((0,6yxm)

Indwel| L2 ((0,6)x 1) 16Gel Lo (0,6 x 21
<C(0)|tel” + 9€2||7IV5we||2L2((0,t)ng) + C||n6we||%2((0,t)xﬂg) + Ce?|el?.
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For the fifth term, employing similar arguments as above leads to
t
/0 AP s < CO)[n6wel| 20,0 xan) T 0 1NV oW T2((0 1y x2my + Ce.

For A", we use Assumption (A5) to obtain

MV Owe|L2((0,6)x )

t
/ A ds <|I6vell Los ((0,6)x 21 \wam((o,t)xQQ)
0

+ Cllwi | L2 (0,6 xm) IM6We | L2 (0,6 x22) 16V | L ((0,6)x 21
<C(0)|tel” + 9€2||7IV5we||2L2((0,t)ng) + C||n6we||%2((0,t)xﬂg) + Ce?|Lel?,

while for Ag) we get
t
/0 ADds < CO)[n6wel|72 (0,0 x0n) + O 1NV We||72((0,0) oy + Ce-

From the nonlinear terms, we only consider the boundary term Agg), since the
other one can be treated in a similar way. One has

t t t
/ A®ds :g/ 6J.g(ubn?ow.dods —|—e/ / Je(g(uﬁ) — g(ue))n*dw.dods
0 o Jrh 0 JT?
= Bs(l) + BEZ)

Using Assumption (A4), Lemma 1, and the trace inequality (7), for BY we get

B! <Ce|el|[ndwel L2 (0.0 xrr) + Cellellluel 20,0 xrm) [m0wel 20,6 xr2)
<Ce> |lel[ndwel L2 (0. xrr)

<C(0)|LelIndwe || L2 (0,0 xany + Oellel |V (ndwe) | L2 (0,6 x 2
<CO)Indwel|F2((0,4)xany + CO)|le]? + Celle| + 0 [nVowe|| 220 1) an)-

Using the positivity of J. and similar arguments as for Be(l) gives
t
B€(2) gC’e/ / |Jeuf — Jeue|n?|dwe|dods
o Jrr

¢
§C’e// 6| [ul |n?|ow.| + n?|6w, |*dods
o Jrk

<Clelelel[ul || L2((0,6) xrm In0Well L2 (0,6 xTr) + C€||775weH%2((0,t)xrg)
<CO)Indwel| 22 (0.4 xany + CO) e + Celle] + 0 [nVawe]| L2 (0.0 x ) + Ce®.

Similarly, using Assumption (A5), we obtain

t ¢ t
/ A10 s = / dw?v! - vndodx + / / We [vf — v - vn*Swedods
0 o Jrx o Jrk

t
< C€H775we”i2((0,t)xrg) + Cez|l|/0 /Fh lwe|n? 0w, |dods

< CO)ndwell 22 (0,0 xany + 0 IMVOW 2 (0,0 x0my + Ce* + Clel.

Integrating (8) with respect to time, applying the above estimates and the
Gronwall-inequality, after choosing 6 small enough gives the desired result. O
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4 Two-scale compactness results

In this section we prove a general strong two-scale compactness result for an
arbitrary sequence based on a priori estimates and estimates for the differences
of the shifts. We make use of the unfolding operator in perforated domains, see
[8]. First of all, let us repeat the definition of two-scale convergence, which was
introduced in [20] and [2].

Definition 2. A sequence u. € LP((0,T) x Q) forp € [1,00) is said to converge
in the two-scale sense to the limit function ug € LP((0,T) x Q xY'), if for every
peC ([O,T] x §, Cper (Y)) the following relation holds

T T
lim/ /ug(t,m)qﬁ (t,m, E) da:dt:/ //uo(t,x,y)d)(t,x,y)dydxdt.
«=0Jo Ja € o JalJy

A two-scale convergent sequence u. convergences strongly in the two-scale sense
to ug, if

21_13(1) luellLr o0, 1yx) = lluollLr 0,7y x2xv)-

Remark 3. By replacing Y with Y* and Q with ., the Definition 2 can be
easily extended to sequences in LP((0,T) x Q). In both cases we will use the
same notation for the two-scale convergence.

In [3, 18] the method of two-scale convergence was extended to oscillating
surfaces:

Definition 3. A sequence of functions u. € LP((0,T) x T'¢) for p € [1,00)
is said to converge in the two-scale sense on the surface T'c to a limit uy €
LP((0,T) x @ x T), if for every ¢ € C ([0, T] x Q, Cpe,(T')) it holds that

T T
1ime/ / ue(t, ) (t,x,f) dadtz/ //uo(t,x,y)¢(t,x,y)daydxdt.
=0 Jo Jr. € o JaJr

We say a two-scale convergent sequence ue converges strongly in the two-scale
sense, if additionally it holds that

. 1
lim €7 fJuc]| 2 ((0,7)xr) = lluollLr(0.1)x@x1)-

An equivalent characterization of the two-scale convergence can be given via
the unfolding operator, see [8], which is defined by (p € [1,00)) for perforated
domains by

Tor LP((0,7) x Q) = LP((0,T) x @ x ¥*), Taue(t,z,9) = uc (e[ 2] +ey)
€
where [] denotes the integer part. In the same way we can define the unfolding

operator on the whole domin 2 and we use the same notation. We also define
the boundary unfolding operator by

TP LP((0,7) X T) = LY((0,7) x @ x D), Thuclta,y) = ue (e |2 + ).

Let us summarize some important properties of the unfolding operator, which
can be found in [§]
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(i) For u.,v. € L2((0,T) x Q) it holds that
(e, ve) L2((0,1)x20) = (Tethe, TeVe) L2((0,T) x x Y *) -

(ii) For ue € L2((0,T), H'(Q2)) we have V, Tcue = €Tc(Vue).
(iii) For u.,v. € L%((0,T) x T¢) it holds that

(te, Ue)L2((0,T) xTe) = G(ﬁbue, zbve)LQ((O,T) xQxT)-

The statements above remain valid if we replace 2. by €2.
We have the following relation between the unfolding operator and the two-
scale convergence, see [5].

Lemma 3. For every bounded sequence u. € LP((0,T) x Q) the following state-
ments are equivalent

(i) ue — uo weakly/strongly in the two-scale sense forug € LP((0,T)xQxY).
(i) Teue — ug weakly/strongly in LP((0,T) x Q@ x Y).

The same result holds for ue in LP((0,T) x T'.) with er luelle 0,ryxr.) < C and
the boundary unfolding operator T2. The result is also true, if we replace Q with
Q. and Y with Y*.

Now, we define the averaging operator U, : L?((0, T)xQxY™*) — L?((0,T) x
Q.) as the L2-adjoint of the unfolding operator. An elemental calculation, see

[8], shows
wiortn = [ o(ec o [2]) 2)) o

with {z} = 2z — [2]. As an immediate consequence of the L?-adjointness we
obtain

U(D) 220, 7)x20) < Pl 220,17y x %7+ 9)
Further, let us define the space
Ho(Y*):={p e H'(Y*) : ¢=00n0Y NOY*}.
Then we have the following result

Proposition 2. For all ¢ € L?((0,T) x Q,Hy(Y*)) it holds that eV U.(¢) =
U (V). Especially, we have

[U(D) L2 (0,1),7) < N9l L2(0,7) 2,18 (v+))-
In other words, the restriction of U. to L2((0,T) x Q, H}(Y™)) fulfills

U, : L*((0,T) x QHH(Y™)) = L*((0,T), He).
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Proof. This is an easy consequence of the L?-adjointness of U, and V,7. =
€TV, In fact for ¢ € L2((0,T) x Q, H(Y*)) and ¢ € C§°(£2) we have almost
everywhere in (0,7T)

/ Ue(6)00, b = / OT: (B0 dyde
Q.

QJy=

1
! / 60y, T-(t))dydz
€ QJy=
S / 0y, 6T (W) dyd + / T (V) vrdo, dz
€JoJy= € Jq Joy+
1

— | @,

e

where the boundary term vanishes since 7¢(¢)) = 0 on T" and ¢ = 0 on 9Y N9Y ™.
The inequality is an easy consequence of (9) and the definition of H.. O

This result gives a formula for the generalized time-derivative of Tcue.

Proposition 3. Let v. € L*((0,T) x Q)N H((0,T),H.). Then we have
Teve € H'((0,T), L*(Q, Hp (Y™))')
with
(0:Teve, O) L2 (v+)) L2 (@ H (<)) = (Orve, Ue(9)) .-

Additionally, we have
10 Tevel L2 (0,7, L2 1 (v )y < [10¢vell L2 ((0,7),212)-

Proof. For ¢ € L*(Q,H}(Y*)) and ¢ € D(0,T) we obtain immediately from
Proposition 2

/OT /Q / . Teve(t, z,y) oz, y)y' (t)dydadt T

T
— [ [ ot oh(@) o) (dode = ~ [ (010 ). 4 0D)e, w(t)dr
0 Q.

0

The inequality is a direct consequence of (Oyve,Ue(¢))a. = (Oeve,Ue(P)) 3 1.
and Proposition 2 . O

In the next proposition we show that, with under suitable a priori estimates,
the existence of a generalized time-derivative for a two-scale convergent sequence
extends to the limit function. First, we introduce the difference quotient with
respect to time. Given a Banach space X and with 0 < h < 1, for an arbitrary
function v € L?((0,T), X) we define

ho(t, z) = WL ‘?L —obY) e (0T —h) 3 € X

18



Proposition 4. Let v, € L?((0,T),H.) N H((0,T), H.) with

[vellz2(0.7).#.) + 10vell L2 (0,7),2) < C.

Then there exists vo € L*((0,T) x Q, HL, (Y*))NH((0,T), L*(2, H..(Y*)")),

per P
such that up to a subsequence it holds that

Ve — Vg in the two-scale sense,

eVue — Vyug in the two-scale sense.

Further, for every ¢ € D((0,T), L*(Q), HL.,(Y*)) and ¢c(t,x) := ¢ (t,2, L) it
holds that (up to a subsequence)

T T
lim <atve7¢6>H1(Qg)’,H1(Q€)dt:/ (Orvo, @) L2(0, 11, (v*)),L2(Q, HL,, (v*)) At
0

e—0 0 per
Proof. By standard two-scale compactness results, a function vy € L2((0,7T) x
0, H. . (Y*)) exists such that (up to a subsequence)

per

Ve — Vg in the two-scale sense,

eVve = Vyug in the two-scale sense.

To establish the existence of the weak time-derivative of vy we show that 6{%}0
is bounded in L*((0, T — h), L*(, H],(Y*))) uniformly with respect to h. For

all ¢ € L2((0,T — h), L*(Q, HL,,(Y*))) with

&l z2(0,7—n),L2(0, 13, (v))) <1

per

and ¢c(t,x) := ¢ (t, 2, L) it holds that

(0100, B) L2((0,T—h), L2(Q,HI . (Y*))),L2((0,T—h),L2 (2, HL,. (Y *)))

per per

T—h
= / / atth(tax7y)¢(t7$7y)dydmdt
0 QJYy=*

T—h
= lim / O (t, )¢ (t, x)dxdt
0 Q.

e—0
T—h
= lim <8£L’Ue (t)a ¢6 (t7 ')>H2>He dt

e—0 0

< lim 108 vell L2 ((0,7— k) 1) | el 20, 7= ), 240

< Clim || 9pvell 20,1y 12) < C-
This implies

||3fU0HL2((0,T),L2(Q,H1 vy <C

per

uniformly with respect to h. Hence, d;vg € L((0,T), L*(Q, H...(Y*)")). Fur-

p

ther, for ¢ € D((O,T) x Q, 0% (Y*))) and ¢c(t,z) = ¢ (t,x, f) we obtain by

per
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integration by parts

T T T
| tosomaymoodi == [ [ vlta)o (60, %) dod
0 0 Ja. €
o T
D [tttz dydade
0 Q *

T
=/ (Orvo, @) L2(0, 11, (v*)),L2(Q, HL,, (Y *))-
0

The desired result follows by density arguments. O

Remark 4. If the condition for the time-derivative Opv. in Proposition 4 is
replaced by the weaker one, namely dyv. € L?((0,T), H*(2)") with
[0¢vellLz((0,7), 11 (2,)) < Cs

the existence of Oyvg is not guaranteed anymore. However, using similar argu-
ments as in the proof above, one shows that the time-derivative of vy := fy* vody
exists. More precisely, we have vy € L*((0,T), HY(Q)") and for all ¢ € H ()
it holds that

T T
lim [ (Ove, ®) 1oy, m1 () = /o (000, @) H1 () 1Y (Q) -

e—0 0

For the proof of the strong two-scale compactness result we make use of the
following lemma, which gives a relation between differences of shifted unfolded
functions and the functions itself.

Lemma 4. Let v. € L?>((0,T) x ). For 0 < h < 1 and |z| < h it holds that

2
H7§v6(t7m +2,y) - 7;U5||L2(0,T)><th cy) S Z ||5l“f||2L2((0,T)m?)’
je{o,1}n

with | = 1(¢, 2,§) = j + [2].

Proof. This result was proved for thin domains in [19, p. 709-710] and extended
to domains in [12, Proof of Theorem 3]. O

Now, we are able to formulate the strong two-scale compactness result.

Theorem 1. Consider a sequence of functions v, € L*((0,T), H*(Q))NH((0,T), H.)
satisfying the following conditions

(i) An e-independent C > 0 exists such that
vell 22 (0,1),7.) + [10svell L2 (0,1),2) < C.

(i) For 0 < h <1 and ¢ € Z™ with |le| < h, it holds that

el—0
16vell 20,7, 22 () + €l V8Vl 20,7, 22 (c2m)) = 0.

Then, there exists vo € L*((0,T) x Q, H} . (Y*)), such that for 3 € (3,1) and
p € [1,2) it holds that

Teve = v in LP(Q, L2((0,T), H?(Y™))).
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Remark 5. If we replace the condition (ii) by

h—0
[16vell L2 (0.7), £2(0n)) + €IVEVell L2017y, L2 (0m)) — O,

and |le|] < h, we obtain the strong convergence of Teve to vg in L2((0,T) x
Q,H?(Y)). Therefore, in the proof below we have to make use of [11, Theorem

Proof of Theorem 1. We apply [11, Corollary 2.5] , which gives a generalization
of Simon compactness results from [28] for domains in R™, and therefore we
have to check the following properties:

(a) For A C Q measurable, the sequence V,(t,y) := fA Teve(t, z,y)dz is rela-
tively compact in L2((0,T), H?(Y*)).
(b) For 0 < h < 1 and |z| < h it holds that

z—0

= 0.

Slelp ||7;U6(ta z + Z} y) - 7;1)5||LT‘(Qh7L2((0,T),Hﬂ(Y*)))

(¢) Tt holds that (h > 0)

h—0

Sup [Tevell Loenan, 22 o), mra vy — O

First of all, let A C Q and V, defined as in (a). The properties of the unfolding
operator and the condition (i) imply

2 2 2
IVellZ2(0, 1), 11 (v+)) < ||7;U€HL2((O,T)><Q,H1(Y*)) < Cllvellz2o,ry,1.) < C-
Further, it holds for all ¢ € H}(Y*) that
<at‘/€7 ¢>'H(1)(Y*)’,H(1)(Y*) = <8t72,l}€7 XA¢>L2(Q,Hé(Y*))’,LQ(Q,H})(Y*))7

where y 4 denotes the characteristic function on A. This implies for ¢ € H{(Y™*)
with [|@|| g1 (y+) < 1 together with Proposition 3

(e Ve, D vy mp vy | < HatﬁveHLz(Q,Hé(y*))r||XA¢||L2(Q,H(1,(Y*)) < C|Owve| . -

Now, the condition (i) implies that

10¢Vell L2 0,7y 3 (v =)y < C,
i.e. V. is bounded in L2((0,T), HY(Y*))NH!((0,T), H}(Y*)"). Since the embed-
ding H'(Y*) < HA(Y*) is compact for 3 € (3,1) whereas H?(Y*) < H{(Y*)'
continuously, the Aubin-Lions Lemma implies that V. is relatively compact in
L%((0,T), H?(Y*)). This is condition (a) above.

To prove (b), we use Lemma 4 to obtain that for 0 < h < 1 and |z| < h and
e small enough

2
Hﬁ”e(t’ r+2,y) - 7;”6HLP(Q%,B((O,T),HB(Y*)))

< C||Teve(t, & + 2,9) = Tevelli2 (0.0 x 20 11 (2))

< Z H(SIUEH%?((O,T)XQ?)+62||V51U6||%2((0,T)><Q’3)
jefo,1}3
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with [ =€ (j + [f]) Hence, for €,z — 0 we have fe — 0. Due to the condition
(ii) the right-hand side converges to 0 for €,z — 0. This means, that (b) holds
for all but finitely many e. However, for these finitely many €, we can use the
standard Kolmogorov compactness result, and therefore (b) is proved.

Condition (c) is an easy consequence of the Holder inequality. For p* := 2p

35
© h—0
[ Tevell Lo (nar, L2017y, 15 (v+y)) < |2\ Qh’ [ Tevell 20,1y xon 11 (2y) < CHP” 250,

where in the last inequality we used the condition (i). O

5 Derivation of the macroscopic model

In this section we use the compactnes results obtained in Section 4 and the a
priori estimates from Section 3 to derive the macroscopic model, obtained for
€ — 0. In a first step, we derive an effective model defined on the reference
domain, more precisely the reference element. Eventually, we transform the
model to the one defined on a moving domain, described with the help of time-
and space-dependent reference elements.

Proposition 5. Let u. be a sequence of weak solutions to Problem Pr in (3).
There exist a ug € L*((0,T) x Q, HL (Y*))) N L*((0,T),L*(Q x Y*)) with
Joug € L*((0,T) x Q, H}.(Y*)) N Hrf((O T), L*(Q,H} . (Y*)")), such that, up

to a subsequence, for p € [1,2) and 5 € ( ) it holds that

ﬁue — Ug m P (Q7 2(( ) X Y*))v
Tete — Ug in LP(Q,L*((0,T) x T)),

Te(Jeue) — Joug in LP(Q, L*((0,T), H?(Y™))).

Additionally, for every ¢ € D((0,T), L*(2), HL.(Y™*)) and ¢c(t,x) := ¢ (t,z, L)

per
T T

lim <at(JeUe)v¢5>H1(Q€)/,H1(Q€)dt:/ (0e(Jowo), @) L2, H1,, (v *)),L2(02,HL,, (v +))dt.
0

e—0 0

Before giving the proof of Proposition 5, we state briefly a result about the
strong convergence of J. and the regularity of the time-derivative 0;Jy. This
which follows directly from the assumptions on J..

Remark 6. Theorem 1 implies that
Tede — Join L2((0,T) x Q, H?(Y*))
for g e (%, 1). Further, by Proposition 4, 8;Jo € L?((0,T), L*(%, Héer(Y*)’)).

Proof of Proposition 5. Assumption (A6) gives TeJ. — Jo in LI((0, T)x Q2 xY™)
for every ¢q € [1,00). The a priori estimates from Lemma 1 imply the existence
of aug € L2((0,T) x Q, H!, (Y*)), such that up to a subsequence

per
Teue — ug  weakly in L2((0,T) x Q, H(Y™)).
Further, since Tcu. € L>((0,T), L?(2 x Y*) it holds that (see again Lemma 6a)

luo|le(0,1),02(@x v =) < lg% | Teuell Lo ((0,7), L2 (xv+)) < C
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for all p € [1,00) with a constant 0 < C' independent of p. Hence, we have
obtained that ug € L>((0,T), L?(2 x Y*)).

With TcJ. € L*°((0,T) x 2 x Y*) and since it converges strongly in the L4
sense for any ¢ € [1,00), we obtain

Te(Jeue) = Joug  weakly in L2((0,T) x Q x Y*).

Further, due to Lemmata 1 and 2, recalling Assumption (AD4), the sequence
Jeue fulfills the conditions of Proposition 4 and Theorem 1. Hence Jyug €
L2((0,T) x Q,H:,.(Y*)) N HY((0,T), L*(2, H}..(Y*)")) and for p € [1,2) and

per P
B e (%, 1) it holds that, up to a subsequence,

Te(Jeu) — Joug  in LP(Q, L2((0,T), H?(Y™))).

Moreover, for every ¢ € D((0,T), L*(Q), H}..(Y*)) and ¢.(t,x) == ¢ (t,z, £),

per
T T

lim <8t(']eue)a¢6>H1(QE)’,H1(QE)dt:/ (0:(Jouo), ) L2(02, H1
0

&/ Lo (Y9)) L2 (QHL,, (v +)) At

Especially, due to the continuity of the embedding H?(Y*) < L?(T") we obtain
Te(Jeue) = Joug  in LP(Q, L2((0,T) x I)).

Now, since J. > ¢ > 0, the strong convergence of 7.J, (which holds in L?((0,T) x
Q, H(Y™))), see Remark 6) and Lebesgue’s Dominated Convergence Theorem

imply
Teue — ug in LP(Q, L*((0,T) x Y*)),
Teue — ug in LP(Q, L*((0,T) x T)).

From the product rule we obtain in the distributional sense
82511,0 = J()_lat(Jouo) — Jo_l’U()atJo.

The first term on the right-hand side is an element of L2((0, T'), L2(Q, HZ,.(Y*)")),

per

since J; ! € L((0,T)xQ, WH(Y*)) and 0;(Jouo) € L*((0,T), L*(Q, HL..(Y*)")).

per

This is not true for the second term. We only have for ¢ € L>(Q, W, 4(Y™*))
with ¢ > n almost everywhere in (0,7):

-1
(Jo w0000, @) Lo (@, wkit (v )y Lo (Wt (v+))

= (04 Jo, Jy o) L2, m1 (v)) 2@ HL (V)

per per

and therefore dyug € L*((0,T), L°°(Q, WLa(Y™))").

per

Corollary 1. Up to a subsequence, it holds that

flue) = f(uo) in the two-scale sense,

g(ue) = g(uo) in the two-scale sense on T..

Proof. This is an easy consequence of the strong convergence results for u, from
Proposition 5. For more details see [14, Corollary 5]. O
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The assumptions on the transformation S, guarantee that

D, — [VySO]_l D [VySo]_T strongly in the two-scale sense,
Qe — [VySO]_l Qo strongly in the two-scale sense,
e tu. — [VySo]fl 0:S0 strongly in the two-scale sense,

where the strong two-scale convergence is valid with respect to every LP-norm
for p € [1,00). To simplify the writing we define

D= [Vy,So] ' D[V,S] ™", qf = [VySo) M g0, v = [VySol Tt 9:So
and state Problem P,;, which is to find ug solving
8,5(J0U0) — Vy . (JODSVyuO — Jqu’LLO + J()USUQ) = Jof(Uo) in (O,T) x ) x Y*,
— (JODSVyuO - JoC]éUo) V= —Jog(UQ) on (O,T) X QX F,

uo(0) = u® in QxY"
uo(t, z,-) is Y-periodic.

Due to the low regularity of d;ug, we cannot guarantee ug € C°([0,77], L?(Q x
Y*)), so the initial condition uo(0) = u° holds only in a weaker sense. In fact,
we show that there is a set of measure zero N C (0,7), such that

1. t - 0 * :0
, Jim,uo(®) =)

Problem P, is the macroscopic counterpart of Problem Pr, as follows from

Theorem 2. The limit functionug € L*((0,T)xQ, H..(Y*)) satisfies 0;(Joug) €

per

L2((0,7),L*(Q, H).(Y™*)')), and is the unique weak solution of Problem Pyy.

Proof. Testing in (4) with ¢.(t, ) := ¢ (t,z, %) for ¢ € C5°([0,T) x 2, C’ggr(Y*))
gives
T
| (@, 000
0
T 1
+/ / [27.D.Vu, — eJoqeue + Joveu,] - [vm (L. 2) +-v,0(ta, 5”)} dudt
o Ja. € € €
T T T
:/ / Je f (ue)pedadt + e/ / Jeg(ue)pedodt —|—/ / Jeve - vuepedodt.
0o Ja. o Jr. 0o Jaq.

Using the convergence results from Proposition 5, we obtain for € — 0

T
/ (0r(Jouo), ®) 2, HL, (v*)),L2(Q.HL, (v=))dt
0

per per

T
+ / / / [JoDgVyuo — Jogouo + JoVogug) - Vyodydzdt
0o JaJy+

T T
:/ // Jof(u0)¢dydxdt—|—/ // Jog(uo)pdoy,dxdt
o JalJy- o JalJy-
T
+/ //JOUS-I/uogbdaydxdt..
o JalJr
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The regularity of Jyug stated in Proposition 5 implies that Joug € C°([0, T, L*(Q2x
Y™*)). Hence, integration by parts with respect to time in the equations above,
and similar arguments as before, imply

(Jouo)(0) = Jo(0)u’ = u’,
since Jp(0) = 1. Now, for almost every ¢t € (0,T) we have
l|luo(t) — UOHLl(QxY*) < Huo(t) — Jo(B)uo(t) || L axy=) + (| Jo(t)uo(t) — UOHLl(QxY*)-

The second term vanishes for ¢ — 0, due to the observations above. For the
first term we obtain using ug € L>((0,T), L*(Q x Y*))

luo(t) — Jo(t)uo ()|l Lr@xy=) <11 = Jo@)llr@xy=)llwo(®) 2 (@xy+)
<Ol = Jo(®)[lLr (axy) =%0.
O

5.1 Transformation to the evolving macroscopic domain

Now we formulate the macroscopic Problem Pj; in an evolving macroscopic
domain. We define Y'(¢,x) := So(t,z,Y™*) and I'(¢,z) := 9Y (¢, x) \ Y, and

G : U At} xY(tz) =R, dolt,zy) =uo (t,2, S (t,z,y)).
(t,z)€(0,T)xQ

Further, we set for (¢,z) € (0,7) x Q and y € Y (¢, z)
Do(t,z,y) = D (t,x, 55 (t.w,y)) . do(t,z,y) := g5 (t,, S5 (t.2,y))
and for z € Q and y € Y (0, z) the initial condition
@(z,y) =1’ (2,850, 2,y)) .
Finally, let Q" := U, 1y c0mxal(t:2)}xY (t,2) and GT := U, 1y 0mxal(t: )} X

['(t,x). With this, an elemental calculation shows that for all ¢ € C* (W) with
¢(T,-) = 0 and Y-periodic, one has

/ / / 00y dpdydadt + / / / DOV uo—qouo}- Vv, bdydudt
Y (t,z) Y (t,x)
- / / / £ (@) pdydadt + / / / gliio)pdor, dwdt
Y (t,z) I'(t,x)
/ / dydm—i—/ / / 8t5’0 t, So(t T, y)" ) - vigpdo,dxdt.
Y(Oac T'(t,z)

In other words, ug is the weak solution of the macroscopic problem defined in
an evolving macroscopic domain

Oytig — Vy - (Dovyﬂo - (jofbo) = f(up) in Q7
— (Dovyﬂo — l?oﬁo) v = —g(ip) on G,

iio(0) = @° in | J{z} x Y(0,2),
zEQ

ug is Y-periodic.
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6 Conclusion

We derived a macroscopic model for a reaction-diffusion-advection problem de-
fined in a domain with an evolving microstructure. The evolution is assumed
known a priori. We consider a low diffusivity (of order €?), and include non-
linear bulk and surface reactions. The effective problem depends on the micro-
and the macro-variable, and the evolution of the underlying microstructure is
approximated by time- and space-dependent reference elements Y (¢, x). Hence,
in each macroscopic point z, we have to solve a local cell problem on Y (¢, z).
We emphasize that our methods are not restricted to the scalar case, but can
be extended easily to systems of equations with Lipschitz-continuous nonlineari-
ties. In order to carry out the homogenization limit, we proved general two-scale
compactness results just based on a priori estimates for sequences of functions
with oscillating gradients, and low regularity with respect to time. In doing so,
we used the appropriately scaled function space H., which allowed us to show
compactness results, especially regarding the time-derivative.

In general applications, however, the evolution of the microstructure is not
known a priori, and can be influenced by adsorption and desorption processes
at the microscopic surface, or by mechanical forces. In such cases, one has to
consider strongly coupled systems of transport, elasticity, and fluid flow equa-
tions in domains with an evolving microstructure, leading to highly nonlinear
problems with free boundaries. In this context, the identification of the trans-
formation S, and its control with respect to the parameter € plays a crucial
role. If this is achieved, the multi-scale methods developed in this paper can be
employed in the study of such more complex applications.
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