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ABSTRACT. In this paper we consider a porous-elastic system consisting of
nonlinear boundary /interior damping and nonlinear boundary /interior sources.
Our interest lies in the theoretical understanding of the existence, finite time
blow-up of solutions and their exponential decay using non-trivial adaptations
of well-known techniques. First, we apply the conventional Faedo-Galerkin
method with standard arguments of density on the regularity of initial condi-
tions to establish two local existence theorems of weak solutions. Moreover,
we detail the uniqueness result in some specific cases. In the second theme, we
prove that any weak solution possessing negative initial energy has the latent
blow-up in finite time. Finally, we obtain the so-called exponential decay es-
timates for the global solution under the construction of a suitable Lyapunov
functional. In order to corroborate our theoretical decay, a numerical example
is provided.

1. Introduction. This paper is concerned with the following polynomially damped
system of wave equations

Ut — Ugy + >\1 |ut|T172 Uy = fl (ua U) + Fl (.Z',t),

- 1.1)
Vit — Vg + Ao |vg]™ 2 ve = fo (u,v) + Fy (z,1). (
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This prototypical system of wave equations arises naturally within frameworks of
material science and quantum field theory. Accounting for the Kirchhoff-Love plate
theory in shear deformations, the system (1.1) is closely related to the Reissner-
Mindlin plate equations (see [9]), structured by three coupled wave and wave-like
equations involving the influence of nonlinear damping and source terms. Mathe-
matically, systems of wave equations have been extensively studied by many authors,
see [1, 4, 6, 14, 15, 16] and references therein where the existence, regularity and
the asymptotic behavior of solutions are investigated.

In [6], Guo et al. considered the local and global well-posedness of a general
system

{Utt — Ugz + g1 (ut) =i <u’v) ! (1'2)

Vgt — Ugg + g2 (v¢) = fa (u,v),

in a bounded domain of R™ with a nonlinear Robin boundary condition on u and
a zero boundary conditions on v. The nonlinearities f; (u,v) and fs (u,v) are su-
percritical exponents representing strong sources, while g1 (u:) and go (v¢) act as
damping. These damping terms are assumed to be continuous and monotone in-
creasing functions vanishing at the origin and satisfying restrictions in growing up
at infinity. By employing the nonlinear semigroups and the theory of monotone op-
erators, the well-posedness of (1.2) is moderately investigated. An important result
obtained in [6] and further in [14] is that every weak solution blows up in finite time,
provided the initial energy is negative and the sources are more dominant than the
damping involved in the system.

In [3, 4], Cavalcanti et al. studied the existence of global solutions, and showed
the relation between the asymptotic behavior of the energy and the degenerate sys-
tem of wave equations with boundary conditions of memory type. Constructing a
suitable Lyapunov functional, the authors proved that the energy decays exponen-
tially. The same method was also used in [15, 16] to study the asymptotic behavior
of the solutions to a coupled system having integral convolutions as the memory
terms. They proved that the solution decays uniformly in time with rates depending
on the speed of decay of the convolutions kernel.

In recent years, various types of wave equations with linear or nonlinear damp-
ing and sources have been solved by using the Galerkin approximation (see, for
instance, [2, 12, 14, 15, 17]). Based on a priori estimates, weak convergence, and
compactness techniques, and via the construction of a suitable Lyapunov functional,
the existence, regularity, blow-up, and exponential decay estimates of solutions for
such typical wave equations have been proved in [2, 12, 17]. On the other side, the
finite time blow-up of any weak solutions with negative initial energy is obtained in
[17].

In light of the aforementioned works, we put ourselves into the study of the
existence, blow-up, and exponential decay estimate for the system (1.1).

Let © = (0,1) and Qr = Q2% (0,T) for T > 0, a couple of real unknown functions
(u,v) is sought for (z,t) € Q7 = [0,1] x [0,T]. The problem we consider here is
made of (1.1) and the following nonlinear boundary conditions

w(0,8) =0, —uy (1,8) + Ky Ju (1,8 2w (1,t) = py |ug (1,8)] "y (1,1),
Vg (0,8) + Ko [0(0,8)[7* 720 (0,8) = pa v (0,8)]2 70, (0,2), v(1,8) =0,

(1.3)
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and the initial conditions

{u(x,O) =i (2), u (z,0) = iy (2), 14

v(x,0) =7 (z), ve(x,0) =71 ().

As short-hand explanation for physical parameters in this system, the constants
A; >0 (i =1,2) are usually called as the friction terms, while the constants r; > 2
play a central role in deciding the order of damped parts. The functions f; are
known as the interior sources, while F; are the external functions. Moreover, we
have on the boundary the presence of the constants K; > 0, u; > 0, p; > 2, q; > 2
(1 =1,2) as well as given functions @;, 9; (i =0, 1) that will be specified later.

It is worth mentioning that the nonlinear boundary condition (1.3) is the main
difficulty we face, although the approach we use here is already analyzed in many
simpler models. As far as we know, a nonlinear wave equation with the two-point
boundary conditions has been considered in [12, 17]. Nevertheless, the circumstance
for the coupled system (1.1)-(1.4) is still open and its rigorous treatment is tech-
nically demanding in this direction. In [14], the authors have solved the similar
coupled system where the results are controlled not only by the damping orders
r1, 12, but also by the involved parameters on the boundary. Note that compared
again to [14] with the homogeneous Dirichlet boundary condition for u, our paper
needs a careful adaptation to handle several different parameters at the same time.
On top of that, we would like to see how necessary assumptions on such input data
will be established. Thus, now is the moment we discover the answer.

2. Preliminaries.

2.1. Abstract settings. Let us denote the usual functional spaces used in this
paper by C™ (), W™ = WmP (Q), LP = WOP (Q), H™ = W™?2(Q) for 1 <
p < ooand m € N. Let (-, -) be either the scalar product in L? or the dual pairing of
a continuous linear functional and an element of a functional space. The notation
|||l stands for the norm in L? and we denote by ||| the norm in the Banach space
X. We call X’ the dual space of X and denote by LP (0,T;X), 1 < p < oo for the
Banach space of the real functions u : (0,7) — X measurable, such that

T 1/p
[l Lo o,7:x) = (/0 llu ()% dt) < oo, forl<p<oo,

and

||u||Loc(0yT;X) =ess sup |Ju(t)||y, forp=ooc.
o<t<T

Since the domain of interest is one-dimensional, let u (t), v’ = w, v’ (t) =
Ut (t), VU = Uy, Au = Uy, denote u (z,t), %, %, %, 2277;, respectively. In H?!,
we use the following norm:

1/2
2 2
s = (Il + )
We define
Vi={veH" :v(0)=0}, Va={veH' :v(l)=0}

two closed subspaces of H L. Moreover, the following standard lemmas read as the
imbedding H' into C° (Q), and the equivalence between the norms v, and |||
in V; and Vs.
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Lemma 2.1. The imbedding H* — C (ﬁ) is compact and the following inequality
holds
ol < V2lellyr for allv € H.

Lemma 2.2. On V; and Vy two norms v — ||vg| and v — ||[v|| 1 are equivalent.
Furthermore, it holds

HUHC(Q) <|vg|| for allv € V1 and Vs.

For the sake of simplicity, we refer (P) to the problem (1.1) endowed with the
conditions (1.3)-(1.4). In addition, we denote the damping terms and also possibly
related functions by W, (z) = |2|""* z where r is a given constant.

2.2. Weak formulation of (P). The weak formulation of the initial-boundary
value problem (P) can be given in the following manner:
For T > 0, find a pair of real unknown solutions (u, v) belonging to the following
functional space
W = {(u,v) € L*® (O,T; (Vl ﬂHQ) X (Vg ﬁHQ)) s (ug,v) € L (0,T;Vy x Va),
(utt7vtt) € L™ (O,T‘7 L2 X L2>},

such that (u,v) satisfies the variational equations

(e (1), @) + (ua (1), ba) + A (W, (e (1)), 8) + 111 g, (ug (1,1)) ¢ (1)

= K10y, (u(1,1) ¢ (1) + (f1 (u,v), ) + (F1 (), 8),
(Vs (£) @) + (V2 (£)  bu) + Ao (W, (04 (1)), B) + p2 Wy, (ve (0,1)) & (0)

= Koy, (v(0,1)) 6 (0) + (fa (u,0) , @) + (Fy (t) ,é>(,2 Y

for all (¢, ¢) € V; x Vy and for almost all ¢ € (0,T). This system is endowed with
the initial conditions

(u(0),ut (0)) = (40, u1), (v (0),v:(0)) = (0o, 01)- (2.2)

3. The existence and uniqueness of a weak solution. We now pose the fol-
lowing assumptions:

(Al) (’ao,ﬂl) S (Vl N H2> x V1 and (170,’[)1) S (VQ N H2> X Vo3

(Az) Fi,F, € L*(Qr) such that F{, F} € L* (0,T; L?);

(As) there exists a C?-function F : R? — R such that

oOF OF
il - = = 2.
ou (u7 U) fl (uv U) ) By (U’v ’U) f2 (U’v ’U) ) ( 3)
and there also exists the constants «, 8 > 2 and C > 0 such that
F(u,v) <C (1 + ul®* + |v\ﬂ) , forallu,veRR; (2.4)

Remark 3.1. There are several examples in which the functions f; and f5 satisfy
(A3), see e.g. [1, 14]. In particular, the authors in [1] considered

F (u,0) = alu+ o™ + 26 |uo| F
where p > 3, & > 1 and § > 0. In [14], the authors exploited another type
a a B
Fuyw) =1 (Jul” + o) + 92 ful® o], (2:5)

where «, 3, 71 and - are positive constants with o < 2v;.
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In the following, we claim the existence and uniqueness of a weak solution. De-
pending on data assumptions, we consider the weak setting (2.1)-(2.2) to show that
the problem (P) has a solution in some given function spaces with a small time
length T'. In some subcases of ¢1, g2 and p1, ps, we obtain the uniqueness result in
such a small time.

Theorem 3.1. Suppose that (A1)-(As) hold and the initial data obey the compat-
ibility relation

{—ﬂo:c (1) + K1Wy, (to (1)) = p1 ¥y, (T (1)), (3.1)

oz (0) + K2 Wy, (00 (0)) = p2¥q, (01 (0))-
If p1,p2,q1, g2 are such that
{pl, p2 2 2, or {ph p2 € {2} U[3,00),
2<q1, g2 <4, @, g2 >4,

and ri, ro > 2, then there exists a local weak solution (u,v) of the problem (P) such
et (u,0) € L (0,Tos (Vo 1 H?) x (V5 1 H2))

(ug,ve) € L™ (0,Ty; Vi x V3,

(we,vee) € L (0,T,; L? x L?), (3.2)

|Ut\%7lut7 |Ut|%271 vy € H' (Qr,),

Jue (1)) % (1), o (0,917 0 (0,) € HY (0,72,
for Ty > 0 sufficiently small. Furthermore, if g1 = q2 = 2 and p1,p2 > 2, the
obtained solution is unique.

Proof of Theorem 3.1.

Step 1. The Faedo-Galerkin approximation. Let {(¢i, ¢;)} be a denumerable
base of (Vl NnNH 2) X (Vg NH 2). The approximate solution of (P) is a sequence
{(tm,vm)},,en structured as

m

— Z b5 Vm ()= dm; () b5,

j=1
where the time-dependent coefficient functions (¢, dm;j) satisfy the following sys-
tem

(U (8), 05) + (tma (8) ; dja) + A (W, (ugy, (£)) , 05) + 12 Wq, (up, (1,1)) &5 (1)
= K1 Wy, (um (1,8) ¢ (1) + (f1 (Um, vm) , 65) + (F1 (1), b)),
(W (8),63) + (Vma (1), D) + A2 (W, (0], (1)), 65) + p2 Wy, (v, (0,1)) 65 (0)
= K3V, (0 (0,1)) 65 (0) + (f2 (wm, vn) . &5) + (F2 (1) &)
(tm (0), up, (0)) = (@0, U1), (vm (0), 03, (0)) = (T, 01)

(3.3)
for 1 < j < m. A combination of assumptions of this theorem is the direct argument
to gain the existence of solution (ty,, vy, ) for the system (3.3) on an interval [0, T;,,] C
[0, T].

Step 2. A priori estimates.
Step 2.1. The first estimate. Multiplying the j-th system of (3.3) (specifically, we
multiply the first equation by ¢, . (¢) and the second equation by d;,,; (t)), summing
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up to m with respect to j, and then integrating the resulting equation with respect

to the time variable from 0 to t, we obtain the following equation

Sm (1) (3.4)

=8, (0)+ K; /o U, (um (1,8)) up, (1,8)ds + Ko /0 Uy, (v (0,8)) vy, (0, s)ds

2 |G (900 (9Dt 51+ (5 (51 61 51|
+2/0 [(F1 (5) i, (5)) + (F2 (5) , v, (8))] ds
=8 0)+Z1 + Iy + I3 + 14,

where we have denoted by

Sm (1) (3.5)

t
2 2 2 2
= g, (D17 + V5 (D7 + tma (D17 + lvme @] +2A1/0 iz, ()N ds

t t t
2% [ G5 ds 2 [ Ju (L) ds 2 [ (0,9)]% ds.
0 0 0

By the structures of (3.5) and the third equation in (3.3), there exists a positive
constant Sy such that that for all m € N

S (0) = [l |I* + 1911 + [|oa* + [[F0z]|* = So.

From now on, we estimate from above the integrals Z, for k = 1,4 in (3.4). To
do this, we need the following elementary inequalities.

Remark 3.2 (Young-type inequality). Let 6 > 0 and a,b > 0 be arbitrarily real
numbers and given ¢,q' > 1 real constants which are Holder conjugates of each
other. The following inequality holds

1 1 ! ’
ab < 6% + — 60, (3.6)
q q

Remark 3.3. Given N = 1 max {2; a; B %; %}, then for all s > 0, the

inequality s7 < 1+ sV holds for all vy € (0, N].

Observe that the estimates for Z; and Z, are similar when using the above in-
equalities. By choosing § > 0 in such a way that

§ — min 4 ¢ Hiqr [ H242
2K’ 2K, |’

it naturally arises that for Cp > 0 only dependent of T, it holds

Ti+1r < %Sm (t) + Cr /t (L+8Y (s)) ds. (3.7)
0

Additionally, for Cy > 0 depending only on the initial data @g, 99, @1, 01, and
the constants «, 3, we can prove that

()15 + lfom (D)1 75 < Co + (v + 5)/0 (1+8p () ds,
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and then in the same spirit of [14] the integral 75 is essentially estimated by

¢
I3<2 sup | F(y,2)|+2C +2C {C’o + (a+ ﬂ)/ (1+8X (s)) ds] (3.8)
lyl,1z1<v/Co 0

t
<Co+ CO/ (148X (s)) ds,
0

where we have also used the assumption (Agz). The last integral can be bounded
by the standard Cauchy-Schwartz inequality, i.e.

t t
2 2
Iy < |1 F1ll2(0p + 1 P2ll22(gn) +/0 Sm (s)ds < Cr +/O (1+8) (s))ds. (3.9)
We hence obtain from (3.7)-(3.9) that for 0 <t < T,
t
Sm(t) <Cr+ C’T/ (148N (s)) ds.
0
Cf. [10], it should be noted that there exists a constant Ty > 0 depending on T'
(but independent of m) such that
Sm (t) < Cp, YmeN, Vt € [0,T.]. (3.10)
Consequently, this result allows us to take T, = T, for all m.
Step 2.2. The second estimate. Consider the first equation of (3.3). Letting t — 0T,
then multiplying the equation by ¢, (0) with summing up to m with respect to j,
and using the first compatibility relation (3.1), we thus obtain
iy, ()1 = (At (0) 2y, (0)) + Aa{Jaia |2 an, i, (0))
= (f1 (@0, %0) , uyy, (0)) + (F1 (0), uy, (0)).

Relying on the classical inequalities, we have
e, ) < 1Adioll + A |[a™ | + 2 (o, 5) | + IR ), (3.11)

then state that there exists C; > 0 such that ||u], (0)|| < C; for all m € N.

For the second equation of (3.3), one also proves without difficulty using similar
arguments that there exists Co > 0 in which it bounds ||v//, (0)]], i.e. ||v}, (0)]] < Cq
for all m € N.

Next, we differentiate (3.3) with respect to ¢. This way the first equation becomes

<u/r/r£ (t) ) ¢J> + <u/moc (t) a¢jw> (3'12)
+ AW, (up, (1) up, (8), 05) + pa Wy, (i, (1,6)) up, (1,8) 65 (1)
= K10, (um (1,1)) up, (1,8) 65 (1)
i i

+ <W (Wi Um) U, + Dudv (Um, Vi) Uinv¢j> + (F1 (1), ¢5);
and for 1 < j < m, the second equation is
v (£) 85) + (Ve () Bjr) (3.13)

+ X2 (W7, (v, (1)) vy, (1), 65) + p2 W, (v, (0,8)) v), (0,1) &5 (0)
= KWy, (v (0,1)) 1), (0,8) 65 (0)
O*F 0*F

+ (m (U s Um) Uy, + 507 (U, U ) Vs @5) + (F5 (1), b5).
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Multiplying the j-th equation of (3.12) and (3.13), respectively, by c},. (t) and
d’,;lj (t), summing with respect to j up to m, and then integrating with respect to
the time variable from 0 to ¢, we obtain

P (t) (3.14)

¢ 82‘7 !/ 82; / "
= Pt 0)+2 [ (G (i)t () G () 0 (5) 6 (5)

2 [ G ) (5) + G (i) 1 (5,06 ) s
+2 / (FL(5) il () + (FS () ol ()] ds

t

+ 2/ (KW (1 (1,5)) (1, 8) el (1, 5) + Ko W) (v (0, 5)) vy (0,5) /% (0,5)] dis
0

=Pn(0)+ "+ T+ Tz + Tu,

where we have denoted by

Pon (8) 1= 1y (1 + 10t (O + s I + e O (3.15)
Y (m—D/ ‘j (1t (917 "1t (9)) rds
+8Az(:§1>/0 ‘gs(lvin(s)l ()] d
#8200 (1 0,01 o 0.9) o
Combining the arguments from the boundedness of ||ul, (0)||, ||v/, (0)|] and the

third equation of (3.3) to (3.15), there exists a positive constant Py that bounds
P (0) for all m € N, i.e.

2 2 ~ 2 ~ 2
P (0) = Nz, Q)7 + [l Q) + [[aalI” + |51 < Po. (3.16)

Here the constant Py is dependent of the initial data g, v9, 41, U1, the interior
sources f1, fo, the functions F, Fy and the given constants r1, 2, A1, Ag.

Estimating P,, (¢) is almost similar to what have been done in [14], so we claim
that by putting K (T, F) = SUD|y|, |2|<v/Or, |a|=2 |DeF (y, z)|, there are possibilities
to estimate the first three integrals, i.e. one can show that

t
J+T2<Cr +/ P (s) ds, (3.17)
0

and by the standard Cauchy-Schwartz inequality, we obtain

Ty < Cr+ /O (FL )| + 1S (5)]) P (5) . (3.18)

We can go through the last integral 7, by the following lemma.
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Lemma 3.2. If one of the following cases is valid, which is

P1, p2227 or P1, pZE{Q}U[37OO):
2§q17 QQ§47 q1, QQ>47

the integral Jy given by (3.14) can be bounded by
1
Js < Cr+ 57% (t). (3.19)

Proof of Lemma 3.2. Since [Jy can be divided into two integrals and those can be
separately estimated, we put ourselves into the following cases:
Case 1: 2<q1, 2 <4, pp=p2=2and 1 <qq, g2 <4, p1, p2 > 2.
Case 2: q1, g2 >4, p1, p2 > 3 and q1, g2 > 4, p1 = pa = 2.
Accordingly, our proof is presented below case by case.
Case 1.1: 2 < ¢, 2 < 4, p; = ps = 2. We have

41K t _a
J4§f1/ il (1, 5)2 %
4K2 _ 492
/ [t (0,) > %

Due to (3.5) and (3.15) which read as

g (\u;n 1,8)] 7 T, (1,3)) ‘ ds (3.20)

(\u (o,s)|?1v;(o,s))‘ds.

¢ ¢
S () 22u1/ lul, (1,5)]" ds—|—2u2/ vl (0, 8)|% ds, (3.21)
0 0
8u1 (g1 — 1) 9 Y1 ’
> 2
Pon () e e (|u ,s)] ', s)) ds (3.22)
SMQ (q2 - 1)/ ‘ m(O 3)‘ - / (O S)) d87
together with (3.10), we bound Js by
2K —q 9] , @ _ 2
nsft [ [ i L 41 57 (i (1,91 70 1,9) ]dﬁ (329
2K, (|1, 4—qo 9 (1 F-1 ’
= [5 0 0.9 482 | 5 (104 0.9)] 7100, (0.9)) | | ds
2I{l/ / q1 2K2/ / 92
14+, (1,s ds + ——= 1+ |v, (0,s ds
< 28, o s+ 252 [t 0,0
hKiq 02K2q2 >
P (¢
<4M1 (=1 4dpz(g2—1) ©
2K1 1 2K, |: 1 }
T+ —S, +— T+ —S5n (¢
CJ151 [ 21 (t )} G202 242 ®)
hKiq 02K2q2 )
P (¢
<4M1 (1 —1)  4pz(g2—1) 0

1 1 0 Kiqq 02 K5g2 >
< C + P, (1) .
<51 02 ) T <4M1 (@1 —1)  4p2(g2—1) Q
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We use a?™9 < 1+4a foralla>0,2 < ¢q<4and 2ab < §a? + §~'b? for all a,
b>0and § > 0. Thus, to deduce (3.19) from (3.23) we choose

P 2u1p2 (g1 — 1) (g2 — 1)
K1ﬂ2fh (g2 = 1) + Kap1ga (1 — 1)

Case 1.2: 2 < ¢, q¢2 <4, p1, p2 > 2. By simple computations, we have
T4
! p1—2, 1 -4 ’ L1 4
=2K1(pr = 1) [ fum (1, )77 fuay (1s) |2 g, (1,8) fugy, (1,8) 27 gy, (1,) dis
0

t q a2
+ 2K, (pp — 1) / [0 (0, 8)[P2 72 0l (0,5)' ™ % w, (0,) [v], (0,8)] 7 " wlh (0,5) ds

q1

(|u;n 1,97, (1, s)) ‘ ds
(Ion 0.9 F o1, (0.9))

4
< —Ki(p1—1)C /|u (1,9)] e
q1

9
0s
0

—|— Kg(pg—l /|1) (05 E s

ds,

using the fact that |u,, (1, s)|+|vm (0,s)| < v/Cr (cf. Lemma 2.2), (3.5) and (3.10).
This way gives us back to (3.20) in the previous case. Thus, (3.19) holds.
Case 2.1: q1, g2 > 4, p1, p2 > 3. We start by using the integration by parts

Ta = Ky (= 1) e (1D i, (1,0 = K (1 — 2) 7 (02353 (1)
—Ki(pr—1)(p1 — 2)/0 [t (1, s)|p1*4 U, (1,5) (u!, (173))3 ds
+ Ko (py = 1) [om (0,8)[727% [or,, (0, )] = Ko (2 — 2) [0 (0)"* 2 37 (0)

t
Ko (2= 1) (2= 2) [ o (0.8 0, 0,5) (0, (0,)° s
0
Based on (3.5) and (3.10), we first estimate Jy as follows:
t p1-3 ’ 3
Jo < Ki(pr =18l (1LOP + Ky (p1—1) (p1 — 2)/ Sm®  (s) |up, (1,5)[" ds
0
—3
LK (p2— 1) ST, (0.0) + K (2 — 1) ( 272/3 = (s) ol (0, 5)[° ds

t
< Cr (Ju (LOP + I 0.0 ) + Cr [ [lut (15) +10} 0.5)°] ds
0

Secondly, it is immediate to see that using the inequality a® < 1+a9 for alla > 0
and g > 3, together with (3.10) and (3.21), we arrive at

t
[ 9P + i 0P as <745 (L4 L) saw < cn,
0

M1 M2
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One also deduces from
il (1,0)]F Vi, (1,1)

¢
- ai_q 0 a1 _
= [t (DI* i (1) + /O o= (e (L 91l (1,9)) ds,
o, (0.6)] 7 0, (0,1)
= 61 O1F o1 O+ [ 2 (11, 0,91 %74, 0,9)) s
- 1im Im 0 68 m )
and from the elementary inequality (a -+ b)2 < 2(a®+0b?) for all a, b > 0 with

Hélder’s inequality and (3.22) that
2

0 LI
oe (e (191 F 1, (1,9))

t
(L0 < 2l (O +2¢ [
0

2
. T
<2l|a H* + ——— t).
In the same vein, we get
2
T
L0, < 2] (0)2 + —22 P (#).
o0 O )" < 20 O + 2P (1)

Using the inequalities
(a+b)7 <ai +bi, Ya,b>0, Vg > 2,

2 q q 2 q q
ab < <1—> 0 a2ga—2 + =§2b2, Va,b>0, Vg>2, 6 >0,
q q

we therefore obtain

Or (lup (1,8)° + o}, (0.D)]°)

q Q%j P qzl
< C 2 U m 1 ! + m t
= T( |’LL1 ( )‘ 1 I(Q1 1) ()>

2

+Crp (2 |51 (0)]% + L%‘(J%T_I)Pm (t)> "
&

< Crp (27 fim (DI + 2% (510 (0)?]

2 = 2 2 = 2
(hT a2z q2T )qz 2
+C Y m1 t + m2 t
! <4M1 (q1—1)> v <4M2(Q2—1) ()]
4
2 o q2T a1(q1-2) 2 @
coven[(1- ) (0T YT 2
o o)t dpr (g — 1) @t Q
4
2 _ 2 @:T az(a2—2) 2 ay
v (- 2)a ()T 2
T @) ° dpo (g2 — 1) @ ° ®)

57 67
SCT(51,52)+2 + = Pm(t).
q1 q2

Hence, to deduce (3.19) we choose § = §; = d2 > 0 such that 20T +q16% < R
Case 2.2: q1, @2 > 4, p1 = p2 = 2. By the same arguments exploited in the previous
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case, here we can state that
t

=t [ A (e (o) st 1 [ (0t 0.9F) s
- K (|u' 1,0 - a2, (1)) + K> <|’U’lm 0,0 =%, (O))
< Ky, (1,0 + Ka |, (0,82

also leads to (3.19).
Hence, we complete the proof of Lemma 3.2. O

Now, combining (3.17), (3.18), and (3.19) we are in a great position to obtain

Pon () < 2P + 6Cr + 2/0 (L4 [ FL ()] + [ FL (3)]]) Pon (5) ds.

Thanks to Gronwall’s inequality, we conclude that
t
Pum (t) < (2P + 6Cr) exp {/ A+ )+ 15 () ds| < Cp,  (3:24)
0

for all m € N and ¢ € [0, T].

Step 3. Passing to the limit. The existence of solution in the interval [0,T] is
now approaching. To summarize, using the Banach-Alaoglu theorem (see, e.g., [5]),
the uniform bounds with respect to m, as stated in the above results (3.5), (3.10),
(3.15), and (3.24), imply that one can extract a further subsequence (which we
relabel with the index m if necessary) such that

(U V) — (u,v) weak-* in L (0,T;Vq x V3), (3.25)
(ul,,vn) — (W, v") weak in L™ (Qr,) x L™ (Qr,) , weak-* in L (0,T,; V; x Vs),
(3.26)
(upr,vim) = (u”,0") weak-* in L™ (0,T,; L* x L?), (3.27)

(tm (1,-) 0 (0,-)) = (u(1,-),0(0,-)) weak in Wha (0,T,) x Whe2 (0,T,),
(3.28)

(ul, (1,-),00,(0,)) — (v (1,-),2"(0,-)) weak in L9 (0,T}) x L% (0,T,), (3.29)

(It (1)1 ™y (1) 0 0,01 F 7 07, 0,9)) = (xa, xz) weak in [ (0, 2],
(3.30)
9 A 9 =1 ; 2 2

o (% M) o (0l 71 00) ) = O xa) wealk i [L2 (Qr)]%. (3:31)
Furthermore, by the Aubin-Lions compactness theorem in combination with the
imbeddings H2 (0,T,) — C'([0,T.]), H' (0,T.) — C([0,T.]), Wb (0,T,) —
C ([0, T.]), Whez (0,T.) < C ([0, T%]), it is straightforward to go on extracting from

the weak convergence results (3.25)-(3.31) a subsequence {(tm, vym)} such that
(tm, V) — (u,v) strong in [L? (Qr,)]* and almost everywhere in Qr,, (3.32)

(ul,,v)) — (u',v") strong in [L? (Qr,)]* and almost everywhere in Qr,, (3.33)

(tm (1,-) ;0 (0,-)) = (u(1,-),v(0,-)) strong in [C ([0, T}])]?, (3.34)

(s (11 ™t (1)l 0,91 F 101, (0,1)) = (1, x2) strong in [C ([0, T2]))2

(3.35)
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Now we have to show the convergence of the nonlinear terms including damping
and interior sources. In fact, using the continuity of f;, one deduces that

f1 (W, vm) = f1 (u,v) almost everywhere in Qr, .

Obverse that || f1 (um, vm)l 12(q,. ) is Pounded by vTisup,, 1. 1<e7 |1 (3, 2)| which
cannot go to infinity, and together with [11, Lemma 1.3], one continues to obtain
the following

F1 (U, vm) = f1 (u,v) weak in L2 (Qr,), (3.36)
and
fo (U, V) = fo (u,v) weak in L? (Qr,) . (3.37)

It remains to see the weak convergence of damping terms. Thanks to the in-
equality

U, (21) = W, (22)| < (r = 1) C" 2|21 — 23|, Vz1,20 € [-C,C], C >0, r>2
(3.38)
in accordance with (3.15), (3.24) and (3.33), one easily obtains

(Tr,y (u)) s Ury (v,)) = (L5, (W), Ty, (1)) strong in [L* (Qr.)]*. (3.39)
It is then worthwhile to mention that (3.34) gives

(Wp, (Um (1,-)), Wp, (0m (0,-))) = (Up, (u(1,-)), ¥p, (v(0,-))) strong in [C([?vT*]))]Qa
3.40
by the continuity of ¥, for i = 1,2, and (3.35) provides that

’ ’ 21 21 : 2
(um (L ) ) Um (07 )) - <|X1| a X1 |X2| 2 X?) strong in [C ([07 T*D} . (341)
Thus, we take (3.29) and (3.41) to gain

(Il X bl ) = (@ (1,9),0/ 0,) (3.42)

by virtue of the uniqueness of convergence.
In the same vein, we claim

(W (1 (1,)) Wy (01, (0,)) = (W, (0 (1,) , ¥y (o (0,))) strong im [C ([0, T.])
(3.43)
from (3.41) and (3.42).
From here on, combining (3.25)-(3.27), (3.32)-(3.37), (3.39), (3.40), (3.43) is
sufficient to pass to the limit in (3.3) and then to show that (u,v) satisfies the
problem (P). In addition, one can use (3.25)-(3.27), (2.1) and (Ag2) to prove that

Ugy = U + MV, (w) — f1 (u,v) — Fy € L% (0,Ty; L?),
Vgr = Vgt + Ao Wy, (v1) — f2 (u,v) — Fp € L (07T*;L2) )

which verifies (u,v) € L™ (O,T*; (Vl N H2) X (Vg N H2)) and completes the proof
of the existence of a local weak solution.

Step 4. Uniqueness of the solution. Suppose (ug,v1) and (ug,vs) are two solutions
to (P) in the interval [0,7T,], which is devoted to the case ¢1 = ¢2 = 2 and py,
p2 > 2. Going along with the same initial data (g, %) and (0o, 1), we prove that
these solutions must be equal.
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Define (u,v) := (u1 — ua,v1 — v2) and based on (2.1) and (2.2), these quantities
satisfy the following system:

(" (1), ) + (ua (t) , da) + A (W, (uy (£)) = Uy, (w5 (£)), 0) + pan’ (1,8) & (1)
(3.44)

= K1 [Vp, (u1 (1,2)) = Wy, (u2 (1,1))] ¢ (1) + (f1 (u1,v1) — fa (u2,v2),b),
(1}” (t) ) é) + <1}$ (t) a(gw> + )\2 <\IIT2 (Ull (t)) - \Ilrz (Ué (t)) ) (£> + MQU/ (07 t) (5 (0)
(3.45)

= K3 [V, (v1(0,1)) = Wp, (v2(0,¢))] ¢ (0) + (f2 (u1, v1) — f2 (uz,v2), @),
for all (¢, @) € V1 x V,. We endow this system with the initial conditions
u(0) = v (0) =u'(0) =" (0) =0.

Taking into account (¢, ¢) = (u/,v') in (3.44) and (3.45), then integrating with
respect to ¢, we obtain the following:

W () (3.46)

= 2/0 (fl (uhvl) - fl <u27v2) 7u/ (5)>d5 + 2/0 <f2 (ulvvl) - f2 (u27U2> 71}1 (S)>ds
25, / (W, (1 (1,5)) — Uy, (ua (1,5))] e (1,5) ds

t
+2Ka [ [y, (01(0,9) = Uy (02 0,)] ' (0,5)ds
0
=K1+ Ko+ K3+ Ky,
where we have denoted by

W (t) = llu' O + 10" O + e @1 + [lve ()] (3.47)

+2)\1/0 (Wr, (ui (5)) = T, (g (s)) ;0 (S)>d8+2ul/0 [/ (1,9)[" ds

L2, / (W, (0] () — W,y (0} (5)) 0 (5))dls + 2y / ' (0, 5)[* ds.

Essentially, our procedure below is similar to the above parts: attempt to esti-
mate KC; for ¢ = 1,4 to derive the uniform boundedness of W (t) for which we can
use Gronwall’s inequality, then the proof of uniqueness is self-contained. To handle
this, we first state the following inequality: for all » > 2, there exists C, > 0 such
that

(\I’T (21) - Vv, (22)) (2’1 — 22) > C, |21 — ZQ‘T, VZl, zo € R.

It therefore leads to the fact that

W () = llu' O + 0" O + lua @)1 + [lvs ()] (3.48)

t
#2000 [ (s)
0

t
7l«/17'1 ds + 07’2 )\2 / ||’U/ (S) HZZT? ds
0

t t
+2u1/ \u’(l,s)\2d3+2u2/ v’ (0, 5)|? ds.
0 0
Second, we introduce

M = g (il 2y + Dol )
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) a7, af; .
C(M)=max sup <‘ (y,2)| + (y,2)|), i=1,2
=12y 12j<ar \| Oy 0z

Then it is sufficient to estimate K; for ¢ = 1,4. Indeed, we apply the Cauchy-
Schwartz inequality to have

K1+ Ko (3.49)

< 2/0 (1f1 (ur,v1) = fr (uz,v2) || [[u” ($)]| + [ f2 (w1, v1) = fa (ua, v2)[| [0 (5)]] ds

<2 [ Q@I+ 0@ (E0n 1 6]+ 1! 6 ds
<2 [ (s )1+ loa () (C O ! 9+ G0 I 6)1) s
§45(M)/tW(s)ds.

To estimate K3 and K4, we only need to consider two cases, p1 = p2 = 2 and py,
p2 > 2. First, one may easily show that for p; = py = 2,

K3+ K4 (3.50)

t t
:2K1/ u(l,s)u (1,5) ds+2K2/ v (0,5)v" (0,s)ds
0 0

K12 i 2 K / 2 K22 K 2 K / 2
— [ w*(1,8)ds+p1 [ |u' (1,8)] ds+—= [ v*(0,8)ds+ a2 [ |v'(0,s)|] ds
M1 Jo 0 H2 Jo 0

K? K2 t 1
(1+2>/ W (s)ds+ W (1),
H2 0 2

IN

IN

M1

where we have followed from (3.48) the inequality

W (t) > u® (1,t) 4+ 02 (0, 1) + 2 (m /Ot ! (1, 8)] ds + o /Ot % (0,5)2d5> .

For py, po > 2, we have

¢
K+ Ky <2 {Kl (;—1) Mpl_Q/ lu(1,s)]|u"(1,s)]ds (3.51)
0
¢
+K3 (p2 — 1) Mp2_2/ [v (0, 5)]]v" (0, )] ds}
0

K? 2 ) ropi—a , K3 22 opea| [ 1
§[(p11) M=% 4 —= (pg — 1)" M2 ]/W(s)ds+W(t),
M1 M2 0 2

where we have recalled the inequality (3.38).
Combining (3.50) and (3.51), we claim that there exists n = 1 (p1,p2) > 0 de-
pending on pi, p2 such that

¢
1
Kot K <norpe) [ W(s)ds+ W (0), (352)
0
Therefore, (3.49) and (3.52) together with (3.46) — (3.48) imply that

Wi <2 (10N +np)] [ Wisds



16 VO ANH KHOA, LE THI PHUONG NGOC AND NGUYEN THANH LONG

Thanks to Gronwall’s inequality, we have W () = 0 that indicates the uniqueness
of solution. Hence, this completes the proof of the theorem. O

Remark 3.4. It is worth noting in the above theorem that the existence of a strong
solution can be obtained from the regularity of weak solutions. In fact, (3.2) allows
us to show that there exists a pair of strong solutions (u,v) to the problem (P),
which satisfies
(u,v) € L (0,T%; (Vi N H?) x (Vo N H?)) N C°([0,T%]; Vi x Vy)
nct ([0, T.]; L? x L?),

(v, v') € L>(0,T,; Vy x Vo) N C° ([0, Ty ; L? x L?) ,
( // ”)ELOO(OTL2XL2),
| 2, E HY(Q

9
|u(7)‘ u/(l")v |U(7)|

Set the following assumptions:

(Bl) (ﬁo,ﬂl) eV x L? and (’50,51) € Vy x LQ;

(B2) Fi, Fy € L (Qr).

In the following theorem, the existence and uniqueness of a local weak solution
are also obtainable using (B1)-(Bz) instead of (A1)-(Az2). In this scenario, we
remark that the regularity of initial data is lower (compared to (Aj)), while the
external functions lack of information (compared to (Az)).

(3.53)

ﬂ

L)
1 (0,) € HL(0,T,).

Q
'\"m

Theorem 3.3. Let 1 = g2 = 2 and p1,p2 > 2 in the problem (P). Assume
that (Az) and (B1)-(Bz2) hold. Moreover, the initial data obey the compatibility
conditions (3.1). Then the problem (P) admits a unique local solution (u,v) such

that

(u,v) € C°([0,T,];Vy x Vo) N CH ([O,T*] 1 L2 x L2) ,

(ulavl) eLn (QT*) x L™ (QT*) 7u(1a ')7 v (07 ) € Hl (OvT*) ’
for Ty > 0 sufficiently small.

Proof of Theorem 3.3. In this proof, we establish several sequences {(uom,u1m)} €
080 (QXCSO (Q) s {(’Uom,vlm)} S CO ( )XCO ( ) and {(Flm,Fgm)} C CO ( T)X
(O (QT) satisfying
(Uom, Urm) — (o, @1) strong in V; x L2,
(V0 V1m) — (Do, 1) strong in Vo x L2,
(Fim, Fom) — (F1, F») strong in [L? (Q7)]*.

Note that the sequences {(uom, u1m)} and {(vom, v1m)}, as a result, satisfy them-
selves the compatibility relation for all m € N. So what we can deduce next is the
existence of a pair of unique functions (s, v,) for each m that makes the condi-
tions in the aforementioned theorem self-propelling. Thus, one easily verifies that
such functions (,, vy,) for each m satisfy the variational problem (2.1)-(2.2), i.e

(U, (£) @) + (uma (1), da) + A1 (Wr, (ugy, (£)) 5 @) + paup, (1,1) ¢ (1)
= Kay, (i (L) 6 (1) + i (s ) ) + (Fi (), 6),
(Wi (1)) + (Wma (1) Ga) + A2 (Wi, (v, (1)) B) + p2vr, (0,8) 6 (0)
= KW, (vm (0,)) ¢ (0) + (fo (tn, vm) , &) + (Fam () , ),
for all (¢, ) € Vi x Vs, together with the initial conditions
(um (0), 4z, (0)) = (wom, wim) ,  (Vm (0), v, (0)) = (Vom, Vim) - (3.55)

(3.54)
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Moreover, the smoothness of (ty,,v,,) on the interval [0, T,] is said by (3.53) and
we recall below the uniform boundedness (independent of m) of Sy, (t) on [0, T,] in
(3.5) due to the same arguments derived above.

t
S (8) = [ty N7 + [0, (1 + Nt @) + [fome (O + 27 / [ty (3)]75, ds
(3.56)

t t t
L2, / et ()72, ds + 20 / iy (1L, 8P ds + 2412 / [t (0, 5)*ds < Cr,
0 0 0

where Cr denotes a positive constant independent of m and ¢ and ¢ moves along
the interval [0, T,].
Define Uy, ; := tum — uy and Vj, i 1= vy, — vk, then these quantities satisfy

(Ui @) ,0) + (VUi (8) , @2) + M (o (up, (8) — Uy (ug (1), 0)
+:U'lUr/n,k (Lt) ¢ (1) =K [\ijl (tm (Lt)) -V, (uk (Lt))] ¢(1>
(1 (wm, vm) = fr (ug, vk) 1¢> + (Fim (t) — Fix () , 9), )
Virk (0),0) + (Vi ke (8) 5 62) + A2 (W, (0], (£)) = W, (v, ()5 0)
12V 1 (0,8) ¢ (0) = Ko [, (v (0,1)) = Wy, (vk (0,2))] ¢ (0)
+(f2 (Um, Vi) = f2 (U, vk) , ) + (Fom (t) — For (£) , 0),

for all (¢, ¢) € Vi x V, and the initial conditions are
(Um,k (0) ) U’r/n,k (0)) = (uOm — Uk, Ulm — Ulk) ,
(Vm,k (0), él,k (O)) = (Vom — Vok, Vim — Vik) - (3.58)
It is obvious to obtain the fact that

t
Smk (t) = Smi (0) + 2/ (<f1 (U V) — f1 (ug, i), U':n,k (s)) (3.59)

0

+<f2 (um7 Um) - f2 (uk’ Uk) ) V'{;’L,k (S)>) ds

+ 2/0 [(Fim (8) = Pk (8), Upy g (9)) + (Fam (5) = Fai (), Vi, i ()] ds

(3.57)

—_~ —

25, /O (W (1t (1,5)) — Uy, (g, (L, 8))] U (1. 5) s

t
42Ky [ (W, (0 0:5)) = Wy (00 (0,8))] Vi 0.5) ds
0
= m,k(O)+Zl+Z2+Z3+Z4,
where we have denoted by

S () = U 02 + Vs DI + VU O + [FViri ()2 (3.60)
+2) / Wy, (1l (5)) = W, (1) (5)), Ul (5))ds
-2, / (W, (U () = o,y (0 (), Vi () dls

0
¢ ¢

+ 241 |U,'w,,g (l,s)|2ds—|—2u2/ }Vr'mk (0,s)|2ds7
0 0
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Sm,k (O) = ||u1m - ulk”2 + ||U1m - U1k||2 + HUOmz - U/O}cx”2 + HUOmw - UkaHQ .
(3.61)
The above calculations are done by a valid replacement of the test functions ¢
and ¢ by Uy, and V. respectively, in (3.57) and then integrating with respect
to t. By the same strategy and using (3.38), (3.56) and (3.60), we can estimate the
terms on the right-hand side of (3.59) and obtain

¢
Sk (t) <Ry +2 1 +1n(p1,p2) + SRT)/ Sk (s)ds, (3.62)
0

where the involved terms are appropriately defined as follows:
ofi ofi
)|+ [ )] )
K? _ K2 _
1 (p1,p2) = 711 (=1 CR + ;7; (p2—1)* CP272,

Ron e = 28m i (0) + 2 | Fim — Fixl|72(gr + 2 1F2m — Farll72(q -
Here we remark that R, ; approaches zero as m and k tend to infinity. By the
aid of Gronwall’s inequality, it follows from (3.62) that for all ¢ € [0, T]
Sk () < Rprexp (2T (1 + 1 (p1,p2) + 8R1)). (3.63)
Thus, one can show that the right-hand side of (3.63) goes to zero as the in-
dexes m and k tend to infinity by the direct argument concerning convergences of
{(wom, u1m)} and {(vom,v1im)}. As by-product, it gives us the following results
(U, Um) = (u,v) strong in C ([0,7%];Vy x Vo) N C* ([0,T4]; L* x L?), (3.64)
(ul,,v,) — (W', 0") strong in L™ (Qr,) x L™ (QT,), (3.65)
(thn (1,-) 0 (0,-)) = (u(1,-), v (0,-)) strong in [H' (0, T,)]%. (3.66)
An important point should be mentioned here is that by (3.56) we can extract a
subsequence of {(u,,v,)} (still relabel with the old index m) which reads as
(U Vm) = (u,v) weak-* in L (0,T; Vy x Vy), (3.67)
(ul,, ) = (u/,v") weak-* in L (0,T,; L* x L?), (3.68)
and inheriting from (3.64)-(3.66), one deduces
(f1 (wmsvm) s fo (s vin)) = (fi (w,0) , f2 (u,v)) strong in [L* (Qr,)],  (3.69)
(Ury () s Uy (V7)) = (U, (u'), Uy (v')) strong in [L? (Qr.)]*. (3.70)
Henceforward, it is advantageous to state our limit processing now. In fact,

passing to the limit in (3.54) associated with (3.55) and evidenced by (3.64)-(3.70),
we obtain a couple of functions (u, v) satisfying the variational problem

& (W () ,0) + (ue (8) , @a) + M (W (0 (1)), 0) + i1 W, (v (1,8) & (1)
= KWy, (u(1,1)) ¢ (1) + (f1 (u,v) ,¢) + (F1 (1), 8),

(v (1):6) + (v (1),60) + A2 (W (v (1) ,6) + Wy, (v (0,1)) 6 (0)
= KWy, (0(0,1) 6 (0) + (f2 (w,0),6) + (P2 (1)),

for all (¢,$) € V; x Vs, and endowed with (2.2). This also indicates the existence

of a local solution. The uniqueness of such a weak solution is directly obtained by

using the regularization procedure investigated by Lions (see e.g. [13]). Hence, we
end up with the proof of the theorem. O

Rr = max sup (’
=h21y) |e|<vTr

&=
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Remark 3.5. If one has N = %maX{Q;a;ﬁ; %; %} < 1 (cf. Remark

3.3) and considers the assumptions (B1) and (B3), the integral S,, (¢) (which has
been bounded by a constant Cr; see in (3.10)) can be estimated globally (and
uniformly as well) in time, i.e.

Sm (t) < Cr,Ym e N, Vt €[0,T], VT > 0.

Consequently, all arguments used in the proof of Theorem 3.3 are applicable to prove
that there exists a global weak solution (u,v) to the problem (P) and satisfying

(u,v) € L= (0,T;Vy x Vy), (u/,v") € L™ (0,T; L* x L?), (3.71)
u(L) ,’U(O,') € Hl (O7T) .

Nevertheless, it should be noticed that the aforementioned case of N does not
imply the weak solution belongs to C ([0,T];V; x V3) N C* ([0,T]; L? x L?) and
one cannot also say any further statement for the uniqueness in this case.

4. Finite time blow-up. In principle, the blow-up phenomenon of a solution to a
time-dependent equation is devoted to the study of maximal time domain for which
it is defined by a finite length. At the endpoint of that interval, the solution behaves
in such a way that either it goes to infinity in some specific senses, or it stops being
smooth, and so forth. Our main objective here is to show that if the initial energy
is negative, then every weak solution of (P) blows up in finite time. The result here
draws from ideas in the treatment of a single wave equation [7, 12, 17] and also, for
example, the recent results for systems in [6, 14], but our proofs have to be radically
altered. In addition, the technique we use here is an adaptation of an argument
postulated in [18] to treat the boundary damping terms.

Let us first make a brief note concerning the so-called total energy. From the
mathematical point of view, the energy method plays a vital role in the study
of partial differential equations and the energy is usually used to derive the well-
posedness of such equations. For a very fundamental scalar wave equation which
was originally discovered by d’Alembert, one may easily find the energy integral

computed by
1 1
,/ \ut|2dac—|—f/ o |2 d,
2 Ja 2 Ja

where we basically multiply the equation by u; and integrate over {2 and use the
divergence theorem.

In the energy equation, the first term is typically called as the kinetic energy,
while the second term is referred to as the potential energy. If one imposes mixed
boundary conditions, says au + bu, = 0 on the boundary, where a and b have the
same sign, the energy can only decrease. If they have opposite sign, the problem is
unstable in the sense that the energy will increase. In this section, the total energy
are computed in a common way and then it would be a decreasing function along
the trajectories, starting from a negative initial value.

From here on, we aim to consider the problem (P) in a specific case: linear
damping r; =2 with F; =0, and ¢; =2, p; > 2, K; >0, \; >0, u; >0 fori=1,2.
In this case, the total quadratic-type energy F(t) associated with the solution (u,v)
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is defined by

B (1) 2= 5 (I O + 1 01 + lsa ()12 + [ 1))

Ky p, Ko P2 !
—Qhwwm +mwmﬂ|>iéfw@ﬁmuﬁMx

To prove the solution in this case blows up in finite time, we consider the following
assumptions on the interior sources and on the initial energy:
(A%) there exists a C%-function F : R? — R such that

0 0
O ) = frtwe), 2 ) = o),
and there also exists the constants c, 8 > 2; dq, da, dq, da > 0 such that

di F (u,v) < ufy (u,v) +vfa (u,v) < doF (u,v)  for all (u,v) € R?, (4.1)
dy (|u|a + \v|ﬁ) < F(u,v) < da (|u|a + |v|ﬁ) for all (u,v) € R2. (4.2)
(A,) define H (t) := —F (t) and assume that

1/, - - -
—H (0) = 5 (3] + 151> + 0. * + 50.*) (4.3)

K,

Ky P1 ~ P2 ! ~ ~
—(mhmm|+pﬁmmn)—[}ﬂwmxmuDM<a

It is worth noting that the time derivative of H is non-negative along the trajec-
tories in a local time, namely
H'(8) = A [l (@)1 + X [0 (O + pr [’ (L] + 2 [0/ (0,8)]7 20, (4.4)

for all ¢t € [0, T.) where we have multiplied (1.1) by (v’ (z,t),v (z,t)) and integrated
the resulting equation over 2. Together with the fact that H (0) > 0, we have

0<H()<H(), Yt€[0,T). (4.5)
Observe the final term in the total energy E(t), it follows from (4.2) that

&OW®WwWMM@)§AfWWMﬂMwDMS@OWWMwWMM@)

(4.6)
Combining (4.5) and (4.6) gives

K K -
0<H(t) < 0P + 22 00,0 +da (Jlu(t)]
b1 D2

fo 4 lo®I) @)
< Da (Ju(L,OP" + [0 (0, + fu (B0 + [v(®)]7:)

for all t € [0,T,) and Dy = max{%, %,672}. It also allows us to derive that for
all t € [0,7.)
1
5 (I O + lew (0)1%) (4.8)
K K. !
< — |U (lat)lpl + =2 ‘"U (Oat)lpz +/ ]:(u ($7t) y U (.Z‘,t))dfﬂ
b1 P2 0

< Dz (Ju(L O + 10 (0,0 + lu (Bl + [0(®)]7,)
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Now we construct the following functional
L(t)y:=H"5@t)+ey(t), (4.9)

where we have defined
P (t) = (u(t),u' (8) + (v ()0 (1)) (4.10)

A A
+ 2 O + 2 o OF + e (1,0 + E202 0,1),

for € > 0 sufficiently small and £ € (0 mln{ 2a2, 62;32 H C (0, %)

To show that one can choose £ > 0 small enough such that L (¢) is non-decreasing
for all t € [0,T%), namely

L(t)>L(0)>0, Vte0,T,), (4.11)

a very clear way is to consider the derivative of such a function. In fact, let us prove
the following lemma.

Lemma 4.1. There exists a positive constant v such that
2 2 2 2
L)z | H )+ [ O + 1" O1 + llua 0N + [lo2 @] (4.12)
()5 + o)1 + 1 (1P + o (0, 2)]

Proof of Lemma 4.1. Multiplying (1.1) by (u(z,t),v(x,t)) and then integrating
the resulting equation over €, the derivative of 1 (¢) can be defined as follows:

W (0) = I O + 10 @ = (e O + o @) + Ky fu (1,1)
K2 o (0,00 + (f1 (u(t). v (1)) u (1) + (fa (u8), 0 (1) v (1),

By using this formulation and the fact computed from (4.9) that
L) ==& H @) H () +e (Il O + 11 (1))
= (llwa (O + luw (B)1) + 2 (Ko u (1, + K o (0,6))
e (( (u(t), v () u®) + (f2 (w(t) 0 () 0 (0)

(¢
in combination with (4.4), (4.5), (4.8) and the following inequality
(t)

(
(G (0), 0 (0) () + (o (6) 0 ()0 ()
> 4y / Flulat)v (@) de = didy (Ju @l + (o))

L' (t) (4.13)
> & (o O + v/ O1F) = 22Dz (Ju (1L, OF + [0 (0, + u (D13 + lo(®)]17)
2 [y (L P + K o (0.0 +dids (Iu @l + 1o 03]

>« (|l @ + 11’ (8)]%)

+& (D1 = 2D2) (Ju (L) + [ (0, )P + ffu (1)

Te @)
where we have put Dy = min { Ky, K, d1d; }.
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If one assumes that 2 max {%, %,Jg} < min {Kl, Kg,dlCzl}, we deduce
_ _ _ - K, Ky -
0 < D3 = Dy — 2Dy = min { Ky, Ko,d1d; } — 2max {1, 2,d2} (4.14)
p1 P2

< min {Kl, K, dlc?l} .
Recall from (4.7) that

Dy (Ju (1,0 + 10 0,07 + u (). + 0@ ) > H (),

and also thanks to (4.8) and (4.13) with the assumption to get (4.14), it is sufficient
to show that there exists 7 > 0 such that (4.12) holds. Hence, we complete the
proof of the lemma. O

P11 p2
min {K 1, Ko, dlcfl} is additionally necessary to approach the blow-up result. Before
going to the main result, let us consider the following supplementary inequalities,
whose proof can be found in Appendix A.

From Lemma 4.1, we obtain (4.11). The assumption QmaX{Kl &,JQ} <

Lemma 4.2. Let £ > 0 such that

2 <2/(1-2¢) <min{e, B},
2 < 2/ (]- 75) < min{a:ﬁ7p17p2}7

then the following inequalities hold

2/(1-2, 2/(1— 2/(1— 2 a
a2 a9 4w (PO <3 (e + ulfa + u (D), vue vy,
(4.15)

ol 110l 79 4 o @9 <3 (Jlua P + ol s + [0 (0)F), ¥o € V.
(4.16)

Theorem 4.3. Consider r; = 2 with F; =0 and ¢; = 2,p; > 2 fori=1,2 in the
problem (P). Suppose that (A1), (A%) and (Ay4) hold. If Qmax{Kl &,&2} <

P17 P2
min { K1, Ka,dydy } holds in (A}), then any weak solution (u,v) of (P) blows up in
a finite time in the sense that there exists Ty > 0 such that

tim (Jla’ @1 + o/ @1 + e O + loa 1) = +oc.

t—T,

Proof of Theorem 4.3. By using an elementary inequality

7 r 7
(Zzl> §7rflzzf, Vr>1, 2; >0, i=1,7,

i=1 i=1

and thanks to (4.9), (4.10), one can show that
LY (1) < ¢ (B () + [fu (0) 0 @) 4 (@) o )0 (@)

(@9 + o ()79 + w079 (1,6) + /079 (0,1)),
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where

O =2~ 1/(1- pax {21/075)’ 2l/(1=6)1/(1=6) () o)/ (1-8)

()\25)1/(1*5) ,(ulg)l/(lfﬁ) 7 (M26)1/(1*£)} > 0.
Moreover, we find

[ () u! ()07 < u @) YO < ()] L0 (]
(4.18)
where we have used the Cauchy-Schwartz inequality and the Holder inequality.
According to Young’s inequality introduced in (3.6), by choosing § = 1, ¢ =
2£1__2?, q = 2(1—¢) and letting a = Hu(t)H};/a(l_é) b= |l ()] one easily
obtains from (4.18) that

[ @), )Y < e (Ju @I+l @) (4.19)

where ¢; = max{ﬁ, ﬁ} < 1. Similarly, we have for a constant ¢z € (0,1)

(@), v )9 < e (Il @IFE + I @) - (4.20)

Therefore, there always exists a positive constant (here we reuse the notation C'
for simplicity) such that

LV 1) < € (H @)+ ' @ + o' OF + llus I + oa O (421
@5+ 0 O + a1 O + 100,07, Ve € [0,T.).

In addition, the estimate (4.12) together with (4.21) allows us to take a positive
constant C' such that

L'(t)>CLYO=9 (1), vte[0,T.). (4.22)
Now, integrating (4.22) over (0,¢) one has

. 1 1—€
LE/0=9) (1) > ot 5)0>,
()= L=¢/(1=9) (0) — %t ce 0)

which yields that L (t) definitely blows up in a finite time T, = %L*U(l*f) (0).
Hence, we complete the proof of the theorem. O

5. Exponential decay. While the previous section employs the total energy to
find the finite time blow-up result, the exponential decay is proved in this section.
In particular, we study the global solution (u,v) of (P) satisfying (3.71) with r; =
ro = q1 = g2 = 2 and p;, p2 > 2. Like the blow-up phenomenon, this sort of results
can be seen as an extension of many previous works from the single wave equation
in, for example, [8, 19] to the system of equations.

Our result here relies on the construction of a Lyapunov functional by performing
a suitable modification of the energy. To this end, for 6 > 0 being chosen later, we
define

L(t):=E(t)+0y(t), (5.1)
where we have recalled the function ¢ (¢) in (4.10).
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Under some additional conditions, it is sufficient to see that L£(¢) and E(t) are
equivalent in the sense that there exist two positive constants §; and Sy depending
on J such that for ¢ > 0,

BLE(t) < L(t) < BB (1) (5.2)

Before explicitly providing the statement of this equivalence, let us first consider
the time derivative of the total energy, which can be defined in the same way as
(4.4), by the following lemma.

Lemma 5.1. The time derivative of the total energy satisfies
2 2 2 2
B (1) < =X (Il O + 11" 1) = e (1 @, 6F + 10/ ©0,0]) (5.3)

3 (R O+ 1 @)+ 5 UF O+ 1B O (¢ O + 1 @)1

N | —

€1

) (I O + 1 @) = e (I @ OF + 1 0,0)7)  (5.4)
+ 5 (IF @ + 12 01)

Proof of Lemma 5.1. Multiplying (1.1) by (v (z,t),v’' (z,t)), integrating over
and using the integration by parts, we obtain

E'(t) = =M [/ @ = A2 [0 @)1 = pua [/ (1, 8) (5.5)
— 2 [V (0,8)" + (Fy(8), /() + (Fa(8), ' (1))

To obtain (5.3), we only need to estimate the last two terms. It is straightforward
that by using the standard inequalities which read as

(Fy (1), (1)) < =

B (1)<~ (A -

IR+ 5 IO o )

)

N = N

(Fa(t),v'(1)) < 5 [1Fa(0)] + % 1B @)1

it yields
(Fa(t),u' (1)) + (Fa(t), v'(¢))
< 2 IR+ IEOD + 5 QRG]+ 1F0D (e @OF + 1 OF).

For the second estimate (5.4), we also use the same approach to prove. Indeed,
by Young’s inequality one deduces the following estimate
(Fy(t),u' (1)) + (Fa(t), v'(2))
1 €1 2 2
< o— (IR +1BOIP) + 5 (WO + v ©1F).
281 2
Hence, the proof of the lemma is complete. O
Let us next define the following functions I; (¢) := I; (u(t)) for ¢ = 1,2 and
J (t) := J (u(t)) by rewriting the total energy E (t):
1 2 2
B(t) =5 (Il @I+ @) + 7 1), (5.6)
1 1 1 L(t) ()
10=5 (1= 2= 1) (h OF + o @) + 22+ 20

D1 D1 D2
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B (0 = 5 (e @OF + o OFF) = K 0 =B [ F (@) o w.0)do.

(5.8)
B(0) = 5 (e OF + o (OF) = Koo 0.0 2 [ F(ulet) 0 (@0 da.
(5.9)

Furthermore, let us provide the following assumption:

(BY) Fy, Fr € L™ (Ry; L2) N L (Ry; L?).

From now on, our main result in this section is established where the proof of
the equivalence between L (t) and E (t) is also included. It says that if there is an
exponential rate of energy decay for the external functions F} and F5 and influenced
by such functions, the initial-related energy function, denoted by E., is properly
suited in a particular set, then the quadratic-type total energy decays exponentially.

Theorem 5.2. Consider (u,v) of the problem (P) satisfying (3.71) with ry = ro =
g1 = g2 = 2 and p1, p2 > 2. Suppose that (A1), (A%) and (BY) hold, together with
do < min{p1,p2} in (A%). Assume that I; (0),I5(0) > 0 and the initial energy
E(0) satisfies

+ po - a_ 5_ 1 b2
e = ]%dz [(p*E*)Q L+ (puEL)® 1} + K1 (puEa)? T+ Ky (pBW) T <,
(5.10)
wherep, = S22 — B, = [E(0) + pl exp (2p), p = 5[5~ (I1F1 ()] + | F2 (s)[]) ds.

Moreover, assume the external functions decays exponentially in the sense that
1L @1 + 1P (0)* < meap (—mat), ¥t 20, (5.11)

where n1 and na are two positive constants. Then there exist positive constants C'
and v such that

E(t) < Cexp(—nt), Vt=>D0. (5.12)

Proof of Theorem 5.2. First, we claim that I; (t) > 0 for ¢ = 1,2 and for all ¢ > 0.
In fact, since I; (t), i = 1,2 is continuous and their initial values are positive, thus
there exist two positive constants 77 and T3 such that

I (t) >0, vVt € [O,Tl] s and I (t) >0, YVt € [O,TQ]

which also leads to the fact that

OE: <1 S 1) (e 12 + 0w 0]12) , vt € 0,77,

2 pL P2

where T' = min {7, T»} > 0. In other words, we can say that

2 2 _
e ()17 + fJos O < —22 g0y < — P2 By, viee[o,7].
b1p2 —P1 — P2 b1p2 —P1 — P2
(5.13)
By (5.3) and thanks to I; (0) > 0 for ¢ = 1,2 associated with (5.6), we deduce

EO<EO+; [ AR GI+IR DS

+//(||F1 ()| + |1 E ()) E (s) ds, ¥t € [0,T],
0
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then using Gronwall’s inequality leads to the following

B0 < [0+ [T AR 61 1R 6D 6] oo ([ 1R 61+ 176D i)

(5.14)
< [E(0) + pl exp (2p) .
Therefore, with E. = [E(0) + p]exp (2p), ps = plpf’f% we combine (5.14)
with (5.13) to obtain
e )] + [l (B)II* < e, VE€ [0,T]. (5.15)
By the assumption (4.2) in (A%) and also (5.15), it yields
Ky Ju (1) + Ky v (0,0)[" < Ky [lus ()1 + Kz [|vs (4[] (5.16)

P1_ P2 _
<Ky (pB)? T ue (07 + Kz (0 B) % 7 s (1)1,

and
(p1 +p2) / F(u(wt),v () do < (o +p2) da (lu®)Fa + o @©l7) (5.17)

< (pr+p2) da [(p-B)F 7 lua I + () * 7 lew (] -

Thus, it follows from (5.16) and (5.17) that
1
Kol (LOP + Koo 0.0 + 202 [ F (u(et) v (a0) do
0

< (llww (17 + o 1) < llua O + o @I, ¥t € [0,7],

where 7, is given by (5.10). )
So we now claim that I, (t) and I, (t) are positive for all ¢ € [0,7]. If we put

T, =sup{T > 0: I (t) and I (t) are positive V¢ € [0,T]},

and if T, < oo, then (by the continuity of Iy (¢) and I3 (t)) we have I; (Ty) and
I (T.) are non-negative. Therefore, by the same arguments it is possible to show
that there exists T, > T\ such that I; (t) > 0 for i = 1,2 for all t € [0,7}]. Hence,
we can conclude that I; (¢) > 0 (i = 1,2) for all ¢ > 0.

Next, we end up with the equivalence of £ (¢) and E (t). Let us recall that by
(5.1), (5.3), (5.4), (5.6), (5.7) and (4.10) the function £ (t) can be rewritten as

£ =5 (W OF + 16 OF) + 5 (1= 2 = L) (I O + 122 01)

+ IT(t) + IT(t) + 8 (t) ' (8)) + 8w (1), (£)

oA ) o o
+ 2 @2 + S5 o () + 2 (1,0) + 2520 0,1).

It is stralghtforward to see that

i< >(|| O + 1 o) + L 4 21 (518)

NH*—‘ N)\

L
3 (1 2 rs ) (e OFF + o GF).
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where we have used an elementary inequality

(u(t) 0 )+ (1) (1) < 5 (Il OF + ) + 5 (I O + 1, 9])

Therefore, one can choose from (5.18) that

1— o=+ (A Ao+ 1+ p
g LA S
1_P1_P2
O(1+ XA+ A
:max{1+6,1+ (1+ 1+12+,it1+/i2)}7
171717;02

to obtain £ (t) < B2E ().
Furthermore, one easily finds that

()2 5 (-6 (I O + I @)

I I 1 1 1 2 2
#am gt g (175 = o =8 (lue OF + o OFF)

2p1 2po

Thus, choosing § > 0 small enough for which #; = min {1 —-4,1— 1_1‘5_1} >

P1 P2

1— L _ L
P1 P2

0, most likely we choose § € (O, 1 — —>— ] to obtain £ () < B2 F (t). Hereby,

our Lyapunov functional £ (t) is definitely equivalent to the total energy E (¢) for
all ¢ > 0.

It remains to consider the functional v (¢) defined in (4.10). The time derivative
of 1 (t) can be found by multiplying (1.1) by (u (z,t),v(x,t)) and then integrating
the resulting equation over €. It therefore has the following expression

W () = o (O + " O = llue O = llow O + K1 Ju (1,0 (5.19)
+ Ko [0 (0,0 + (f1 (u(t), v (1), u(®) + (f2 (u(t),v (1), v (1)
H (L (1), u (D) + (F2 (1), v (1))

On the one hand, we have
(fi(u(®),v (@), u®) + (f2 (u(t),v(t),v (1) < dz/o F(u(z,t),v(z,1)) de

and by (5.8) and (5.9), we continue to estimate the above inequality by

(e 6) 0 6)6) + (2 (w9, 0 ()0 0) (5.20
<da |5 (o4 ) (I OF + 2 O1)

K, P1 Ks P2 5L (t) I (t)
- (G maar+ S2ponr) - (B 2 0)).
On the other hand, one easily has
(Fy (1) (0) + (B2 ()0 (1) < 2 (Jluw @) + 1o (1)) (5.21)

2 2
+ o (IR OF + IR OF), v >0
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Thus, we obtain from (5.19)-(5.21) that
€9 dz 1

WO <@+ @1 - (1-F =2 (o + ) (lue OFF + s 1)
(5.22)

+ (1 - dQ) Ky fu (1, 8)[" + (1 ~ d2) K |v(0,1)[
D1 D2

Li(t) I (t)> 1 2 2
Sy (2 +—(F O + || F (¢ )
(DL 2O (IR o+ 1m o)
By (5.4), (5.22) and thanks to (5.10) and (5.16), the time derivative of our
Lyapunov functional £ (t) can be estimated as follows:
I (1)
P2

£ <= (h--F) (I @1 + v @) - s (20 +
+3(2+2) (i e v ir o)

) (5.23)

2
do €2 2 2
—5la-n)(1- —2—) 2| (Jua ¢ o (t
[( n)( max{pm}) 2} (llaz I + 1oz )11
for all 4, £1, €2 > 0. Here we imply
. ds
2l —n) |1 — — | .
dy <min{p1,pa}, 0<ey<2( 77)( maX{pl,p2}>

Then for § sufficiently small, satisfying 0 < & < A,, and let ¢ > 0 such that
0 < &1 < 2(As —9), the equivalence of £ (t) and E (t) together with (5.23) and
(5.11) says that there exists a constant v € (0,72) such that

L' (t) < =L (t) + 71 exp (—nat),, V>0,

and by Gronwall’s inequality, we have
L)< (L (0) + %) exp (—t), ¥t > 0,

which leads to (5.12) by the equivalence of £ (t) and E (¢). Hence, we complete the
proof of the theorem. O

6. A numerical example. The one-dimensional linear damped system of nonlin-
ear wave equations has been qualitatively investigated in the sense of exponential
decays. Therefore, in this section the emphasis is put on the illustrative framework.
Particularly, our problem here reduces to the following form:

utt_ua:x+)\1ut:f1 (U,U)+F1 (CI,',t),
Utt_vmz+)\2vt :f2 (U,U)+F2 ('Z.at)a

along with the boundary conditions (1.3) and initial conditions (1.4). Notice that
the interior sources f; and fo have been introduced in Remark 3.1. In fact, the
functional F € C? (R%R) (cf. (2.5) as an example) can be established by

fiuww) = a (n ful™ o+ 2 a2 o)) w,

— a B _
fo (w,0) = B (3 o772+ 2l F ol 7)o
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By virtue of these explicit expressions, (2.3) obviously holds. Moreover, we de-
duce the fact that for all (u,v) € R?

(n=2) (e + 1) < Fv) < (n+2) (lul*+ 1)

min {a, B} F (u,v) < ufi (u,v) +vfa (u,v) < max{a, B} F (u,v),

which imply di = min{a, 8}, d2 = max{e, 8}, d; =71 — Z,and dp =71 + £ in
(4.1), (4.2). If one can choose an appropriate set of constants «, 3, 71, and 2 such
that 2 < 27y; and do < min {py,p2}, (A%) is clearly valid.

In this example, we take a =3 =4, p1 =po =6, ¢1 = ¢ =2 and K; = y; =
Ai =1fori=1,2 withy; =3, 72 = 1 (so, d = 4 and dy = 1). Next, the initial
conditions are given by

g (z) =z (e + 1)_Tl , U (z) = —ze? (e + 1)_TS ,

—1 =5
o(x)=1-2)(2+1)7F, t1(z)=(z—-1)e? (? +1)* .
Then our external functions are
3 5.2 944t
Fy (2,t) = _4:c 2r —gf _ 5e 19/4,
(e9+4t 4 1)3/%  (e9+4t 4 1)
P (:l: t) _ (:L‘ — 1) (4.’132 — 6z + 3) B 5ed+4t (1 — z)

(e9+4t 4 1)%/4 (e9+4t 4 1)%/4
This way we can find the exact solutions in the following form:

T 1—=z
Ueg (T,1) = W, Vez (T,1) = W’

but they shall be neglected since we want to consider the illustrative approximation
of solutions.

(6.1)

Exact solution Ue (x,t) Exact solution Ve (x,t)

(A) Exact solution uez(z,t) (B) Exact solution vez(z,t)

FIGURE 1. Exact solutions.
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In order to fulfill all assumptions of Theorem 5.2, it remains to check (5.10) and
(5.11). Obviously, one has p, = 3 and p is computed by the following

1 [ 1 [ 12 18
[ F F ds < — d
=3 / (IF )+ 12 ()] ds < / <(69+45+1)3/4+(69+45+1)3/4) s

(6.2)
o 1 < 1 —or [ g
= 15/ ————ds < 15/ ———ds = 15@7/ e “%ds
0 (€945 4+ 1) / 0 edt3ss o

—Be i ~0.58x 107* ~0,

and the initial energy can be estimated by

E(0) = 5 (Il + 150 + e |2 + e ) — (130 (I +150 O)%)  (63)

2 o @) a4 [ o @) o @) as

4

= %618 (e” + 1)7F 4 (e” + 1)%1 —2(e” + 1)*%
3 -1 1 1

-1 (e +1) " — & (e +1) " <0.015.

Combining (6.2) and (6.3), the checking argument for (5.11) is made by (6.2)
and we obtain that

E, = [E(0) + plexp (2p) ~ E (0) < 0.015,

which leads to 7, = 12p, E, + 2 (p.E,)? < 1.

Therefore, the assumptions needed to check are all satisfied.

At the discretization level for this problem, a uniform grid of mesh-points (z, t,,)
is used. Here zp = kAz and t, = nAt where k and n are integers and Ax =
%, At = % the equivalent mesh-widths in space x and time t, respectively. We
first consider the following differential system for the unknowns (Uy (¢), Vi (¢)) =
(u (zg,t) ,v (zg,t)) for k=0, K:

a0

() = K2 (U (t) = 201 (1) — U (1) (6.4)
+3U7 (1) + V2 () Uy (t) + Fu (21, 1),
L (1) = K (Uit () = 203 1) + Uiy () — O (1)
+ 33U (t) + V2 () Uy (8) + Fr (zn,t), k=2,K — 1,
dUk

(t) = K (U (t) = Uk (t)) — K* (Uk (t) — U1 (t))
— Uk (t) +3Us (t) + Fy (vk, 1),

dt
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and

D 1y = K (V5 (0= To () + K2 (V3 () Vo (0) 65)
— Vo (t) + 3V (t) + Fa (20, 1) ,
T ) = K2 (Ve (1) 2Vi (1) + Vi () — Vi ()
+ 3Vk3 (t) + Ulg (t> Vi (t) + F (Ik,t) , k= 17[(7—2’
dvd’f[l (t) = K? (Vi o (t) = 2V 1 (t)) — Vig_1 (t)

+3VE_ () + VE_L () Uk—1 (t) + Fa (vg—1,t),

where (Uy (t), Vi (t)) identically stands for (% (t), % (t)) and the initial condi-
tions are

(Ur (0), Vi (0)) = (tio (1) , 0 (x)) , (Ux (0), Vi (0)) = (@1 (x) , 01 (), k= TK)'

6.6
Here we also notice that the values of Uy (t) and Vi (t) are known, so those cases
are not considered.

Below a basic numerical approach is achieved by using the linear recursive method
where the nonlinear terms are linearized. Accordingly, after some rearrangements
we rewrite the linearized differential system to be a differential equation where the
solution includes all discrete solutions of the linearized system. Such a unifying way
also guarantees that the numerical solution uniquely exists. When doing this, at
the m-th iterative stage (m > 1) the linearized differential system of (6.4)-(6.6) one
by one becomes

do{™ . m —(m
1 (1) = K2 (03" () —20{™ (1)) = O™ (1) (6.7)
3 2
+3(Uf" V@) + (VU ®) U 0+ R @),
dU(nl) m m m rrim
A0 =K (UM @ - 20 0+ U ) - 0 (0
3 2
du™ _

=k | (0 ) -0 0] - 52 (U 0 - U 0)

_ _ 3
S0 03U 0) 4 B (),
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and

dvo“")

r ~(m m— 3
— 7 ) +3 (VY ) + B (w0.1),

dv,™
dt

dV}én)l

(T 0, V™ (0)) = (o ().
(T ). ™ () = G (@),

Then, a matrix-type differential system derived from (6.7)-(6.9) can be expressed

as follows:
d[U(m)
t) =
Q)

where the solutions U™, V(™) ¢ R2K | and the block matrices A(™ B(™) ¢ R2K x

() = K2 (V") (1) -

+3 (V,f’”‘” (t))3 +

AlM) () uim (t)

2v,™ (t) +

(U(m 2 (t))2 V™ () + Fy (zx1,1),

+F™ (1),

V(m)

avm) m m m
o (=B OV (6) + B (1),

®) - %" (@)

k+1

(1) = K2 (VI () 2V () = Vi (1)

(o)

o (7)) 5
B (20) k= 0. K.

R2X | and the functions Fgm), Fé"” € R?*K are defined by

um —

ym) —

(m)

Q

_Ul(m)_

[V

F\™ () =

t) =3 (U,gm—1> (t))S + P (2pt), k=

0

0
o™ ()

ag’(n)1

(t)

ol )+ K (U0 ()

0
0

a0+ K (vzf’” g
R0

)

RN

LK,

0 =& | (W 0) =i @]+ 1 (v 0 - v )

(7 (t)) V™ (t) + Fy (art), k=LK - 2,
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Alm) —

B™ —

3
) =3(V V) + B t), k=0,K— 1,

10
0 1
9,
0 ---
0 -1 0
K? 0 -1
K2 o), K? -1
K2 —K? 0 0
10
0 1
9,
0 ---
0 “1-K 0
0o -1
K2 b, (KZ; :
K2, 0
2
o = al™ (1) = 22+ (V"0 1)

2
™ = ™ (1) = —2K2 + (U,gm—1> (t)) k=TK

associated with the initial data

U™ (0) =

to (1)

iio ()
111 (.%'1)

L1 (2K ) ]

v (0) =

[ Do (z0) ]

Uo ($.1<—1)
1~)1 (.’L‘())

|01 (37'1<—1)_

J—
jen)

1,

(6.11)

Here the initial guess for our linearization method is simply the initial values,
Le. (U@ (t,), VO (t,)) = (U™ (0),V™ (0)) for all n = 0,N. In general, it
is remarkable that the system (6.10)-(6.11) might be stiff, then it is not good for
our implementation since the objective is considering the system in a large time.
Understanding the basic instability coming from stiff systems, we therefore apply
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the well-known implicit Euler method which reads as

(m) T (m) - (m) T (m)

Un+1 =(I- NA (tn+1) Un + NIFI (tn+l) ’
m T m - m T m

v = (]I - NB( )(tn+1)) (V( ) + N]F( (¢ n+l)) ,

for n = 0, N — 1, where I stands for the 2K-by-2K identity matrix. This discrete
system is endowed with the conditions (6.11).

Choosing m = 5, T = 20, and K = N = 50, we have plotted in Figure 2 the
approximation function (u (z,t) , v (z,t)) solutions to our problem (P) considered in
this section. Compared to Figure 1, we observe that such functions not only behave
like the exact solutions (6.1) (decay exponentially in time), but also completely have

the same shapes corresponding to each exact solution.

Approximation solution u(x,t)

Appraximation solution v(xt)

(A) Approximate solution u(z,t)

(B) Approximate solution v(z, t)

FIGURE 2. Approximate solutions.

TABLE 1. Numerical results at nodes (%

n) for n € {10, 20,30} .

n | Uer(5,tn) u (5, tn) |tes (5,tn) —u(5,tn)|
10 | 1.54436330F — 03 | 2.01855517E —03 | _ 1.37419186E — 03
20 | 2.82860006E — 05 | 7.20712002E — 05 | 4.37851996E — 05
30 | 5.18076174F — 07 | 1.77972692E — 06 | 1.26165074E — 06
n | Ve (5,tn) v(5,tn) [Vez (5. tn) —v (5, tn)]
10 | 3.86000827F — 04 | 7.20514168E — 04 |  3.43423340F — 04
20 | 7.07150017E — 06 | 1.80147701E — 05 | 1.09432699F — 05
30 | 1.29510043F — 07 | 6.22799676E — 06 | _ 4.93280633E — 07

Furthermore, numerical results of the solutions (u,v) together with the exact
solutions (Ue, Vez) at nodes (5, n) for n € {10,20,30} and various values of error

in the entry-wise norm

N (u) = max max

Enk (v) =

max max
1<k<K 0<n<N-1

|ue1‘ (Ik, n) —u (fL’k,

|ve1: (l'lm

n)l
tﬂ)l,

)_U(mkv
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TABLE 2. Numerical results for the [, norm error &y k.

K N EN,K (u) gN,K (’U)

50 | 50 | 6.68545424F — 03 | 6.68150701E — 03
100 | 100 | 3.59475057E — 03 | 3.59201931F — 03
150 | 150 | 2.45841870E — 03 | 2.45632948FE — 03
200 | 200 | 1.86793338E — 03 | 1.86628504E — 03

are all given in Table 1-Table 2, respectively. To demonstrate the fact that the I,
norm error Ey,x decreases (and obviously tends to zero) as K, N increase without
any attention to the discretization level, we show in Table 2 the error values when
such constants go from 50 to 200. As expected from the analysis, our numerical
method used here is reasonable and efficient.

Appendix A. Proofs of auxiliary results.

Proof of Lemma 4.2. We only need to prove the first inequality since (4.15) and
(4.16) are obviously the same. Put s1 = 2/(1—2¢) and so = 2/(1 —¢&). Our
strategy is to independently consider each terms on the left-hand side of (4.15)
and furthermore, to estimate those quantities we mainly divide into two cases. For
clarity, let us first consider two cases for |[u|,a.

(a1) [lull o < 1: One easily deduces from 2 < s; < a that
; 2 2
lull 3 < llullfe < lusll® + llulFa + u (1)
(a2) |lull o > 1: Similarly, we get
' 2
ull7s < ullfe < lluall® + [JullFa + fu (1)

Next, we consider two cases for ||ul:
(b1) |Jul|l < 1: Since 2 < s3 < «,

2 2
lall™ < Jlull™ < fluall™ + ullza + fu (1)
by) ||lu|| > 1: In the same manner, we have
( ;
2
ull ™ < Jlull® < lullze < lluall”+ lullze + lu (D)
Finally, we go through the last term |u (1)|:
(c1) |u(D)] <1:
; 2 2 2
lw (I < @] < llulle) < lual® + lullZe + u (D

(ca) |u(1)] > 1: Tt is natural to say |u (1)[* < |u (1)F*.
Combining all of the above inequalities completes the proof of the lemma. O
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