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Abstract

In this paper, we construct approximations of the microscopic solution of a nonlinear
reaction—diffusion equation in a domain consisting of two bulk-domains, which are
separated by a thin layer with a periodic heterogeneous structure. The size of the
heterogeneities and thickness of the layer are of order €, where the parameter € is small
compared to the length scale of the whole domain. In the limit ¢ — 0, when the thin
layer reduces to an interface X separating two bulk domains, a macroscopic model with
effective interface conditions across ¥ is obtained. Our approximations are obtained
by adding corrector terms to the macroscopic solution, which take into account the
oscillations in the thin layer and the coupling conditions between the layer and the
bulk domains. To validate these approximations, we prove error estimates with respect
to e. Our approximations are constructed in two steps leading to error estimates of

1 .
order €2 and € in the H'-norm.

1 Introduction

Problems including reactive transport processes through thin layers with a heterogeneous
structure play an important role in many applications, especially from biosciences, medical
sciences, geosciences, and material sciences. We mention here as an example the physio-
logical processes in blood vessels, where the endothelial layer, separating the lumen (region
occupied by blood flow) from the vessel wall, mediates and controls the exchange between
these two regions. In [31] a detailed model for processes at the endothelium is given by
using phenomenologically derived effective interface laws. However, multi-scale techniques
for the rigorous derivation of such laws starting from microscopic models, the study of their
validity range and of the accuracy of the approximations are urgently needed. The tech-
niques developed in this paper give an important contribution to this field, even though our
model problem is limited to reaction—diffusion processes, and thus omitting further aspects
like e.g. advective transport or mechano-chemical interactions.

In this paper, we consider a nonlinear reaction—diffusion equation in a domain 2. con-
sisting of two bulk-domains QF and Q- which are separated by a thin layer QM with a
periodic heterogeneous structure. The thickness of the thin layer as well as the period of
the heterogeneities are of order ¢ > 0, where the parameter € is small compared to the
length scale of the whole domain Q.. Across the interfaces S between the bulk-domains
QF and the thin layer QM we assume continuity of the solution and its normal flux. The
numerical computation of the solution to this type of problems faces a high complexity.
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Therefore, we construct approximations of the microscopic solution which can be calcu-
lated with less numerical effort, and prove error estimates between the approximation and
the microscopic solution with respect to the scaling parameter €. Such error estimates are
important for the justification of the approximation as well as for predictions about its ac-
curacy. There is a rich literature on problems in thin domains with applications in solid
mechanics, wave diffraction, porous media and so on, where we have to mention the mono-
graphs [29] and [3]. Results about the derivation of effective transmission conditions by
multi-scale techniques for domains separated by thin heterogeneous layers can be found e.g.
in [4, 6, 7, 8, 10, 11, 13, 14, 22, 25, 28]. However, error estimates for thin heterogeneous
layers coupled to bulk-domains have hardly been considered in literature so far. We mention
here the paper [27], where an elliptic problem in a domain including a thin heterogeneous
layer with thickness of order € is treated for different scalings for the diffusion coefficients
with respect to €. More precisely, based on the Bakhvalov-ansatz the author derives higher
order asymptotic approximations for the microscopic solution and derives error estimates
with respect to e. This method uses high regularity results for the microscopic and the
macroscopic solutions, and therefore for the data. The asymptotic expansion is formally ex-
tended to nonlinear and nonstationary problems. In [1, 5, 21] the asymptotic behavior of a
fluid flow through a filter formed by e-periodic distribution of obstacles of size € distributed
on a hypersurface is considered and error estimates are proved. In [17] a similar geometrical
setting was considered and the Poisson equation with mixed boundary conditions on the
boundary of the obstacles was studied. In [30] a Neumann problem in a domain containing
a thin filter consisting of periodically distributed channels is considered.

In [10, 11, 25] reaction-diffusion equations through thin heterogeneous layers were studied
for different scalings in the thin layer, and effective models for ¢ — 0 were derived. In
the singular limit, the thin layer reduces to a (n — 1)-dimensional interface ¥ separating
the bulk-regions Q7 and Q~. In these bulk-domains the evolution of the limit problem
carries the same structure as in the microscopic problem, whereas at the interface ¥ effective
interface laws emerge. Of particular importance is the choice of the scaling of the coefficients,
especially in the equations in the thin layer. The scaling highly influences the structure of
the macroscopic model and depends on the particular application.

In the present paper, we consider a specific scaling from [10] leading to a reaction-diffusion
equation on the interface ¥ in the limit ¢ — 0. This effective interface condition for the
macroscopic model is similar to a result in [27] (see the interface condition (1.10)). However,
in our case we consider a different scaling for the microscopic equation, and a nonlinear and
nonstationary problem. Further, we consider a scaling for the reaction term in the thin layer
which gives an additional contribution in the effective interface condition. For this situation,
we investigate the quality of the approximation of the microscopic solution by means of the
macroscopic one. In general, we cannot expect strong convergence of the gradients or high-
order error estimates with respect to €. For such results we have to add additional corrector
terms to the macroscopic solution which take into account the oscillations in the thin layer
and also the coupling conditions between the bulk-regions and the layer. The construction
of the approximations is made in two steps. Firstly, we add to the macroscopic solution in
the thin layer a corrector of order e, which carries information about the oscillations in the
layer. This leads to error estimates of order €2 in the H L_norms, see Theorem 1. To obtain
a better estimate, in a second step, we add a corrector term of first order to the macroscopic
solutions in the bulk-domains (which equilibrates the discontinuity of the approximation
across ST) and an additional second order corrector to the macroscopic solution in the layer
(which equilibrates the discontinuity of the normal fluxes of the approximation across SF).
This strategy of stepwise building up the correctors has also been used e.g. in [16]. The
resulting approximation leads to an error estimate of order € in the H'-norms, see Theorem
2.

The major challenge in our paper is the simultaneous scale transition for the thickness of
the layer and the periodic heterogeneous structure within the layer, as well as the coupling
between the bulk-domains and the thin layer, where we additionally have to take into account
different kinds of scaling. In this context, the presence of nonlinear reaction terms creates



additional difficulties. These specific features of our problem are also reflected by differences
in the form of the correctors in the two regions (bulk domains and thin layer): The order
of the corrector terms with respect to € is different in the two regions. Furthermore, in the
layer, the correctors are obtained by products of the derivatives of the macroscopic solution
and solutions of suitable cell problems on a bounded reference element Z, whereas in the
bulk-domains the correctors include solution of boundary layer problems in infinite stripes.

To justify the determined approximations, we prove error estimates. Roughly speaking,
we apply the microscopic differential operator to the microscopic solution as well as to the
approximations and subtract the terms from each other. To estimate the arising terms on
the right hand side, the main idea is to represent solenoidal vector fields by the divergence
of skew symmetric matrices. Integration by parts then yields an additional factor e which
can be exploited for the error estimates. This approach has been previously used in [18] for
vector fields defined on the standard periodicity cell and periodic in all directions, and in
[24] for boundary layers. In our case the situation is more difficult and we have to construct
skew-symmetric matrices adapted to the structure of our problem. More precisely, these
matrices have to be such that boundary terms which occur at the interfaces between the
bulk domains and the thin layer vanish.

Our paper is structured as follows: In Section 2 we present the microscopic model, the
assumptions on the data as well as the a priori estimates for the microscopic solution. In
Section 3 we give the general form of the two approximations for the microscopic solution
and state the corresponding error estimates. The macroscopic model and the higher order
correctors are introduced in Sections 4 and 5 respectively. The proof for the error estimates
is given in Section 6. We conclude the paper with a short appendix about the regularity of
the solution to the macroscopic problem.

1.1 Original contributions

In the literature, there are several results dealing with singular limits for reactive transport
processes through thin layers with heterogeneous structures. However, results including
error estimates with respect to € seem to be rather rare, especially with regard to nonlinear
problems. In this paper we construct asymptotic approximations for the microscopic solution
of a semilinear reaction-diffusion problem in a domain including a thin heterogeneous layer,
and derive error estimates with respect to the scaling parameter e. Such error estimates are
important for the justification of the approximation. The main contributions of our paper
are:

- the construction of approximations for the microscopic solution including correctors
and boundary layers adapted to the scaling in the microscopic problem and the mi-
croscopic structure of the thin layer, as well as to the transmission conditions at the
bulk-layer interfaces,

- the derivation of error estimates of order /€ and € in the context of nonlinear problems
which combine the classical approach of homogenization for microscopic structures
with a singular limit approach,

- proving of error estimates under low regularity assumptions on the data and therefore
low regularity for the microscopic and the macroscopic solution,

- extending the approach for the representation of solenoidal vector fields by the diver-
gence of skew symmetric matrices to boundary layers involving transmission condi-
tions.

2 The microscopic model

We consider the domain Q. := ¥ x (—e — H, H + ¢) C R™ with fixed H € N, n > 2, and
Y= (0,11) X ..., x(0,l,_1) C R*" ! with [ = (I1,...,l,_1) € N*~1. Further, let ¢ > 0 be a



sequence with ¢! € N. The set €2, consists of three subdomains, see Figure 1, given by

QF =Y x (e, H +¢),
QM .= % x (—¢,¢),
Q- =Y x (—e— H,—e).

The domains QF and QM are separated by an interface ST, i.e.,
SF:=%x{e} and S :=3x{—¢},

hence, we have Q. = QF UQ-UQM USFUS.

& i /‘::://ii :jC
f ) L)

T 0 G I
110 ) G G G G O ] SN

Figure 1: The microscopic domain containing the thin layer €2, with periodic structure for
n = 2. The heterogeneous structure for the thin layer is modeled by the diffusion coefficient
DM see Assumption (Al).

As mentioned above, for € — 0 the membrane QM reduces to an interface ¥ x {0}, which
we also denote by ¥ suppressing the n-th component, and we define

Q+ =) X (O’H) and Q" =¥ x (_H7 O)a

and Q := QT UXUQ™ =X x (—H, H). The microscopic structure within the thin layer QM
can be described by shifted and scaled reference elements. We define
Yk:=(0,1)* forkeN,
Z =YY" x (~1,1).

We denote the upper and lower boundary of Z by
St=y" ! x {1} and S :=Y"'x{-1}L

Now, we are looking for a solution ¢, = (¢, e, c7) with ¢ : (0,7) x QF — R and

€ Ye e

M (0,T) x QM — R of the following microscopic problem

OpcE —V - (DiVCf) = fE(t,z, ) in (0,7) x QF,

1 1 1 la
~0pcM — =V - (DMVeM) = —gM(t,z, M) in (0,T) x QY (12)
€ € €



together with continuous transmission conditions across the interfaces S

ct=cM on (0,T) x S,
1 1b

—D*VeE v =—=DMVM . v on (0,T) x S%, (10)
€

where v denotes the outer unit normal on S with respect to QM and the outer boundary
conditions

DVt v =0 on (0,T) x & x {+(H +¢)},

ce is Y-periodic,

(1c)

and the initial condition

AA* (2,1, Fe) forx € QF,

1d
M () for x € QM. (1d)

ce(0,2) = d(z) == {

In the following, we define for an arbitrary interval I C R and a rectangle W C R*~!
the Sobolev space of W-periodic functions, i. e., the space of functions which are W-periodic
with respect to first n — 1 components:

HEW x I) == {u€ H*(W x I) : uis W-periodic} ,

for k € N. In a similar way we also use the index # for spaces with Y™ L periodic functions,
e.g., C’;i’l (Z) :={ueC" (Z) : uis Y" !-periodic}.

Assumptions on the data:

(A1) It holds D* € R™" is symmetric and positive-definite, and D (z) = D™ (£) with

DM ¢ 0%1(7)“” Further, D™ is symmetric and coercive, i.e., there exists a
constant ¢y > 0 such that

DM(y)¢- € > c|€)|?, forallye Z, £ e R™.

(A2) We have f(t,z,2) = f*(t,%,z) with f*:[0,7] x R® x R — R is continuous, Y-
periodic with respect to the second variable, and uniformly Lipschitz continuous with
respect to the third variable. The uniform Lipschitz condition ensures the estimate

f=(ty,2)| SC(1+z]) forall (t,y.2) € [0,T] x R" x R.

(A3) We have gM(t,y,z) = g™ (t.%,2) with g™ : [0,7] x R"! x [-1,1] x R — R is

continuous, uniformly Lipschitz continuous with respect to the last variable, and Y~ 1-
periodic with respect to the second variable. As above, we have

g™ (t,y,2)] < C(1+|2]) forall (t,y,z) € [0,T] x R"* x [-1,1] x R.

(A4) For the initial functions, we assume ¢+ € H;%(Qi) and 2M € H, (QM) with ¢*[s =
M| s+, and they fulfill the following estimate

1
1= e ey + 2l Nl aary < €

Further we assume that there exist ¢%* € H#(Qi) and OM ¢ H;#(Z) with ¢*F |y =
M such that

1
e = | o ey + ZHCS’M = M|y < Ce ®



Weak formulation A function ¢, € L%(O,T),H#(Qe)) N HLY((0,T),L*(Q)) is called a

weak solution of Problem (1a), if for all ¢ € H(Q), and almost every ¢ € (0,T) it holds
that

> { / dyctpdr + / Dchf~V¢d:c] 41 / dycM pda
= LJoF of € JaM
1 1
+ —/ DMYM . Vdr = Z/ 1E () pda + —/ gM (M) pda
€ Jau T JaF € Jau

together with the initial condition (1d).
To work on the fixed domains 2%, we shift the e-dependent domains QF to the fixed

domains QF, and give an equivalent formulation for a weak solution on the fixed domains
QF. We define

EEL(0,T) x OF 5 R, & (t,x) = cE(t, Tz, £€).
Then c, is a weak solution of Problem (1a), iff ¢X € L2((0,7), Hj, (QEN)NHL((0,T), L*(QF))

and cM € L%(O,T),H#(Qé”)) N HY((0,T),L2(QM)) with Cé\/[|s€i = ¢y, and for all ¢F €
H;E(Qi) and ¢} € Hy(QM) with ¢F|s = ¢'| g+ it holds that

1
> [/i Ot pFdr + /i D*veE. qudx} + E/M oM pMdx
T Lo Q Q2

+1/ D;MVcéV[-VqSﬁVIdx:Z/ fj(zf)¢§dx+1/ gM (M) oM da
Qy ¥ O* € Qy

€

together with the initial condition

6 (0,2) = *F(z)  for x € QF,
T M (z)  for z € QM.

Notation 1. In the following, we suppress the ~ and use the same notation cf for both, the
shifted function, and the function itself.

We have the following existence and uniqueness result for the microscopic problem. A
detailed proof can be found in [10], which can be easily extended to our slightly more general
assumptions.

Proposition 1. There exists a unique weak solution ¢t € L?((0,T), HY(Q%F)) with 0ycF €
L2((0,T), L%(Q%)) and ™ € L?((0,T), H (QM)) with 0;,cM € L?((0,T), L2(QM)) of the
Problem (1) (satisfying the weak formulation (4)). Additionally, the following a priori esti-
mates are valid:

10l 0,7).L20%)) + e L o.m).L2@5) + [ VEE | 20,1 20ty < Co

19ec 20,7y, 22 (00)) + lled o= 0,7y, 22080y + IV || 12 0.1y 22 (c20ry) < C Ve

3 Main results

In this section we state our main results. We consider approximations of ¢, including cor-
rectors of first and second order, leading to different orders of convergence with respect to
the scaling parameter €. The definitions of the macroscopic solution of zeroth order and the
corrector terms can be found in Section 4 and 5.



3.1 Correctors including terms of order ¢ in the layer

Let us define the first order approximation ce app,1 : (0,7) x Q. — R of ¢, by

Ciapp,l(tvx) = ¢ (t,x) for x € QF,
ce,app,l(t,:z:) = c%pp’l(t,x = C(])V[(t,f) + ec{‘/[ (t z, %) for = € Qﬁ”, (5)
ce_,app,l(t“x) = C(; (t7 Z‘) for x € Q.

Remark 1. The first order corrector term ¢! in the layer in the definition of ceappi

takes into account the oscillations within the thin layer. Adding this corrector leads to a
discontinuity of ceapp.1 across the interfaces SE. Of course, it is also possible to add an
additional first order corrector term cf’bl in the bulk-domains QF (see the definition of
Ce,app,2 Delow), however, this will not improve the order of convergence.

The error between the microscopic solution ¢, and the approximation ¢, app,1 is estimated
in the following theorem:

Theorem 1. Let ¢t € LQ((O T), H*(QF)) with 8, € L*((0,T), L*(F)) and Vzcr €
L=((0,T) x QF), and ¢} € L?((0,T), H*(X)) with 0ycdt € L*((0,T), L*(X)). Then, the
following error estimate is valid

M
= eawnt | 20,1y, )y < C1VE

Z e —c2 app,lHLZ((o my,H () T \[ e
and the constant C, = Cy (c0 ) > 0 fulfills

€1 < C<1 + HC(])VIHH (0.1),H2(s)) T |9ecs” HL2 (0,7),L2(%))

+ Z [Hco HL2 o,1),H2(Q)) T Hatco ||L2((0T 2@ty vaco HLoo((o T)in):| )

Theorem 1 is a direct consequence of the more general result in Theorem 3 in Section
6.2.

3.2 Correctors including terms up to order € in the layer

For higher order error estimates, we first have to overcome the problem of discontinuity
across S of the approximation Ce,app,1 by adding a first order corrector term in the bulk-
domains, see Remark 1. However, this leads to an additional normal flux from the bulk-
regions into the thin layer. Therefore, we have to add an additional second order corrector
(the diffusion in the layer is of order e~1) in the layer. This leads to the following second
order approximation: We define ¢ app 2 : (0,7) x Q. — R by

ct o, o(t,x) for x € QF
Ce,app,2(t, ) == { ¢, dpp o(t,x) for z € QM
Ceapp2(t,z) for x € Q7 -
ct(t,z) + eciIr bl (t,z,%) for z € QF,
=9 (b, z) +ect! (6,7,%) + 2 (t,z,%)  for w € QM
g (t, @) +ecy” bl (t,z,2) for z € Q.

Remark 2. Again, the approzimation c. app.o is not continuous across the interfaces S=.

Theorem 2. Let ci € L2((0,T), H*(QF)) with dict € L2((0,T), H (Q*F)), and ! €
L2((0,T), H3(X)) with 0! € L2((0,T),H'(X)). Then, the following error estimate is
valid

M

- Cfvapp@HL?((&TLHI(QEM»

Z ||C Ce app,2HL2 (0,T), Hl(Qi)) \[ HC < 026,



and the constant Co = Cy (coi, ) > 0 fulfills
“ <C<1 +lleo” 2 o). a2 02y + 196t 2 01y 17 2y + 1M Nl s

+ > [leg Ie2 .y, m202)) + 10665 | 20,1y, 1 @)y + €™ a0 )
+

We see that the second order approximation c app,2 leads to a better error estimate with
respect to the scaling parameter € than c. 5pp,1. However, from the numerical point of view,

this has to be paid by solving the cell and boundary layer problems for the correctors c)’

bl :
and cf’ , see Section 5.

4 The zeroth order macroscopic model

In this section we formulate the macroscopic problem of zeroth order. This was derived
rigorously for a similar model in [10] using the method of two-scale convergence and the
unfolding operator. Here, we also take into account oscillations in the reactive term f* and
consider periodic boundary conditions on the lateral boundary instead of a Neumann-zero
boundary condition. However, the results from [10] still hold for our situation.

The macroscopic solution is defined in the following way: Let the triple (¢, ¢}!, c; ) with

¢y € L*((0,T), Hy (%)) N H'((0,T), L*(Q¥)),
co' € L*((0,7), Hy () N H'((0,T), L*(%)),

be the unique weak solution of the following transmission problem:

dicE — V- (Dch(f) :/ FE(t,y, c)dy in (0,7) x QF,
Y’n
g =cy =cft on (0,T) x &,
[DEVes -v] = |Z|0peh = |Z| Vs - (DM Vae)!)
—/ZgM(t,y,Cf)”)dy on (0,T) x 3, (7)
—-D*VeE vEF =0 on (0,T) x ¥ x {+H},
coi, cg{ are Y-periodic,
g (0) =cF in QF,
e (0) = oM in %,
with [[Dj[Vca‘L V] = —(D'*‘VC(TV“‘ +D~Vey ~u‘). Here, v* denotes the outer unit normal
on 0QF, and the homogenized diffusion coefficient D** is defined by
. 1
D,Z[’ = E/ZDM(y)(Vwﬁ/ﬁ + ek) . (leMl + el)dy fork,l=1,...,n—1,

where w,@ffl are the solutions of the cell problems (9) in Section 5. The variational formulation
for Problem (7) is the following one: For all (¢T,¢™ ¢7) € HY(QT) x HY(X) x HY(Q™)
with ¢F |z = ¢M it holds almost everywhere in (0,T)

> [/ 8tc(j)[¢idx+/ Dchoi-Vﬁde}
T L/o* o+
+|Z\/ 8tc{)”¢Mdf+|Z|/ DM*v M. VoM dz (8)
2 b))

= [ [ Mpdhotayis+ Y [ [ ot v
JZ + Qt Jyn



In the following we will prove regularity results for the macroscopic solution (cg e ey)

under additional assumptions on the data. Hence, let the Assumptions (A1) - (A4) be valid
and additionally it holds that

(A2)’ The function f* is differentiable with respect to ¢ with 9, f* € L>((0,T) x Y™ x R).
(A3)" The function g is differentiable with respect to t with 9,g™ € L*°((0,T) x Z x R).

(A4)" There exists a constant My > 0, such that ||Vzc%* || sy < My (not for the n-th
derivative) and [|Vzc™M || oo (s) < M.

Then we obtain the following regularity result for the macroscopic solution, which is
sufficient for the assumptions in Theorem 1 and 2 to hold:

Proposition 2. Let the conditions (A1) - (A4) be fulfilled. Then the triple (cf,c)!,cy) has
the following regularity property:

it e 1((0,7), HAQY), el € 12((0,T), HA(5)).
If we additionally assume (A2)’ - (A4)’, then we obtain

€ HY((0,T),HY(Q)), Vact € L((0,T) x QF),
e HY((0,T),H (X)), Vazc) € L=((0,T) x %).

Proof. The proof can be found in Section A in the Appendix. O

Remark 3. We emphasize that the proofs of the main results from Section 3 hold under the
Assumptions (A1) - (A4), and the conditions stated in Theorem 1 and 2. The assumptions
(A2)’ - (A4)’ give sufficient conditions for which the assumptions from Theorem 1 and 2
are fulfilled, but are far away from being optimal.

5 Corrector terms

. . bl .
In this section we define the corrector terms cli’ , M, and ¢} used in the first and sec-

ond order approximations ce app,1 and ce app,2 in Section 3, and investigate their regularity
properties. The correctors are defined via the derivatives of the macroscopic solution cg
multiplied by solutions of appropriate cell respectively boundary layer problems, see (9) -
(13).

Cell problems of first order for the thin layer Q:
For j =1,...,n — 1 the function w% € H#(Z)/R solves the following cell problem:

-V, - (DM [Vyw]Ml + ej}) =0 in Z,

—-pM [Vyw]Ml + ej} .v=0 onS*,

9)

w% is Y™ 1-periodic, / w%dy =0.
z
Lemma 1. For every j = 1,...,n — 1 there exists a unique solution w]M1 € W2P(Z) of
Problem (9) for p € (1,00) arbitrary large. Especially, we have
M
||wj,1Hol(7) <C

Proof. This follows from the LP-theory for the Neumann-problem for elliptic equations, see
[15, Chapter 2]. The inequality follows from the Sobolev embedding theorem for p > n. O



Now, we define the first order corrector ¢} in the thin layer via

Mt z,y) Zacho (t, Z)w (y) in (0,7) x ¥ x Z. (10)

By adding ec} (t,7,%) to the macroscopic solution ¢}’ in the thin layer, we take into

account the osc1llat10ns in the layer and can prove error estimates for the gradients in L2,
see Theorem 1.

Boundary layer corrector for the bulk-domains Q*:
Using the corrector c¢app,1, we obtain an error estimate of order e%, see Theorem 1. To
obtain a better error estimate, we add further corrector terms to the approximation ce app,1-

Firstly, we add the corrector c1 ! to the macroscopic solution in the bulk domains, which
eliminates the discontinuity across the interfaces S* of the approximation Ce,app,1-
Let us define the infinite stripes Y+ and their interface Y° by

YT :=Y""1 x(0,00),
Y™ =YY" x (~0,0),
YO =y x {0}.

For fixed w > 0, we define

W (Y+) = {u € H# (Y”_1 X (O,R)) for every R > 0; e“¥"Vu € L? (Y+)} ,

and in the same way we define the space W, #(Y’). For j = 1,...,n — 1, the function
i Mew, # (Yi) solves the following boundary layer problem

V- (DEVwi) =0 in v,
+,bl
wj 1 (y70) - ’LU (yv 1) on Yoa (11)
wjjtlb1 is Y L-periodic,

ij,i ! decreases exponentially for y,, — Foo.

Lemma 2. For every j = 1,...,n — 1, there exists a unique solution w Le W (Y +)
for a suitable w > 0. Additionally, it holds that wilbl e W2P(RE) N CO (R”) with R =

loc

{x e R"™ : +x,, > 0} for arbitrary large p € (1,00). Especzally, we have for a constant C' > 0
+,bl
Hw HW1°°(]R") <C

Proof. The existence and uniqueness follows from [20, Theorem 10.1] and the regularity
result from Lemma 1. The local W?2P-regularity follows from the LP-theory for elliptic
equations, which also implies the continuity of the solution. It remains to check that the
solution and its gradient are bounded on R’}. This follows from the weak maximum principle,
see [23, Theorem A.1.1] and also [12, Section 8.1]. More precisely we have

sup_ wi )|
yey+

+,bl
w; 1 (y)' < sup

Now, the local estimate from [12, Theorem 9.11] which holds uniformly on every ball with
fixed radius in R"™ and the Morrey inequality imply the boundedness of the gradient. O

We define the first order corrector term C1 " for the bulk-domains QF by

Gtz y) = d(x, Z@IJCO (t, x)w jEbl(y) in (0,7) x QF xY*. (12

10



Here, we take ¢p € C3°(—H, H) with 0 < ¢ <1 and ¢ = 1 in a neighborhood of 0. Now, the

=t —l—eclj[’b1 (-,2) and M

capp,l = e +ec! (T, E) coincide on the interfaces

- +
fuilctlons Ce app.2
S

Corrector of second order for the thin layer Q:

The corrector ecljt’b1 leads to a jump of the normal fluxes across S*. Therefore, we add
an additional corrector of second order in the thin layer. We emphasize that due to the
different scaling of the diffusion coefficients in the bulk-domains and the thin layer in the
microscopic problem, we can expect correctors of different orders in the bulk domains and
the layer.

For j =1,...,n — 1 the function w% € H;E(Z)/R solves the following cell problem:

~Vy - (DMV,w}h) =0 in Z,
—DMVywj]\j[2 ‘v = fDiVywj'fibl(g,O) ‘v on S7, (13)
w]Mz is Y™ Lperiodic, / wj7MQdy =0.
z
Lemma 3. Forj =1,...,n—1, there exists a unique solution w]M2 € W2P(Z) of Problem

(13) for arbitrary large p € (1,00). Especially, we have
0™l enz) < C.

Proof. Again, the claim follows from the LP-theory for the elliptic equations with Neumann-

boundary conditions, and the regularity results from Lemma 2. O
We define the second order corrector c¢)? in the thin layer by
n—1
A (t,z,y) = Oa,cd! (t, 2wl (y) in (0,7) x ¥ x Z. (14)
j=1

6 Error estimates

In this section, we give the proof of our main results. Roughly speaking, the idea is to apply
the microscopic differential operator from Problem (1a) to the microscopic solution and the
approximative solution ¢, app; (j = 1,2), and subtract these terms from each other. More
precisely, we start from the following term: For ¢F € C®(Q%) and ¢M € C(QM) with
oF|s = (,ZSéVI|Sét we consider for j = 1,2

Z {/Qi o (cei - Ciapp,j)@idw * /Qi Div(cét - cei,app,j) : V(beidx]

+
1

1 T
M M M M M M M
+ - /QM Oy (c€ — Cs,app,j—1)¢e dx + - /ng D (z) V(cE — Ce,app,j) -Voldr (15)

= 3T [AE 4 A 4 AND 4 AN,
+

where we use the short notation ¢ o := ¢f’. At this point, we do not give precise
information about the regularity of the macroscopic solution (cg,cd?,cy). This will be
specified in the following results. Our aim is to estimate the terms in (15) and to choose
a suitable test function. However, as mentioned in Remark 1 and 2, the error function
Ce — Ce,app,;j is not an admissible test function. Therefore, we have to add an additional

corrector term in the bulk-domains, what leads to an additional error.

11



We estimate the terms in (15) for j = 2, because the most error terms carry over to the
case j = 1. First of all, by using (12) we obtain

A2 = . DEVeE . Vot — DEVEE . Vgt — eDiv( &bl (x E)) Votde

3
— +,j
=Y BH,
Jj=1

For the last term B3, an elemental calculation gives

n—1

BE3 = —ez ()W ib‘( ) D¥V0,,c - Voida

O+

—€ Z w Tn) G%Ci Jilbl (E) D¥e,, - V(beida?

n—1 n

,ZZ/ () ZD libl( ) Dy, cE0,, pEdu.
1=1 k=1 ¢
Let us define the tensor T75P!: Y+ — R7*(n—1) by
:I:,bl :t bl
T ==Y D0,w"(y) (16)
j=1
for k=1,...,nand i = 1,...,n — 1. This gives us (we consider V; as both, a vector in

R"~! and in R™ with the last component equal to zero)
AF? = Divc -VoEde — / D*VeE - Votde
/ ’l/) T:I:bl( )v + V(;Sidx

— ez w 2,) DV, 5 - Vory(a )wji,l"bl (%) dx

— EZ w ZTn) &Cjci ibl ( )Dien V(éidx

With similar arguments and by adding D™+* in a suitable way, we obtain for A2* by using
(10) and (14) (if it is necessary, we consider D™:* as an element of R"*" by setting the n-th
row and column equal to zero):

1 1
A=z [ o (D) vl voltan— [ DMevLdl Vol
1
T / L TH(Z) Tack! - Vol
Ql

,Z DM vaz7c0 - VeMuw, (%)dz
.

+/QMTM2< )v M. VM dy

€

. DM (%) Vjazjcév[ - V(Z)é‘/fw% (%) dx,

12



with

7M1 7 5 R, (17)
T2 Z — R0 (18)

defined for k € {1,...,n} andi € {1,...,n — 1} by
T (y) == Dy — Dl ZD M),
T2 (y) == = > DI ()0, wlh ().
j=1

Now, let us define the averaged function 63/[ € HY(X) by

— 1
M : ¢ (Z, 2pn)dxy,.

We observe that with this definition we can write

1 1
- oM oM + = DM*v et VoMdx
€ QM € QM

= |Z\/ BecM o dz + |Z|/ DM cM . v oY di.
b )
Altogether, we obtain for the term (15):

S O[ABT 4 AE?] 4 AN 4 AMA
+

:E {/ 8tcét¢eidx—|— Dchzt-ngétd:r]
— LJo= Q+
1 M M M
+2 | BeMpM dm+ D ( )v VoM dy
€ QM QM

-3 [/ atc§¢fd:c+/ Dch§~V¢fdx]
O* O=*

~12] [ @ da - |2| [ DYvadh! 9.5 do
¥ >
+ Ae,at + AE,T + Ae,resta

with

Ac g, 1= —% /QM €yc! (E, %) oM dx — / Oy cjE bl %) PEdx,
U W(an Tibl( )v = V(bidx}

(19)
+ 1/91” 7M1 (;) Vacl . qui”da:—&—/ﬂy M2 ( )v M. VM dy,

13



and

n—1
Acrest = — ez Z . D*Vd,, g - Vorp(w,)w;;” (g) dx

—EZZ/ P (zp 8I]cowibl(e>Dien-ngfdm

+ j=1
‘Z [ 0" (%) Vst voult (£) do
03 /Q DM (2) Vst et - Vo wlh (£) do.

We emphasize that (¢F, M) is an admissible test function for the variational equation (4) of

—M
the microscopic problem, but (¢F,¢. ) is not an admissible test function for the variational
equation (8) of the macroscopic model of zeroth order. Therefore, in the following we use

equation (7) tested with ( ;’H@iw) Due to the regularity of c(jf from Proposition 2, the
normal fluxes are elements of L?(X). Hence, from (4) and (7) we obtain

> [AB! 4 AF?] 4 AN 4 AV
+

—ZU FE (o da — / P o dyde

1
Jr*/ d)de // M (¢ y,co dyd_
Q]\/I

+ Z/ Dch Qbi 56 )dO’ + Ae,at + AE,T + Ae,rest-

We have to estimate the terms on the right-hand side, where the most challenging term is
A, 7. We start with A, p,, which only occurs for j = 2.

Lemma 4 (Estimate for A, p,). Forct € H'((0,T), H'(Q)*)) and ¢! € H*((0,T), H' (%)),
for almost every t € (0,T) it holds that
Aco, < C (Vellored | sy oM | 2oy + ellOecg 1) 65 | 2x)) -

Proo f The estlmate follows easily from the Holder-inequality and the essential boundedness
of w; =P and wj 1, see Lemma 1 and 2. O

Remark 4. Here we use the additional regularity for the time derivative of the macroscopic
solution from the hypothesis in Theorem 2.

Lemma 5 (Estimate for A ,cs¢). Forcg € L2((0,T), H*(Q%)) and ¢} € L*((0,T), H* (X)),
for almost every t € (0,T) it holds that

Acrest < C (\EHC(I)MHHz(E)HV(byHB(Qi”) +ed ||c§||H2<Qi>\\V‘lsei”Lz(SZi)) :
) +

Proof. The claim follows easily from the continuity of D™ and the regularity results from
Lemma 1, 2 and 3. O

Lemma 6 (Estimate for the interface term in (20)). Let ¢= € L2((0,T), H*(QF)). Then
almost everywhere in (0,T) it holds that

/ DEVEE v (0F =3, )do < OVeleg |20 [V | gy

14



Proof. The fundamental theorem of calculus and ¢F|s = ¢| g+ imply

Now, the regularity of c§ implies

[ D29 w402~V < O g T B
< C\/EHC(:)EHHQ(Qi)Hv¢y||Lz(Qéw)'
O

Estimates for the nonlinear terms in (20):
Let us estimate now the differences including the nonlinear terms in (20). We start with
the following auxiliary Lemma:

Lemma 7. Let ¢}! € L2((0,T), HY(X)) and let us define n € L2((0,T) x X, L>(Z)) by

1
n(t. z,y) = g™ (t,y,c}" (7)) — 7z, M (t, 2, ¢} (7)) de.

There exists G € L*((0,T), Hy, (3, W"P(Z))) for p € (1,00) arbitrary large, such that
Vy, -G=n in (0,T)x X x Z,
G-v=0 on (0,T) x ¥ x S*.
Especially, the following estimate holds:

M
16112 (0.1, 101 (.00 (2))) < € A+l 22,1 2) -
Proof. Here, the time variable has the role of an additional parameter and for an easier
notation we suppress the time-dependence in the following.
Step 1 (Existence of a solution G € HY(X, WP(Z))): First of all, the function 7 is an
element of L?(X, L>°(Z)), since we obtain from the growth condition from Assumption (A3)

Inllzecspoezy) < C (1 + ) I r2cs)) -

Further, the mean value with respect to y is obviously zero. Additionally, the regularity of

g™ implies

1
a:r:ﬂl(fay) :azg]w(yacg)\/[(i'))aﬁcéw(j)* |Z|/Zang(Z,Cé\/[(f))az7Cé\/[(f)dZ

fori = 1,...,n — 1 and almost every (Z,y) € ¥ x Z. Since the derivative of a Lipschitz-
function is bounded (independent of y, due to our assumptions), we obtain

10,7

M
’Lw(z,m(z)) < Clleg" lm (s

ie, n € L>®(Z,H (X)) Now, let { € L*(%,Hy(Z)/R) be the unique solution of the
following problem:

_Ayf(jvy) = 77(5573}) in X X Z,
-V, é(z,y) - v=0 on ¥ x S*,

€ is Y™ Lperiodic and / &dy = 0.
z

15



The LP-theory for elliptic equations implies & € L?(X, W?2P(Z)) for p € (1,00) arbitrary,
and
€Nl 222 w2 (2)) < Cllnlles,ezy) < C (L+ ) | r2cs)) -

To prove regularity of ¢ with respect to Z, we use the method of difference quotients, see
[12, Section 7.11]. We define for ¢ € L*(X x Z), i € {1,...,n—1}, and h > 0 the difference
quotient by

V(T + hey,y) — (T, y)
h

with ¥, := {Z € ¥ : dist(Z,0%) > h}. Then, 9;¢ is a solution of

Rh(z,y) = for (z,y) € Xy x Z,

—N,01&(2,y) = Ohn(E,y) in ¥, x 7,
~Vy0hé(T,y) - v =0 on ¥ x S,

d; & is Y™ L-periodic and / 0i &dy = 0.
z

By the same arguments as above we obtain 9i¢ € L*(X,, W*P(Z)) and

101€ll 250 w2e(2)) < ClOMNN L2(mn.10(2)) < CllOwinll om0 (2)) < Clled |1 (s

The results from [12, Section 7.11] extended to Banach valued functions implies £ € H(%, W2P(Z)).
Especially, we can replace 9 ¢ in the problem above by 9,,¢.

Now, we define G(z,y) := —V,£(z,y). This gives us the desired result for G, where the
estimate follows from the continuous embedding W'*(Z) < C°(Z).

Step 2 (Periodicity of G with respect to T ): We define the space of L2-functions on Z with

mean value zero by L§(Z) := {u € L*(Z) : [,udy = 0}. Further, let w = ¥ or w = 9%,
and we define the linear operator

Lo L2(w, I3(Z)) — L2 {w, HL(Z)/R), Lu(0) = €,
where £ is the unique weak solution of

_Ayé-(jvy) = a(fvy) inw X Za
-V, £(Z,y) - v=0 on w x SE,

€ is Y™ Lperiodic and / Edy = 0.
z

Existence and uniqueness follows as in Step 1 from the Lax-Milgram Lemma, which also
implies the continuity of the operator L,. We consider the following vector-valued trace
operators (see [2, Theorem 6.13])

Tiz(z): H'(Z, L§(2)) — L*(0%, L§(2)),
Tr,(zyr : H (S, Hy(Z)/R) — L*(05, Hy(Z)/R).
The claim is proved, if we show
Th,(z)m 0 Ly = Loz 0 Tpz(z)  on H'(X, L§(Z2)). (21)
With similar arguments as in Step 1, we obtain the regularity result
L, (C°@, L§(Z))) € C°(@, Hy(2)/R),
hence, the identity (21) holds on C°(X, L2(Z)). The density of C°(%, L2(Z)) and the con-

tinuity of L., and the trace operators imply the desired result. O
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Proposition 3. Let ¢}! € L((0,T), H'(X)). Then it holds that

1
f/ de—// ty,co ¢ dydz
€ Qé”

< ?Hcé\/[ ||Lz(QM M1 L2ary + CVe (L+ lcd ) 162 11 e

Proof. We have

o Gt | [ i
=1AQIPM(§wy)—9M(f<b)}¢M¢E

1 €T 1
+’/ o (T —*/QM(y,c%dy oMdz = G! + G2,
€ Jau € Z] )z

For the first term G! we use the uniform Lipschitz continuity of g™ to obtain
A e
e =¢ € 0 llL2(QM)ll%e L2(QM)-

For the second term G? we use Lemma 7 to obtain

G2 {/ﬂyn(:z,f)(;sydx:1/vay-c:(f,i)¢§”dx
[ [0 () 9o (0 (27 ot

- .G) (as,f)qsg”dx—/ G(@,f)-v¢§4dx
€ M €

<

8l

8

QM

+/ G(x 7) vopMdo =: FL + F? 4 F3,
oOM €

The last term F? vanishes, due to the periodicity of G and G - v =0 on ST U S~. Further,
the estimate from Lemma 7 implies

F2< HG (:E *)‘ Lra) HV¢2V[HL2(QM < C\/EHGHL?(E,CO(?))”v¢y’|L2(S2é‘/’)

< OVe(L+ [leg" | o) V0" | 2y

In a similar way, we can estimate F!.

Proposition 4. Let i € L*((0,T), H'(QF)). Then it holds that

FE () pEd — / F (g, ) o dyda

ot Jyn

o+
< CHCE‘E - C(THIF(Qi)”d)g:HLZ(Qi) + Ce(1+ lleg: i () 167 |2 (-

Proof. We argue in the same way as in the proof of Proposition 3. We have

IR N R
- [ ) - () e
—&-/Qi [fi (%,c#) - - fi(y,cg)dy] (zfdx

X
< CHC?: — Cg‘}Lz(Qi)||¢f“L2(Sli) + /Qi Vy .F* (x’ ;) qbg:dl‘,
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where F' € H'(QF, WP(Z)) for arbitrary large p € (1,00) fulfills (we again suppress the
time-dependence)

Vy - FH(z,y) = [ (y,¢5) - / fH(zcp)dz in QF x Y™,
Y’!‘L
and the estimate

”Fi”Hl(Qi,CO(W)) <C(1+ ||C(j)c||H1(Qi)) :

The existence and the regularity of F* can be established in the same way as in Lemma
7. However, we emphasize that we do not require specific boundary conditions for F* on
0O*. We obtain

v, F* (m,%) (bfdx:—e/

Q=
+€/ F* (x,f) ~V¢€ida.
IOk €

We only consider the boundary term in more detail. The vector valued trace inequality
implies

T

(V.- F%) (x, %) pFdr — e/ F* (x, z) -VoEde

O+ O+

+ x 4+ + +
6/69i F (.T, ;) . V(be do S EHF ||L2(8Qi,CO(W))H¢E ||L2(6Qi)
< Ce(l+ ||C(j)c||H1(Qi))Hﬁbei”Hl(Qi)
O

Estimate for A, r
Now, we estimate the term A, 7, where according to (19) we use the following notations
for the included terms:

Ae,T =: Z [Ae,Ti,bl} + AEVTM,I + A€7T1\4,2.
+

The mean idea is to represent solenoidal vector fields by the divergence of skew-symmetric
matrices and integrate by parts. This gives an additional factor e. This approach has been
used in [18, Section 4.2] for vector fields on Y™, periodic in all directions, and [24] for
boundary layers. In our case, we have to construct skew-symmetric matrices adapted to
the structure of our problem. More precisely, these matrices have to be such that boundary
terms which occur at the interfaces between the bulk domains and the thin layer vanish.

We start with the estimate for the term A, a1, Therefore, we make use of the following
Lemma:

Lemma 8. Let h = (hy,...,hy,) € LP(Z)" for 1 < p < oo with

Vy-h=0 n Z,
h-v=0 on STUS™,

h is Y™ -periodic, / hdy = 0.
z

This means, that for all ¢ € Wl’p/(Z) which are Y™ 1-periodic (p’ the dual exponent of p)
it holds that

/ h-Vypdy = 0.
zZ
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Then, there exists a skew-symmetric tensor (By) € WYP(Z)"*" fori,l =1,...n, such that

Z 8yl ﬂil = hi mn Z,
=1
> uBu=0 on STUS™.

=1
Proof. We define

Bil = 8U1Cl - 8yi<l7

where (; is the solution of

A = h; in Z,
V¢ -v=20 on StTUS fori=1,...,n—1,
Cn=0 on STUS™,
G is Y™ Lperiodic for i = 1,...,n,

/Cidy:Ofori:L...,nfl.
z
From the LP-theory for elliptic equations we obtain ¢; € W?P(Z) and therefore 3; €

W1P(Z). Obviously, the boundary conditions for ¢; on STUS™ imply >, viBi = Bin = 0.
Further, we have

D 0uBiu = A6 =Y Oy G = hi = 9,V -,
=1 =1

where we defined ¢ := ({1,...,(,). We show that v :=V, - ( = 0. First of all, we have v is
Y~ !_periodic and

/ vdy = (- -vdo = / Cnpdo = 0,
z oz Stus-

due to the zero-boundary condition of ¢, on ST U S~. Further, for all Y™ !-periodic
pecC™ (Z) we have

: = 0y, (V& - — V¢ - V(D,,
/Z Vv - Vady ; /Z (V¢ - Vo) — V¢ - V(Dy,0)dy
= Zzzl /82 vV - Vodo — Zzzl /Z V¢ - V(8,,6)dy

i0,,G:0,,0d0+ Y~ [ AGa,0dy— 3" [ 50,60, 0d0
S | wiwGonoto + 32 [ acoyoty= 3 [ v,

,j=1 i,5=1
=: Il + IQ — 13.

For the second term we obtain from the properties of h and the definition of (;

IQ:/h-Vcbdy:O.
Z

Further, the periodicity and the Dirichlet-zero boundary condition of (,, imply

I = Z / ViOy,CiOy,; pdo = Z/ Vn0y,Cn0y, ¢pdo
Stus— =S

i,j=1 TusT

_ / vy, Cady, b0
Stus—
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Using the Neumann-boundary conditions for (; for i = 1,...,n — 1, we get by similar
arguments

13;/3

Altogether, we obtain

0y, GOy 60 = [ 1,0,6,0,, 000 = I

+tus-— Stus—

/ Vv - Veody =0,
z
and therefore v satisfies
—Av=0 in Z,
—Vv-r=0 on STUST,

v is Y™ '-periodic and / vdy = 0.
z

This implies v = 0 and the proof is complete. O
Lemma 9. Let c}f € L?((0,T), H*(X)). Then it holds that

A pua < C\E”CéWHHQ(E)HVQZ)?/[HLz(Qé”y

Proof. We have

n—1 n

1 M1 (L M M
Ae’TJW,l = E Z Z/QM Tji (;) a;z;iCO 8%-(256 dx.

i=1 j=1

Let us define for fixed ¢ € {1,...,n — 1} the function h = (h1,...,hy) by h;(y) := ij’l(y).
An elemental calculation shows that h fulfills the assumptions of Lemma 8. Hence, there
exists for every i € {1,...,n — 1} a skew symmetric tensor ( ;l) € WHP(Z) (for p € (1,00)
arbitrary large), such that 7" | 9,, 8% = Tjﬁff’l in Z and £}, = 0 on S* US™. This implies
by integration by parts

n—1 n
Agur=303 /QM 008 (%) On,cl 02, 61 da

i=1 j,l=1

n—1 n
S () 0,8+ 00 0]

i=1 j,l=1
n—1 n 2
i M M
+ E Z/ B (;) V10y, o O, bc do.
i=1 j,1=1" 0

The boundary term vanishes due to the boundary conditions of ¢! and ¢ on the lateral
boundary, and the boundary condition of 3}, on S T U S~. The terms including the deriva-

tives Oy, M vanish due to the skew-symmetry of B}l and the symmetry of the Hesse-matrix
of M. Then, the regularity of B;l implies

n—1 n
. X
Acgma ==Y /QM B <;) 012, €0 O, M de < CVel ey | 2 IV O || L2 (1)

i=1j,l=1
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It remains to estimate the term ), A px.m + A, par2. First of all we define for —oo <
a<b<oo

w(a,b) := (0,1)""" x (a,b),
and the space

V= {u e? (Zso) : Vu € L2(ZOO), u is Y"_l—periodic} ,

loc

where L (Zo) denotes the space of functions belonging to L?(U) for every U C Zs such

that U is compact. In a similar way we define other Sobolev spaces which are integrable
locally on Zo,. For u € V we define the mean value of u over Y"~1 x {s} for s € R by

i(s) = [ (o)

On V we have the following weighted Poincaré-type inequality (see [16, Prop. 1.3])

1

HHW(U—U(O))

< Ol Vullp2(z..)- (22)
L*(Zo)

Therefore, the space
Vo ={ueV :a0)=0}

becomes a Hilbert space with respect to the inner product

(u, V), ::/ Vu - Vody.
Zoo

Lemma 10. Let (1 + |y,|)hi € L*(Zs) with fZOC hidy =0 fori =1,...,n. Then there
exists a unique weak solution u € Vy of the problem

—Au=h; in Z,
et (23)
a(0) =0 and u is Y™ " -periodic.

Proof. The proof is based on the inequality (22) and can be found in [16, Prop. 1.5]. O

Next we show additional regularity results for the solution u from Lemma 10 under
additional assumptions on h;. We use similar methods as in [16, 26]. However, for the sake
of completeness we give the detailed proof for our case.

Lemma 11. For vy > 0 let "% h; € L*(Z), Jz_ hidy =0, and h; € LY (Zs) forp>n
such that for every s € R it holds that

HhiHLP(w(s,s+1)) S Ca (24)

with a constant C' > 0 independent of s. Then the solution u from Lemma 10 fulfills
u € LY (Zso) with ||ul|L2(w(s,s11)) < C uniformly with respect to s. Especially we have

loc

u € W2P(Zao) and u € O (Zoy).

Proof. The LP-theory of elliptic operators implies u € Wlicp(z) Now, we prove (Y =
Y"1 x (0,00))

0,(0) = / hady.
Y+

In fact, let s > 0 and ¢; € C°(R) with 0 < ¢, <1, ¢, =01in [s+1,00), ¢ =1 in (—o0,s),
and [|¢'||s < 2. Then by testing (23) with ¢s and integrating over Yt we obtain

—0,u(0) = / B dy — / hiudy 5 — / hady,
w(s,s+1) Y+

Y+
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since Vu € L?(Z,). Using again the equation —Au = h;, we get for £ > 0
Onu(€) = —0,u(0) +/ hidy = —/ h;dy.
w(0,€) w(g,00)

Integration with respect to & from 0 to s > 0 implies (@(0) = 0)

ja(s)| = / / hadyds
0 w(&,00)

< Clle il

S/0 He’yghiHL?(w(&oo))||67’Y§}|L2(w(§,oo))d§

for a constant C' > 0 independent of s. Now, the Poincaré-inequality implies for every s > 0

lullz2(ws,s+1)) < llu—a(s)l|L2(w(s,s 1)) + [T(s)]

< C (IVull gz + 7 hill o)

The same arguments hold for s < 0, what implies u € L _(Zs). The claim follows from

Theorem 8.17, 9.11, and 8.32 from [12]. O

Now we are able to construct the skew-symmetric tensors corresponding to the error
terms A p+0 and A, paa.

Lemma 12. Fory > 0 let e?¥"h € L?(Zs)" and h € LY, (Zoo)™ for p > n such that (24)
holds for all s € R, and
V-h=0in Zy,

h is Y™ '-periodic and / hdy = 0.
Zo

More precisely, the conditions V - h = 0 and h is Y™ '-periodic means that for all ¢ €

C5%u(Z) it holds that

/ h-Védy = 0.
Z oo

Then there exists a Y™ '-periodic, skew symmetric tensor (BM) € L*(Zy) N VVllof(z) N
C°(Zy), such that

Z@lﬁkl = hk m Zoc~ (25)
=1

Proof. From Lemma 10 we obtain the existence of a function (i such that Ay = hy in
Zso. Now, we define By := 0;Cx — Op(; for I,k = 1,...,n. The regularity of Bj; follows
immediately from Lemma 11 and we only have to check the claim that (25) holds. The
definition of Bi; implies (as in the proof of Lemma 8)

> 0B = Al — Ok(V - () = hy, — kv,
=1

with ¢ := (¢1,...,¢) and v := V - ¢. Then, (25) follows if we show Vv = 0.
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First of all, for R > 0 we define Zp := Y" ! x (=R,R) and ¢ € C§°(—R, R) with
0<y<L¢=1in[-R+1,R-1],and [|[¢'||c < 2. For every ¢ € C§%(Z) we obtain

g (yn)Vo-Vody = [ d(yn) (0:(VG - Vo) = VG- V(0:6)) dy

i=17ZR

;[ [t )v¢ ¢>y+/aZRw<y>< puido

+ Y (Yn) AGO0spdy — Y(Yn)V (i - vOipdy

ZR 0ZRr

ZRr

The boundary terms vanish, due to the periodicity of (; and ¢, as well as the compact
support of ¢ in (=R, R). Using A¢(; = h; and V - h = 0, we get

ZRr

+/ZRh-V(¢~w)dy+;/ZR ¥ (yn)en - VCirody

= /Z 1/)/(%1) (Z 0nCi0ip — V(- V¢ — hz(b) dy =: AR(d))
R i=1

By a density argument this result is also valid for ¢ = v, and we obtain for R — oo from
the monotone convergence theorem:

HVUHiQ(Z(X,) = Jim Ar(v).

It remains to show Ar(v) — 0 for R — co. We illustrate this for one term in Ar(v). From
the Holder-inequality we obtain

w’(yn)hivdy‘ =

ZR

/ ¥ (yn)hivdy
Zr\ZR-1
R—o0

< Cllhille2za\zr-v IVl L2(ze\25-1) — 0.
This proves the claim. O
Lemma 13. Let ¢} € L*((0,T), H*(X)) and c& € L*((0,T), H*(QF)). Then it holds that

Ae,TMv2 + ZAe,Ti>b1 < O(\/aC(J)V[”HZ(E)HVQZ)yHLz(QéM) =+ 62 |C§||H2(Qi)|’v¢f||L2(Qi)>
+ +

Proof. We proceed in a similar way as in Lemma 9, whereby we now use Lemma 12. Here,
the crucial point is to control the boundary terms on %, which occur by replacing M2 and
T+P! by skew-symmetric tensors and integrating by parts. We handle this by constructing
skew-symmetric tensors which are continuous across S*.

First of all, we fix i € {1,...,n — 1} and define for j =1,...,n

h;r(y) = Tj—;’bl(y —e,) foryeY™ +ey,
M
hj(y) = hjw(y) =T ’z(y) fory € Z,
hj_(y) = T];’bl(y +e,) foryeY  —e,.

We show that h fulfills the conditions of Lemma 12 except the mean value condition. The

properties of wal’bl (see Lemma 2) imply the integrability conditions on h = (hq,...,hy)
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from Lemma 12 (remember that we can choose p arbitrary large, especially p > n). Further,
according to (13), we have V- h™ = 0 in Z and by (11) we have V- h* = 0 in Y*. The
Neumann-boundary condition of w% on ST implies hM - v = h* - v on S*, where v denotes
the outer unit normal on 9Z with respect to Z. Hence, we obtain V-h = 0 on Z,,. Now
we show, that h,, fulfills the mean value condition:

For every a,b € R with a < b and ¢ € R it holds that

b b
/ / hndy = / / h -V (yn + c)dy
yn—1 a yn—1 a

Yyn—1 ynr—1

+c (/Yn_l h(g,b)dy — /Yn_1 hn(y,a)dy> .

We emphasize that the trace of h, exists, due to the regularity of wi bl

c € R is arbitrary, we obtain

/ (7 a)dg = / (3, ).
Yn—l Yn—l

Let us check that this term is equal to zero. Let R > 1 (the case R < —1 follows the
same lines) and ¢ € Cg% (W(R—1,R+1)) with 0 < ¢ < 1, [[V¢[[c <2, and ¢ = 1 in an

and w}. Since

neighborhood of Y"1 x {R}. From the exponential decay of h we immediately obtain

/ h - Vody
w(R—1,R)

Since h is divergence-free, we obtain

/ hn(y,R)dy:/ h-Vedy =5 0.
yn-1 w(R—1,R)

This implies [}, hn(y,a)dy = 0 for all a € R. Especially, we obtain [, h,dy = 0.

For arbitrary H € R"~! x {0} we define hby WM := kM 4+ H in Z and h* := h* in
Y+ T e,. Then, for h we still have V- h = 0 in Zs and h fulfills the same integrability
conditions as h. We choose H in such a way that onc h; jdy = 0 for j = 1,...,n — 1.

R—o0
—

0.

Then, Lemma 12 implies the existence of a skew-symmetric tensor (ﬂ;‘z) € Wlli(Zoo) with

Sy 0By = hy.

Now, we consider the error terms A, par2 and A, 7+n. We have

Acrmz = Z Z / 8y,ﬁkl azl Moy, oMda — Z Hy, / D, M 0, oM da

=1 k,l=1 i,k=1
=: A, + B..

For the second term we immediately obtain from the Holder-inequality

Be < CVelley |V || 2y
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For the first term A. we obtain by integration by parts

n—1 n

Ae =€ Z Z /QM aailﬁlicl (%) 8$icéwawk¢iud'r

i=1 k,l=1

I

|
™
“l M
S~

=

I
|
™
—
EN.
/
N—
£
B
&
5
=
S
<9
g

where the lateral boundary terms of QM vanish, due to the Y-periodicity of the functions,
and the terms involving 0, ,,#M vanish, due to the skew-symmetry of B~ With similar
arguments, we obtain

n—1 n
Buren =300 3 [ ot i () oo, ot

+ =1 k,i=1

n—1 n
= *6; Z Z /Qi B (% + en) [8Il$icg:w($n) + 5lnw/(xn)afcqtcf)t} 816;@(252:(155
i=1 k=1

n—1 n

ted D > /E B (£ 4 €0) Ou, i On, 6 do

+ =1 k=1
Adding up these terms, the boundary terms cancel out and we obtain

n—1 n
Acpoe +Y Acpemi=Bo—ed . Y / B (%) Oy, (M By, oM dac
+ 22

i=1 k,l=1

n—1 n
NP3 i (3 % 0) [0ninci (0n) + Bt (00)01 ] 0, 6

i=1 k,l=1
Now, using the essential boundedness of 8}, from Lemma 12, we obtain the desired result. [

We summarize our results in the following proposition:

Proposition 5. For ¢c& € L?((0,T), H*(QF)) with 8, € H'((0,T), H'(QF)) and ! €
L2((0,T), HA(X)) with owcdt € HY((0,T), HY(X)) the following estimate is valid for all
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oF € HY(OF) and oM € HY(QM) with ¢F|sx = O g

Z |:/Qj: O (Cg[ - Cei,appﬁ)qsg[dx + Div(cei - Cejfapp,Q) ' qudx]

+ QO+
1 x
e / o (Céw e %pp 1)¢Mdm e / DM (7> V(cy o Cé\,/lappa) ’ V(;Sé”dx
€ Jay oM €

<O llef = e lrzn) 192 2 2) + € (14 105 sy + e | m0s)) 162 a1 (02)]
+

C
+?||c€ — 2 QM)H¢E |22 nry

+ CVel| oM (| 1 (anry <1 + 10t |z sy + g 2 sy + Z lleq || 222 Qi)>
(26)

Proof. For smooth functions ¢ and ¢ the result follows directly from (15) and (20),
Proposition 3 and 4, and Lemma 4, 5, 9, 13, and 6. Then, the result for functions ¢Ei S
HY(QF) and oM € HY(QM) follows by a density argument. O

6.1 Error estimates for the first order approximation

In this subsection, we give the proof of Theorem 1, i.e., we proof the estimate for the error
Ce — Ceapp,1- We start from equation (15) with j = 1 and use the same methods as for
equation (20). Then for all = € HY(QF) and ¢M € HY(QM) with ¢F|s = M| 5=, we get

S| o e [ DV, Votas]
+ o [oF=
1 1 .
+ - /Qy 8t(ce - )qud:c + - /QM DM (E) v(cy — cé\,/[app,l) VoM dx
= [ / fE () geda — / fi<t,y,coi)¢gdydx]
+ * + Jyn

1
+*/ de—// (t,y, ! ¢ dydz
€ Qe

+ Z/ Dcho . ¢i 65 )dO' + AE,TMJ + Ae,rest,l

(27)

=: Ae,1~

with
M M, M (%
Acrest,1 = — g o D V 8%% Vo wiy (;) dx.

Lemma 14. Let ¢f € L*((0,T), H*(Q%)), then for the first order corrector P in the
bulk-domains it holds that
refveit ()
L2(Q%)

| (- 2)]
1 76

Especially, we have

Lagat) < CHCO HH2(Q:E

e — Cei,app,zHLz((o,T),Hl(Qi)) <C (1 + ”C(jJ[HL%(O,T),H?(Qi)))

bl .
with Ceapr_CO +ecy” (,;).
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For ¢} € L%((0,T), H?(X)), the first order corrector c}! in the thin layer fulfills

Sl )+ e )

L2(Q)
Especially, we have

< Ot .
Loy S leo” 12 ()

e = eXapp il 20,y @20y < CVe (L llg! l220,1), 12 ()
with cé‘”jam,l =c) + e (T, g)

Proof. These estimates easily follow from the regularity results for wjfibl and ijl in Lemma
11 and 9, and the a priori estimates in Proposition 1. O

Theorem 3. Let ¢ € L*((0,T), H*(QF)) with d;ct € L*((0,T), L*(0F)) and Vet €
L>((0,T) x QF), and ) € L2((0,T), H*(X)) with 0;c}! € L?((0,T),L*(X)). Then, the
following error estimate is valid

Z [Cic - C§||L°°((07T)7L2(Qi)) + HV(CEt - COi)HL2((O,T),L2(Qi))
+

1 M M 1 M M
+%”Ce —C ||L°°((0,T),L2(Qé”)) + %HV(CS - Ce,app,l)HL'Z((O,TLL?(QQI))
< C\ﬁ(l + led" ez o,y m2(5)) + 106 L2 (0,7, 02(5))
+)° [||CS_L|\L2((0,T),H2(Q¢)) +110ecq 22 (0,7, 22 (%)) + ||VCS:HL°°((O,T)><Qi):| >
I

Proof. We already mentioned that ce — ¢ app,1 is not an admissible test function for (15),
hence, we add the corrector term eci (z,%) in the bulk-domains to obtain the admissible

test function

+ ot + _ .+ + +,bl T . +
b () i= ¢ — Coappa = Cc — Coy — €6 (1’, ;) in QF,

x
My ._ M _ M _ M _ M M (- oM
b (T) =" —Coppp1 =Cc — €y —€cy (m, ;) in Q7.

We use this test function in the equation (27) and obtain

1d
S5t — e + [ DEV(E - @) Ve - ad]
+

1d 1 T
t el = o ¢ [ DY (2) T = el ) - VI )

1
=Ac1+ - i(cM — e (:E, E) dx
€ QM €

+ Z [ Oy (cF — et (x, E) dx + €
+ O* €

=:Ac1+Ce+ Y [AF +BE].
+

D*V(cE — F)-ver ™ (x, f) dx}
O+ €

Using the coercivity of D* and DM, we get for a constant co > 0

1d
5[5 — ey + el Ve — e
+

2 dt
+i£||CM76MH22 " +670||V(CM76M 1)H2 (28)
2¢ dt e 0 IIL2(QM) € € €,app, 1/l L2(QM)

<A1+ Ce+ Y [AF+ BE.
+
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From Proposition 3 and 4, and Lemma 5, 6, and 9 we obtain

6 1 <CZ ||C —Cp HL2 Q:‘:)HC eapp,

2llz2(0%)

+e(L+ gl on) 168 = app allm )]

C
+ :Ilcy - C(J)VI”L?(QQ/I)HCy - ci\,lapp,IHLQ(Qé”)
+ C/e <1 + [|cg” |l m2(s) + Z ||Co | &2 (% ) [ — C?ipp,1||H1(Qy)
4 +p1 [
<03 |llet = Py + i (+2)]
*
+ +
+e(L+lleg laron)) e — Ce,app,zﬂHl(ni))
()
e

+ CV/e <1 + [|cg” 2 (s) + Z ||Co | &2 (% ) e — Ci\,{mppJHHl(nyy

2

L2(Q%)

2

e = M +
€ Ce Co L2(QM) € L2(QM)

Integration with respect to time and Lemma 14 yields for almost every t € (0,T")
! A Cyom M (|2 + +1|2
o e1dt S:HCe % HLz((o,t)ny) + CZ e — 3 HLz((O,t)in)
+

€ (1 + 13" 132 0.1 2 () + Z |66t||%2((0,T)7H2(Qi))> :
i

For A* and C., we immediately obtain from the Holder-inequality

A < Celdelcf — i) lzzox) e ),
Ce < CVe||0r(cX — DIz leo’ 1 (s)-

For B we obtain
- GZ DVt ) [wwflbl( )va%co

+ enz/}'&cj cjE Jilbl ( ) + 1/)5% cgEVy j':lbl (%) ]dx

= CGHV(CQAL - C[:)t)”LQ(Qi)”C(:::”H%Qi)

n—1
+ CZ V(e - C(j)[)Hm(Qi) HviCOiHLOQ(Qi)
j=1

v ()

L2(Q%)
By a change of variables and the Y~ !'-periodicity of wi bl , we obtain
bl 2 bl [~ Tn\|?
Voo (Il ooy <€ Viuii (52| dda
L2 (at) Y7=1x(0,H) €

vwabl(y)‘ dy < Ce.

SCE/
Y+

The term including Vyw;ibl can be estimated in the same way. Now, for every € > 0 there
exists a constant C'(f) > 0, such that for all a,b > 0 it holds that ab < C()a? + 6b*. This
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implies
BE < CO)e ([ Ve || ey + 15 32ty ) + 0190 = )3

For 0 < ¢y, the last term on the right-hand side can be absorbed from the left-hand side in
(28). Integration of (28) with respect to time, Gronwall-inequality, and Lemma 14 imply

+ + 4+ 112
Z [Cic ) ”%00((0,T),L2(Qi)) + HV(Ce — % )HL2((O,T),L2(Qi)):|
+

Lo M |2 1 M M 2
+E||Ce — € HLoo((o,T),Lz(Qy)) +g||v(ce _Ce,app,l)||L2((0,T),L2(Qy))

< Ce> [10i(cE = ) Iz2 oy 2@ n g 2o, 24))]
+

+ CVel|0u(c — g 2o, p2 @ 60" 1 20,1y, 11 ()
+ +
+ Ce (1 + 6" 120,10y, m2x) + Z {||c0 220,12 (0% ) + || Ved HLoo((o,T)in)D
+
L Gt PYRRD S AR
Cllce e Ce' T 2%y
T

The a priori estimates from Proposition 1 and Assumption (A4) imply the desired result. O
As a direct consequence, we obtain Theorem 1:

Proof of Theorem 1. This follows directly from Theorem 3 and Lemma 14. O

6.2 Error estimates for the second order approximation

As in the case of the first order approximation, we have the problem that cc — ce app,2 is not

an admissible test function, because it is not continuous across ST (after a shift back to the

domain ©.). We have to add a corrector ¢ (z,2%) to the bulk-approximation c:app’g with

02i (x, f) ‘E =c)t (JE, f) ’S? Therefore, we define

wy(y) = Y(ya)wh (7, £1),

i.e., we extend the trace of ij2 on S* constant to the infinite strip Y+ and multiply it by

the cut-off function ¢, which was defined in Section 5. The regularity of w% and the trace
2—1.p
p

embedding from [32, Remark 4, Section 2.9.1] imply wji2 ew, (Y*), and the Holder-

embedding [32, Theorem 4.6.1(e)] implies that wi and Vwaz are essential bounded, i.e.,
we have

”w;lszle‘x’(Yi) <C.

Now, we define
n—1
cx(z,y) = Z Oq, ca—L(m)w]iQ(y) in QF x V¥,
j=1

Lemma 15. Let ¢c& € L*((0,T), H*(QF)) with dict € L*((0,T), H'(QF)). Then, for the
correctors cli’b1 (-,2) and s (-,2) in the bulk-domains it holds that

= (- 2)] ver ()
Jort™ (- )]
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+ €
L2(Q%F)

Lot < C||C§||H2(Qi)a

+
L2(Q:t) S CHatCO ||H1(Qi).



For ¢}" € L?((0,T), H*(X)) with 8y}l € L*((0,T), H(X)), the correctors ¢} (-, =) and

cM (T, g) in the thin layer fulfill the following inequalities

216 ()
)

Proof. We only give the proof for cht (~, E) From the essential boundedness of w]ﬁ and

C||Co HH2(2),

L2(QM) L2(QM)

Lo < CVelloeey | (-

Vywjig, we immediately obtain

ot ()

) 1 .
+ + =2 VAR
V@xjco Wiy (E) + gaxjco yWjo ( )

L2(QF)

L2(QF)

Q |

*||Co | &7 (Q*)-
O

Theorem 4. Let ¢c& € L2((0,T), H*(QF)) with 8yt € L*((0,T), H(QF)) and ) <
L2((0,T), H3(X)) with 0;c)! € L2((0,T),H'(X)). Then, the following error estimate is
valid

£+
| Lo ((0,7), L2 (%)) + ||V (c2 = Ce,app,2)HLQ((o,T),L?(Qi))]

Z {Hcf o Cei,appﬁ

+

1
M M M
\[”C = Conpp.1 o= (0,7), 22 (21)) + —=[|V(ee" — Ce,appz)HLz((o,T),wmy))

< Ce<1 + e’ 122 (0,m), 12 (2)) + 1960”220, 11 (29) + 1M 1)

57 e loqomy, oty + 10 loaqoomy.m sy + 1@ L o] )
+

Proof. We start from the inequality (26) from Proposition 5 and choose as a test function

+ ._ £ + _ .t + 2 + i . +
(be =C — Ce,app,3 =C — Cs,app 2 — € Cy ( 72) in O )

M . M M : M
o =c, — Ceapp,2 in Q7.

Let us denote by A, the terms on the right-hand side in the inequality (26). Then, the
coercivity of DM and DT implies for a constant ¢y > 0 after integration with respect to
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time that for almost every ¢ € (0,T") it holds that

Lo+ + 2 + + 2
Z |:2|Ce - Ce,app,QHLZ(Qi) + COHV(Ce B Ce,app,QHL?((o,t)in)
+

Co
jeHce 7Cé\jlapp,l||2L2(QM) +7Hv Ce 7Cé\,/lapp,2)HL2 (0,8)x QM)

t 1
S/O Ae,zdt+gllcy(0)— c.app ( HLZ(QM +Z{Ilc — Capp2(0 M2

1/t .
i 7/0 QM 8t(c£\/[ o cé\v{ipp,l)ezcy (i‘v ;) dxdt (20)

€
t +_ 2t 2+ T
i ; {/0 O+ at(ce B Cfvappz)e 5] (L ;) dxdt

t
+ 62/ DEV(cF — ¢ oppa) - Vo (:z: f) dxdt]
0o JO=f €

=1 Aoy + Ao+ Ce+ > [AX + BF].
+

Here, A, includes all terms containing initial values. Let us estimate the terms on the
right-hand side. Some elemental calculations and the estimates from Proposition 1 and
Lemma 14 and 15 give us (we emphasize that these equations are valid pointwise in time)
+ + + + + o+ 2
||Ce — G ||L2(Qi)||ce - ce,app,SHLQ(Qi) < CHce - Ce,app,Q”Lz(Qi)
+0¢ (14 It I3 as) ) -

C
g||C£V[ = 2yl — cXpp 2l L2y < ?Hcé‘/[ — Voppiallzz)

+ 0 (14 e 132 )
+

+ + +
||ce - Ce,app,BHHl(Qi) < ||c?: - Ce,app,2||H1(Qi) + CEHCO HHl(Qi)a

1 1
— e =Xy allmmy < =l — Mol i) + Celley’ || 2y
Ve Ve

These estimates imply (together with the inequality ab < C'(#)a? + 6b?) almost everywhere
n (0,7)

B2 <O [llef = cEuppaliae) + € (14 106l s) + e s )
+
C O M M
Z[Hv - eapp, ||L2(Qi)} —|—?Hc€ _Caapp,l”iz(ﬁy)
+
Co 2
+ O (14 106 s sy + b Wragsy ) + TNV (@ = X oy

Using again Proposition 1 and Lemma 14 and 15, we obtain for almost every ¢ € (0,T)

A <Cé (1 + [ 0ncy 1Z2(0.0), Hl(Q:t)) + g L2 (o.e), H2(Qi)))

+
Bei < CEQHCO ||L2((0 0,H2(Q%) T > HV(CE - Ce,app,2)HLZ((()’t)XQi)7
C. < C€ (1 + ||8t0(1)w||%11(z) + ||C(J)\4||2L2((o,t),H2(z))) :

It remains to estimate the initial term A, . Assumption (A4) and (A4)’, the regularity of
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¢t and ¢}, Lemma 14, and the essential boundedness of wj%ibl and ijl imply
c 0,M _ 0,M|? 2 || .M A
B <€ (et = M gy + el (02 27,
0, 0,%]2 2 || £ E)V
(1 - 8 et 055
<Ce (14 1 Iz + " s ) ) -
Plugging in these estimates in (29), we obtain the desired result. O
As an immediate consequence we obtain Theorem 2.
Proof of Theorem 2. This is a direct consequence of Theorem 4 and Proposition 1. O

Remark 5.

(i) Our results are not restricted to the Assumptions (A2) - (A4), and (A2)" - (A4)".
In fact, the error estimates from Theorem 1 and 2 remain valid, if the microscopic
solution fulfills the a priori estimates from Proposition 1, the nonlinear functions fulfill
the estimates from Proposition 3 and 4, the initial values fulfill the error estimate (2),
and the macroscopic solution fulfills the reqularity hypothesis from Theorem 1 and 2.

(i) Theorem 3 and therefore Theorem 1 still hold if we replace the condition (2) in As-
sumption (A4) by the weaker condition

1
e \fHCS’M = M| agury < OVE

This can be easily seen from the last inequality in the proof of Theorem 3. In this case
. . . 1 .

the error for the second order approximation is also of order €z, i.e., no better error

estimate is obtained by using the improved approximation Ceapp,2-

A Regularity proofs for the macroscopic solution

In this section, we give the proof of the regularity results in Proposition 2 without going
into detail. We shortly write:

VE = L((0,T), L*(9%)) N L*((0,T), H' (Q%)),
VM = L((0,T), LA(2)) N L2((0,T), H(Y)),

and

ut|ly+ = [ull Lo 0,7y, 02(0%)) + [uE | L2 (0,1, (0%))

[u yar = [[u™ )| oo 0,1y, 220y + [0 |22 (0,79, 51 () -
Further we define for M € R and t € (0,T), and given u* € V* and u™ € VM the sets
QL (t) = {x e QF : v (t,x) > M}, Bp(t):={reX: uM(t,z) > M}.

The following technical lemma is an extension of [19, Chapter II, Theorem 6.1] for our
geometrical setting:

32



Lemma 16. Let u* € V*E, gﬁ/f cVvM, M > 0, and assume that there exist C > 0 and
k > 0, such that for all M > M it holds that

1™ = M)gllyar + Y l(u® = M)y
£

1+k

)

<com (/T|2M<t>|3dt+Z/T m(t)ﬁdt)
0 T Jo

forr € [2,00] and q € {2 2—"] (here % = o0 for n =2). Then, we have

' n—2
ut € L®((0,T) x QF), u™ € L>®((0,T) x %).
Proof. The proof can easily be adapted from [19, II, Theorem 6.1] and is skipped here. [

Proof of Proposition 2. First of all, we obtain ¢ € L2((0,T), H2(Q%)) and ¢} € L2((0,T), H2(X))
by testing (4) with the difference quotient of (Veg, Vzcd!, Vey ) with respect to the spatial
variable for the i-th component with ¢ = 1,...,n — 1 (¢o can be extended periodically to
R"! x (—=H, H)). For more details, we refer to [10, Lemma 2.4].

The regularity ¢& € H'((0,T), H'(Q*)) and ¢}/ € H'((0,T), H (X)) is formally ob-
tained by differentiating the problem (7) with respect to time. Rigorously, this can be done
by a priori estimates for a Galerkin approximation. For more details we refer to [9]. Here,
we make use of the differentiability of f* and ¢™ with respect to ¢ from the additional
assumptions (A2)" and (A3)’, as well as the essential boundedness of Vzc%™ and Vzc**
from (A4)’.

It remains to check the essential boundedness of Vfc(jf and Vjcéw . Formally this can be
done by differentiating the equation (7) with respect to x; for ¢ = 1,...,n — 1. Let us do
this in a more rigorous way, where the ideas can be found in [19]. As test functions in (4),
we choose 0,,¢T and 9,,¢™ with ¢ € Cy () and ¢t = ¢|lg+ and ¢M = ¢|s. Then, by
integration by parts we obtain with the periodic boundary conditions on the lateral boundary
and the regularity results from above the following weak formulation for vii = 8xic§ and
oM =0, c}!

> [ / vt ¢rde + / DingthSidx}
T L/ Q*
+|Z|/atu}f¢Mdf+|Z|/DMv*vainiqudf
> b

:/ / 8ZgM(c(1)V[)vZM¢Mdydi + Z/ (9Zfi(cg:)v;t¢idydx,
> JZ ¥ O Jyn

together with the initial condition v (0) = d,,c®* and vM (0) = 9,,,c>M (this is exactly the
weak formulation we obtain by formally differentiating (7) with respect to ;). By density,
see [10, Lemma 5.3], this equation is valid for all ¢ € H*(Q) with ¢|s € H'(X). For M > My
(see (A4)"), we choose ¢ := (v — M), and ¢M := (vM — M), with (-); := max{0,}
and obtain by an elemental calculation using the essential boundedness of 9, f* and 9,¢g™

(which follows from the uniform Lipschitz continuity with respect to Z), the estimate (for a
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constant ¢y > 0)

5 |l = 20 s, + ol T =304 )
L@ M)y + ol T D)
WM>+|r;@>+z||<vfM>+||izmi)]

+C’M/ M M+dx+CMZ/ M) dx.

Integration with respect to time, the condition (A4)’, and the Gronwall inequality imply

[} = M)l + D [0 = M)fy
+

<CM</ 120 () \dt+Z/ (o5 dt)l

An application of Lemma 16 with r = g = Q”T” and Kk = % gives the desired result. O
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