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Abstract

This paper extends the work of [14] where travelling wave solutions for wetting
fronts were considered under the presence of only capillary hysteresis effect and only
dynamic capillary effect. In this work, we investigate how the gravity driven wetting
fronts behave while moving through long vertical homogeneous porous columns,
under the combined effect of capillary hysteresis and dynamic capillarity. It is
shown that the developed saturation profiles will exhibit non-monotone behaviour
if certain parametric conditions are satisfied. The characteristics of the profiles are
explained in detail for all the cases. Moreover, parametric conditions that inhibit
the fronts from reaching full saturation are laid out. The analysis agrees well with
experimental observations. Finally, numerical results are shown that confirm all the
theoretical predictions.

1 Introduction

In the recent paper [14], we considered wetting fronts in the form of travelling wave
solutions of the one-dimensional Richards equation with either capillary hysteresis or
dynamic capillarity. In the scaled setting, the involved equations are given by the fluid
transport equation,

0¢S + 0,(k(S)(0,u+ 1)) =0, (1.1)
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combined with either capillary hystersis

o PilS)+ P(S) _ Pul$) = Pi(S)

5 5 sign(0:9), (1.2a)
or dynamic capillarity
u= P.(S) —7f(5)0,S. (1.2b)
Here sign(+) is the multivalued signum function
1 for ¢ >0,
sign(¢) = < [-1,1] for ( =0, (1.3)
—1 for ¢ < 0.

Thus in [14] we studied the combinations (1.1), (1.2a) and (1.1), (1.2b). It is the purpose of
the present paper to study wetting fronts in the form of travelling waves for the combined
case of capillary hysteresis and dynamic capillarity. Then (1.2a) and (1.2b) are written
as the single expression

Lo PalS)+ P(S) _ PalS) — (S
2 2

)sign(ﬁtS) — 7f(5);S. (1.4)

In the above equations, S € [0, 1] is the water saturation and u the water pressure.
The function k(S) denotes the relative permeability and P;(.S) and P;(.S) are respectively,
the primary (main) drainage and imbibition capillary pressure functions. In the absence
of hysteresis they are the same and are denoted by P.(S). Further, 7 is the dynamic
capillary coefficient and f(5) the dynamic capillary function.

As in [14] we assume

(A.1) k€ CY([0,1]), ¥'(S) > 0for 0 < S <1, k(0) =0, k(1) = 1 and k is strictly convex
in [0, 1].

(A.2) The capillary coefficient is positive, 7 > 0. The capillary function f € C'([0,1)) and
f(S)>0for0<S < 1.

(A.3) The capillary pressure functions Py (k = i,d) satisfy Py : (0,1] — [0,00), P €
CH((0,1]), P.(1) =0, B/(S) < 0 and P,(S) < Py(S) for 0 < S < 1.

In (A.1)-(A.3), and elsewhere in this paper, a prime denotes differentiation with respect
to the argument.
The combined pressure equation (1.4) implies that if 9,5 > 0, then

Tf(5)0:S = Pi(S) —u

and if 0,5 < 0, then
Tf(S)0S = Py(S) — u.
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Using this observation, (1.4) can be rewritten as, see also [1],

. Py(S) —u when u > Py(S),
S =—7=40 when P;(S) < u < Py(S5), (1.5)
Tf(9)
Pi(S) —u when u < P(S).

Hence the model based on (1.4), or on (1.2a), implies vertical scanning curves (09,5 = 0)
when P;(S) < u < Py(S). For this reason, hysteresis described by (1.4) is called play-type
hysteresis [1,15].

In this paper we consider, in addition to (1.4), an extension of play-type hysteresis by
introducing non-vertical scanning curves. It is achieved by adapting (1.4) in the following
way (for small € > 0)

Py(S) + P,(S) B Py(S) — P(S

2 B )Sign(ats + edyu) — 7f(S)0,S. (1.6)

u e

Such an extension was proposed in [6] and similar models were studied in [1,17]. In [6]
it is shown that the model is consistent if € satisfies certain upper bounds. The specific
bounds are stated explicitly in Section 3.

As in (1.5), 0;S can be made explicit from (1.6). The calculations are given in the
Appendix. The result is

( %()S_)u when u > Py(S) + e7 f(S5)0u,
9,8 = A(S,u, yu) = { —€du when Pi(S) + &7 f(S)0hu < u < Py(S) +e7f(5)du,
Piii—zs_)u when u < Pi(S) + e f(S)0;u.

(1.7)

Letting € — 0 in this expression yields the play-type expression (1.5) and letting 7 — 0
gives

0y(S 4 eu) = 0 when P;(S) < u < Py(S),

i.e. scanning curves in the form of straight lines with inclination —% [6].

Using (1.5) to eliminate 0;S from (1.1), yields an elliptic equation for u. Likewise,
using (1.7) in (1.1) gives an elliptic-parabolic equation for which an initial pressure is
required. This is natural for extended play-type problems, as was shown in [6] where we
studied the case of horizontal redistribution.

Assumption (A.2) includes the possibility of the capillary function f(S) having a
singular behaviour at S = 1. The behaviour of f(S), as observed from experiments [3],
suggests that this should indeed be taken into consideration. Therefore we distinguish,

as in [14], between the classes



A. feL'0,1)
B. f¢L'0,1)

We show in Section 2 that f € L!'(0,1) is in essence equivalent to the case where
f(S) =constant = 1.

It is known that the dynamic term in (1.2b) may cause overshoot or oscillations in
solutions of (1.1), (1.2b). This has been observed both analytically (e.g. [4,7,9,14]) and
numerically (e.g [11,12,17]). In mathematical terms, equations of the type (1.1), (1.2b)
do not admit a maximum principle. Moreover, the stronger the dynamic term in (1.2b),
the larger the overshoot/oscillations. To prevent the saturation to extend its physical
maximal value S = 1, the capillary pressure was extended as a graph in [14]. For the
hysteretic case (1.2a), this means that both P, and P; are extended to be set-valued at
S =1

PL(S) = P.(S) (asin (A.3)) when 0 < S <1, 1)
(—00, 0] when S =1,

for k = i,d. Definition (1.8) allows us to deal with large values of 7, causing the porous
medium to be saturated (S = 1) in parts of the domain. The set-valued pressure at S = 1
acts as a natural saturation cut-off.

This paper is organized as follows. In Section 2 travelling waves describing wetting
fronts are introduced for the model based on (1.1), (1.4) and (1.8). The main emphasis,
Section 2.1, is on the case f(S) = 1. Special attention is given to the role of the parameter
7 in relation to extension (1.8). Generalizations to non-constant f are given in Section 2.2
(f from class A) and in Section 2.3 (f from class B). In Section 3 travelling waves based
on the extended expression (1.6) are treated, making the role of the hysteretic parameter
e explicit. Section 4 shows computational results for the models (1.4) and (1.6). We
present the conclusions in Section 5.

2 Travelling waves with combined pressure (1.4)

As in [14], we seek travelling wave solutions of the form

S(x,t) =95(¢), wu(z,t)=u(() and ¢ = ct — x, (2.1)
where —oo < ( < oo and
CEI_H S(¢) = Sk, Cll)m S(¢) = Sr. (2.2)

Here Sg corresponds to the ‘initial’ saturation and St to the ‘injected’ saturation. In the
physical context of wetting fronts we choose

0<Sp<Sp<l. (2.3)
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Due to the convexity of k(.S), this choice is necessary for mathematical reasons as well
[13,14].

The boundary conditions for the pressure need special attention. For the moment we
impose

! (£00) = 0. (2.4)

Substituting (2.1) into (1.1) and (1.5) and applying conditions (2.2) and (2.4), details are
given in [14], one finds for the wave speed ¢ the Rankine-Hugoniot expression
k(St) — k(SB)

= 2.

and for S and u the first order equations

;o 1
- CTf(S)‘/__(S’ U’)7 (26&)
u = Q(S, SB,ST). (26b)
Here
Py(S) —u  when u > Py(95),
F(S,u) =<0 when P;(S) < u < Py(S), (2.7)
P,(S)—u  when u < P(95),
and

k(SB> + C(S — SB>
k()

G(S;S8p,5r) =1-— (2.8)

These functions are sketched in Figure 1.

F(S,u)
:g(Sa SB;‘ST>
B(S) Fa(S) U :
$5 8 Sy, S
0 S 1

Figure 1: (left) Graph of F(S,u) for given S € (0,1), (right) Graph of G(S;Sg, Sr) for

given 0 < Sp < S < 1, with k(S) = S?. Here S, is the unique saturation value for

which 5" G(0: Sp, Sr)de = 0 and S € (Sp, S) is such that G(S) = Juin G(S; Sg, Sr).
€,

Solutions of (2.6) belong to the strip {0 < S < 1,u € R}. In this strip we introduce,



Figure 2: The sets (2.9) and points (2.10) in the strip {0 < S < 1}. The arrows indicate
the direction of the solution orbits (2.6)

for future reference, the sets.

Ha = {u> Py(5)}, (2.9a)
H ={P,(S) <u< PyS)}, (2.9b)
H, = {u < P(9)}, (2.9¢)
and the points (k = i, d)
Epr = Pi(SB), Erx = Pu(S7). (2.10)

They are indicated in Figure 2, together with the direction of the solution orbits of (2.6).

The right hand side of (2.6) vanishes iff

S € {Sg,Sr} and (S,u) € H. (2.11)

Hence all points of the closed segments Ep;Ep 4 and Ep,;Erp 4 are equilibrium points of
(2.6). Clearly, interior points cannot serve as start and/or end point of any trajectory.
Only the end points Egy and Ery, k = 7,d, can play that role. We investigate the nature
of these points later in this section.

With the capillary function f satisfying (A.2), the function

}%S):ilsfﬁﬁds (2.12)

is well defined for 0 < S < 1 and Y(1) < oo iff f € L'(0,1). Since f > 0 in (0,1), the
inverse S = S(Y') is uniquely determined by

S=S(Y)for0<Y <Y(1). (2.13)
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Figure 3: Eigenvectors of the saddles Ep; and Ep 4. The arrows indicate the direction of
the corresponding trajectories for increasing (.

Rewriting (2.6) in terms of Y and u gives

1 -
Y'= —F(Y. 2.14
) (2.142)
Ul = Q(Y, YB,YT), (214b)

where F(Y,u) = F(S(Y),u) and G(Y; Y3, Yr) = G(S(Y); Sp, Sr) with Y = OSB’T f(S)ds.
Thus the transformed system only involves a stretching of the S-coordinate.

If f € L*(0,1), solutions belong to the strip {0 < Y < Y(1)} and the transformed
system (2.14) is qualitively similar to (2.6) with f(S) = 1. Therefore the results for (2.6)
with f(S) = 1 can be translated directly to the case f(S) # 1 and f € L'(0,1). If
f & L'(0,1), solutions belong to the half space {Y > 0}. This situation needs separate
attention.

Remark 2.1. Since (2.6) is autonomous, its solutions are unique modulo a shift in (.

1
One usually fizes this by setting S(0) = i(SB + S7).

2.1 f(S)=1

Linearizing (2.6), by approaching Ep;, from H; and Ep 4 from H,4, gives a positive and
negative eigenvalue at these points. Hence E'p; and E'p 4 are saddles of which the direction
of the eigenvectors is sketched in Figure 3

Similarly at the points Er; and E7 4 one finds for the eigenvalues (see also references
[4,9,12,14])

Ak—m[uc 1- T] (2.15)
2ct Tek
where PG

Ten (B (S (k =i, d). (2.16)

~ 4¢G'(S7; Sz, Sr)
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Without loss of generality we may assume
Fy(S7) < F{(Sr) <0

implying
Te,i < Te,d- (217)

Then we have
o 7 <7.,; = Fp;and L4 are sinks;
o 7., <T<T.q = Er,is stable spiral and Er, is sink;
o 7 >17.q = Er,; and Ep4 are stable spirals.

As a consequence, if 7 > 7.;, no orbit can reach Ep; along a fixed direction. This can
only happen when 7 < 7.;. The same holds at Ep4 for 7 > 7. 4.

For a given 7 > 0, the goal is to construct an orbit that runs from S = Sp (and
u = Pi(Sp)) as ( - —oo to S = Sr as ( — +oo. Inspection of the flow direction in
Figure 2 gives that this can only be achieved by considering the orbit leaving Ep; in the
direction of H; for increasing S. As long as the orbit is in H;, we can use the results
of [14] to describe its behaviour. Here we stay below P;, whereas in [14] we stay below
P. = P, = P;. The behaviour of the orbit depends crucially on the value of Sy with
respect to Sp. To make this precise, we introduce as in [14] the expression

1
a(Sg, St) = G(S; Sp, Sr)dS, (2.18)
Sp
where G is given by (2.8).
Clearly, a(Sg, St = Sg) > 0, a(Sp, St = 1) < 0 and «(Sp,-) strictly decreases in
(Sp,1); see Figure 4 for an impression. Hence for each 0 < Sp < 1, there exists a unique
St = S5(Sp) such that

Oé(SB, ST> >0if ST < S;(SB)

Sp, S#(Sp)) = 0 and
a(Sp, S7(Sp)) =0 an {Q(SB,ST) < 0if Sp > S5(Sp).

Figure 4: Sketch of expression (2.18) and location of S5 (Sg). The plot shown is for
Sp =0.2 and k(S) = S2.



Further, for S; < S5(Sg), we define the saturation S, € [St,1] by

1

Q(S, SB,ST)dS = CY(SB,ST) (219&)
Snl
or, see Figure 1(right),
Sm
G(S;Sp, Sr)dS = 0. (2.19Db)
S

Note that if Sp * S5(Sg), then S, 7 1.
The behaviour of the orbits, as demonstrated in [14], is summarized in the following
theorem.

Theorem 2.1. Let 0 < Sg < 1 be fized and let Sp < Sp < 1. Then
(i) If T > 7.,, the orbit leaving Ep; cannot enter Er; in a monotone way through H,;;

(i1) Let Sp < S5(Sg) (or a(Sp,Sr) > 0). Then for any T > 0, the orbit leaving Ep ;
remains to the left of the line S = S,,;

(i1i) Let St > S3(Sg) (or a(Sp,St) < 0). Then there exist a T* > 0 such that for T < *
the orbit leaving Ep,; remains to the left of S = 1. If T > 7%, the orbit intersects the
line S =1 at a negative pressure.

Remark 2.2. (i) The dynamical system (2.6) has three characteristic values for T
where the behaviour of its solutions changes: T.j for k = i,d defined by (2.16)
and 7 from Theorem 2.1 (iii). By assumption T.; < T.q. It is not clear how or if
T* 4s ordered with respect to 1.; and 7. 4. Therefore we include in the discussion the
possibility T < 7.; as well as T" € (Tei, Te.a) and T > Te 4.

(i1) If T < T, the orbit most likely moves in a monotone way through H; from the saddle
Eg,; to the sink Er;. However, the nature of the point Er; for 7 > 7.; allows us
only to prove statement (i) of Theorem 2.1

(i1i) Thus no matter how large T, the orbit stays to the left of S = S, for Sp < S5(Sg).

(iv) For Sy > S;(Sg) and T sufficiently large, the orbit intersects S = 1 yielding a
solution with a plateau at S = 1 where v = G(1;Sp, Str). This solution is allowed
by the extended capillary pressure (1.6).



Figure 5: (left) Expected behaviour if 7 < 7.;; (center) Here Sy < S;(Sp) and orbit
remains to the left of S = S,,. (right) Now Sy > S4.(Sp) and 7 < 7* in the top orbit and
7 > 7" in the bottom orbit.

The results described by Theorem 2.1 and Remark 2.2 are shown in Figure 5. In case
(center) and (right, top) the orbits exit the region #H; at the points A; = (Sa, P;(Sa)),
and in case (right, bottom) at the point B = (S = 1,u < 0).

4\/u/ — Pz 4\u

Figure 6: Four possibilities for orbits starting at the point A;: (a) Orbit moves directly
and monotonically to Er 4 as ¢ — oo; (b) orbit passes S = St and returns to the hysteretic
region H; (c) orbit passes S = Sy and ends up at Ep 4 as ( — oo; (d) Orbit passes first
S = St and then S = Sp above Ep 4.

Since F = 0 in H, the orbits at A; move vertically upwards until they reach the

10



drainage curve P; at Ay = (S4a, Pa(S4)). Using again results from [14], we are left with
four possibilities that are shown in Figure 6.

Cases (c) and (d) are ruled out by the following divergence argument (see also [4,14]).
Write system (2.6) as

where

£
I
= o
~_
&
=
o,
El
&
|
N
Q
= § |~
P
& W
IS
\ﬂc—,i N—
~_

and observe that

- 1 0F
divR=—— <0
a ct S — 7

as

oF OPi’(S) WEenuEZi,
95 when v € H,

Pi(S)  when u € Hy.

Let © in Figure 6(c) denote the region enclosed by the orbit running from Ep; to
Ep 4 and the vertical segment at S = Sp. Then the divergence theorem applied to R in
) gives a contradiction. The same argument applies to case (d) (see [14]). Hence we are
left with cases (a) and (b) in which the orbit is captured in a region around the segment
Er;Er4. In case (a) the solution moves monotonically from A, to the equilibrium point
Er 4. Clearly this is only possible when 7 < 7.4 (and Er 4 is a sink). In case (b) the orbit
goes at least once around Er,;Er 4 and it may reach Er,; (if 7 < 7.;) or Epg (if 7 < 7.4)
after finitely many rotations. If 7 > 7.4 > 7.;, the nature of the points Erg, (k = i,d)
prevents this behaviour.

When the orbit exits at point B as in Figure 5(right), it moves vertically upwards
with § =1 and v’ = G(1;Sp, Sr) > 0 until it reaches S = 1, u = 0. Then we repeat the
previous argument.

With these observations in mind, we now investigate the behaviour of the orbits near
S = Sr. We first consider

T > Tea(> Tei)

Then the endpoints Er; and Erg are stable spirals, implying that the behaviour as
sketched in Figure 6(a) cannot occur. Hence we are left with Figure 6(b) as the only
option. Since an orbit cannot intersect itself, it will be captured in a neighborhood of the
segment Ep;E7 4. Moreover, since orbits move vertically through H, they cannot reach
an interior point of Ep,;Er, and the corresponding saturation has plateaus below and
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above St. Clearly there are infinitely many of these plateaus, otherwise the orbits would
end up in Ep; or Ep4 after finitely many rotations.
We are now in a position to prove

Lemma 2.1. Let 0 < Sp < Sp < 1 and 7 > 7.4. Further, for a given orbit satisfying
(2.6), let {SE}, denote the saturation plateaus above (+) and below (-) Sy. Then

(1) S, < S, .1 <Sr forn>1and th St

(i) S;F > St > S forn>1 and hm SN St
Proof. We only show (i). The monotonicity is a consequence of the fact that orbits cannot
intersect themselves. Now suppose that a § > 0 exists such that
S, <Sp—4dforalln>1 (2.20)
Let,
Rs={(S,u): S =5 < S <Sp,Pi(S) <u< Py(Syr — )},

see Figure 7. Since the orbit is confined to a neighborhood of Er; Er 4 and rotates around
Rs, it must converge, as ( — 00, to a limit cycle C. Let 2 denote the region enclosed
by C. Clearly Q O Rs. Since divR < 0 in ©, in particular divRk = L —Py(S) < 0in
{(S,u) : Sp —0 < S < Sp, Py(S) < u < Py(Sr —0)}, the divergence theorem applied to
R in  yields a contradiction. Hence § = 0. ]

Figure 7: Rotation of orbit around R;.

When the orbit crosses the hysteresis domain H at some S = S € (0,1), the pressure
equation satisfies

= G(S;Sg, Sr).
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Hence, the (-interval (¢) in which this takes place has length

_ Py(S) - (S)
(S Sp,St)

(2.21)

Thus as a consequence of Lemma 2.1, we have

Corollary 2.1. Corresponding to the saturation plateaus { S}, there exist (-intervals
{0E}o | satisfying

(i) £, is between (; and ().

.. + F Si ‘ Si
(i) p(ly) = dg((si) SB,éT))

(iii) N p(€7) =

1 L L LI
Sm | |
S | | |
Srl|--&--1------ R LR A R R
S L ] ]
T G i 10
0 3 o | | | ¢
u 1 o | 3 3 1
-2~ P(S5) o : | : 1
A R B e | 15
Oreo T | | | ¢

Figure 8: Sketch of saturation and pressure behaviour. Here Sy < S5 (Sp) implying
S < Sy < 1. If Sp > S5(Sp) and 7 > 7%, the first saturation plateau occurs at S = 1.
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Proof. (i) This is immediate from the orbit rotating around Er;Er 4.
(ii) The expression follows directly from (2.21).

(iii) This is a consequence of Lemma 2.1, (i), Py(S) > Fi(S) for 0 < S < 1 and
G(St; Sp, St) = 0.
[

The behaviour described by Lemma 2.1 and Corollary 2.1 is sketched in Figure 8.

Remark 2.3. Lemma 2.1 implies that the pressure u(() oscillates between P;(St) and
Py(St) as ¢ — oo. But Corollary 2.1 shows that Clim u'(¢) = 0.
—00

T S Ted

Then either Erg (if 7.; < 7 < 7.4) or both Er,; and Er, (if 7 < 7.;) are a sink. This
gives the following result.

Lemma 2.2. Let 0 < Sp < Sy <1 and 7 < 7.4. Then for any orbit satisfying (2.6), we
have:

(1) If 0 < 7 < 7.4, it moves directly and monotonically through H; from Ep; to Er,; or
it rotates finitely many times around Er;Er 4 and ends up in Er; or Epg;

(11) If 70; < T < T.q, it ends up in Erg4 after a finite number of passages through H.

Proof. (i) If the orbit does not move directly from Ep; to E7 4 through #;, it has to cross
the hysteretic domain H or it has a saturation plateau at S = 1. Then we argue as in
Lemma 2.1 to show that the orbit must approach Er;Er 4 as ¢ — oo. The fact that both
Er; to Er 4 are sinks implies that the orbit will be captured by one of these points after
finitely many rotations.

(i1) Now only Er .4 is a sink. Arguing as in (i) gives the result. O

In the discussion and figures so far S < 1 has been considered. If Sy = 1, the orbit
cannot intersect the imbibition pressure curve at Sy < 1. This follows from the flow
direction as shown in Figure 9. Furthermore, each point of the half line {S = 1,u < 0} is
an equilibrium point of (2.6) with the extended capillary pressure (1.6). In this case the
existence result is given by

14



Figure 9: Sketch of flow direction when St = 1.

Lemma 2.3. Let 0 < Sgp < St = 1.

(i) If P/(1) = 0, then for any T > 0 the solution of (2.6) is in H; and runs from Ep; as
¢ — —oo to a point (S = 1,u = u, <0) at a finite value of ( = (.. For { > (, the
solution is given by S(¢) = 1 and u(¢) = u,. The pressure value u, decreases in T
and has the lower bound u, > —v/2cKT1, where K = —a(Sp,1) > 0. Furthermore,
lim S'(¢) = =% and lim /() = 0;
¢/Cr (C) r ¢/Cr (C)

(11) if P/(1) <0, then the solution behaves as in (i) when T > 1.;. For 7 < 1.,; it may
end up in (1,0) as ¢ — oo.

Proof. Since the orbit belongs to H;, equations (2.6) reduce to

S = 5(3(5) ), (2.22a)

u' =G(S;Sg,1). (2.22Dh)
(i) With P!/(1) = 0, the eigenvalues at the point (1,0) are given by

Ae = £jV/erG'(1; 55, 1),

where j = y/—1. This means that for any 7 > 0, the orbits cannot reach (1,0) as ( — oo.
Hence they must exit H; at some point (S = 1,u = u, < 0) for some finite ( = (.. For
¢ > ¢, we extend the solution by the equilibrium (S = 1,u = u,). The properties of the
pressure value u, are demonstrated along the lines of the proof of [14, Theorem 3.1(b)
and Proposition 4.2]. Finally, letting ¢ * {; in equations (2.22) gives

lim §'(¢) = — lim (P(S(0)) — u(¢)) = — =

¢ CcT (¢ cT
and

lim /(C) = lim G(S(C): S, 1) = 0.

(i1) If P/(1) < 0, the orbit behaves as in (i) when 7 > 7.;. For 7 < 7.; the point
(1,0) is a sink and thus the orbit may end up at that point as ( — oco. In particular this
happens for very small 7 values. O
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2.2 feLY0,1)

When the capillary functions in (1.4) is non-constant, one uses (2.12) to recast (2.6) in
the equivalent form (2.14), where f is now removed from the equations. If f € L'(0,1),
then 0 <Y < Y(1) = fol f(0)do. The behaviour in terms of (Y, ) in the strip {(Y,u) :
0 <Y <Y(1),u € R} is similar to the behaviour of (S, u) with f(S) = 1, as discussed in
Section 2.1.

In terms of the transformed nonlinearities F, G and P, (k = 1,d), see definitions below
(2.14), the characteristic 7-values in terms of Y are

N (020

ok = = (k=1,d). (2.23)
4c¢G'(Y1; Yp, Y1)
Likewise,
v(1)
Yp
and
Ym ~
G(0;Yp, Yr)do = 0. (2.25)
Yp

Transforming these expressions back to the original (S, u) variables now gives

_ (Py(ST))? .
ek = 4cf(ST)gk'(ST; 5550 (k=1i,d), (2.26)
a(Sp, Sr) = g G(0; SB, St) f(0)de, (2.27)
Sm,
s G(0; Sp, Sr) f(e)do = 0. (2.28)

Given these new definitions one can repeat the arguments of Section 2.1 to obtain similar
results. Clearly S5.(Sg), see Figure 4, depends on f through the expression (2.27). Also
the value 7* from Theorem 2.1 will change with f.

Remark 2.4. Let f1, fo € L'(0,1) and fi < fo in (0,1). Then the critical T-values (2.26)
are ordered as well:
Te,k,1 > Tek,2 (kf = i, d)

Hence in case 2, overshoot is expected to occur for smaller values of T.

2.3 f¢& LSk 1)

Again we use transformation (2.12) and the corresponding redefinitions of the nonlin-
earities. Borrowing ideas from [14, Section 4.2], we distinguish the cases St < 1 and
ST > 1.
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St < 1. Then there always exists S,,, € (S, 1) satisfying (2.28). To see this, observe
that for any ¢ € (0, =°1)

1-6 (Sp+1)/2 1-6
£GdS = / £GdS + / 1GdsS
S

Sp B (St+1)/2

1-6

(Sr+1)/
> / JGdS + G((Sr +1)/2: Su, Sr) / fds.
S

B (S7+1)/2

Since limg_, fslj fGdS = oo and as | ;BT fGdS < 0 the assertion follows. As S,, < 1,
Theorem 2.1 further implies that S(¢) < S,,, < 1 for all 7 > 0 and ¢ € R. Hence, f(S(())
is bounded away from oo for ( € R. Consequently, the results presented in Lemma 2.1-2.2
and Corollary 2.1 remain valid and depending upon the value of 7, the orbits can either
end up in Ep; or Ep 4 or rotate infinitly many times around the segment Erp;Er, while
approaching it.

St = 1. Recall that each point on the half-line {S = 1,u < 0} is an equilibrium
point. In fact the extension of Py (k = i,d) as in (1.8), is not required in this case, as
(Pe(S) —w)/erf — 0 for S & 1, k = i,d. This implies that an orbit (S,u) leaving
Ep,; cannot cross the line {S = 1,u < 0}. Moreover, u/({) = G(5(¢); Sp,1) < 0 and
S’(¢) > 0 for all ¢ € R. This along with the direction of orbits shown in Figure 9 implies
that there are only three options for the orbit (S,u) as ( — oo: (i) (S,u) — (1,0), (ii)
(S,u) — (1,u,) with —oo < u, <0 or (iii) (S,u) = (1, —oc0).

From [14, Theorem 4.4] it follows that (iii) occurs if and only if

1
G(0:58,1)f(0)de = —o0. (2.29)
Sp
However, since G(1; Sg, 1) = 0 this integral may be finite. As G(S;Sg, 1) is Lipschitz and
negative for S > Spg, the integral is finite if

/01(1 —0)f(0)do < oo. (2.30)

In this case, one defines «(Sp,1) by putting Sy = 1 in (2.27). As «(Sp,1) > —oo,
(S,u) = (1,u,) as ¢ — oo for some —oco < u, < 0. From [14, Proposition 4.2b], one
further obtains that there exists 7 > 0, such that if 7 > 7 then u, < 0. Hence, (i) is
only possible for small values of 7. Moreover, in (ii), u, is bounded below by the estimate
given in Lemma 2.3.

We summarize these findings in the following lemma

Lemma 2.4. Let f ¢ L'(0,1) and assume that T > 0, Sg > 0 and St € (Sp,1]. Further,

if (1—0)f(0) € L'(0,1), let a(Sp, 1) fs (0; SB, 1) f(0)do. Then for orbit (S(¢),u(())
satisfying (2.6) we have:
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(i) If St < 1, results presented in Lemmas 2.1-2.2 and Corollary 2.1 remain valid and
S(C) < Sy <1 for all ( € R, where S, is defined by (2.28).

(11) If S =1, there can be two cases:

(ii.1) If (1 — o) f(0) & L*(0,1), then S(¢) /1 and u({) — —oo as { — <.

(ii.2) If (1 — o) f(0) € L'(0,1), then a 7 > 0 exists such that if T < 7 then (S,u) —
(1,0) as ¢ — oo; if T > T then (S,u) — (1,u,;) as ( — oo for some u, €
(—00,0]. Here u, satisfies u; > —+/—2ca(Sp, 1)T > —o0.

Figure 10 shows a schematic diagram outlining the cases.

I\u

Sk St

Figure 10: Behaviour of orbits for f ¢ L'(0,1). The dotted (orange) line represents the
orbit for Sy = Sr; < 1. The dashdotted line (green) represents the orbit for Sy = Sro =
1, when (1 —0)f(0) € L'(0,1) and 7 > 7.

3 Travelling waves with combined pressure (1.6)

In the previous section we discussed travelling waves arising from the combined pressure
model with play-type hysteresis (1.4). The scanning curves for the playtype hysteresis
model are vertical, whereas scanning curves obtained from experiments are inclined [1,8].
As pointed out in [6], this may lead to inaccurate predictions. The combined model with
extended play-type hysteresis given by (1.6), incorporates non-vertical scanning curves
that can be fitted to match experimental observations, see [6]. Hence, it is interesting to
study how the behaviour of the infiltration fronts changes if one uses the extended model
to describe hysteresis.

As seen from Section 2, for sufficiently large values of 7, the orbit (S(¢), u(¢)) revolves
around the line segment Ep;Er7 4 infinitely many times. From a physical point of view,
this means that for an infinitely long column, one observes infinitely many decaying
oscillations trailing behind the first overshoot. This behaviour is indicated in Figure 8.
However, few to no oscillations are observed behind the first overshoot in experimentally
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obtained breakthrough curves [2,5] even for long columns and large injection rates. In
this section we explain this by considering non-vertical scanning curves.

In the subsequent discussions, we assume that the inclination of the scanning curves
satisfies

min{ P(S), P}(S)} > —é, for all Sy < § < 1. (3.1)

As shown in [6], consistency of the extended model requires that (3.1) should be satisfied
for all S € (0,1]. Hence, for more general problems a non-constant ¢ needs to be con-
sidered. However, since travelling waves satisfy S > Sp, and since P, P; are bounded in
S € [Sp, 1] it suffices to consider (3.1) for € sufficiently small.

Substituting the travelling wave form (2.1) into (1.1) and (1.7), and applying condi-
tions (2.2) and (2.4) we obatin the same Rankine-Hugoniot wave speed ¢ and the same
function G(S; S, St), see (2.5) and (2.8). The extended system now reads:

S = %E(S, ), (3.2a)
o = G(S: S, Sr), (3.2b)
where
Pu(S) — u when u > Pa(S) + eref (S)G(S; Sp, Sr),
B8,y — A ~TI(S)G(S:55.57)  when P(S) -+ eref(S)G(S: 5. 51) .

<u < Py(S) +eref(S)G(S; Sp, St),
Pi(S) —u when u < P;(S) 4+ eTcf(S)G(S; Sp, St).

Equations (3.2), with expression (3.3), shows that f(S) cannot be eliminated by trans-
formation (2.12). Therefore, for simplicity we restrict ourselves here to the case f(S) =1
only. Then the system becomes

1
S = 55(3, u), (3.4a)
u' = G(S;Sg, St), (3.4b)
Here
Py(S) —u when u > 4(S)
E(S,u) =< —cerG(S;Sp,Sr)  when u(S) < u < a(S)
P(S) —u when u < a(S).

where @, u : (0,1] — R are given by

a(S) = P(S) + e7cG(S; S, Sr) and @(S) = Py(S) + e7¢G(S; Sy, Sr). (3.5
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Note that for each § > 0, £(S, u) is uniformly Lipschitz continuous in the strip {§ < S <
1}. Similar to the sets H,H;,Hq in (2.9), we now divide the strip {0 < S < 1} into

H = {u> a9}, (3.6a)
H={u(S) <u<as)} (3.6b)
H = {u < u(9)}. (3.6¢)

For given 0 < Sg < Sy < 1, the parameters of the system are € and 7. In the region H
one has

S" = —eG(S; Sp, St) = —eu/, (3.7)

implying indeed scanning curves with inclination —1/¢ in H.

S
1

Figure 11: The sets (3.6) and the curves (3.5) in the strip {0 < S < 1}. The arrows
indicate the direction for increasing ¢ of solutions of (3.4).

As in play-type hysteresis, each point of the segments Ep;Ep4 and Er;Er 4 is an
equilibrium point. From equation (3.7) and the sign of G(S; Sg, St) it follows that interior
points of Ep,;Ep, are unstable, whereas interior points of Ep;Ep 4 are stable. Further,
the nature of the end points {Ep, Erx}, (k = i,d) is as in Section 2: Ep are saddles
and Er, are stable nodes and/or stable spirals depending on the value of 7. This classifies
all equilibrium points of (3.4).
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Figure 12: Possible orbits starting, as ¢ — —oo, from points Ep € Ep;Ep4. Here
Ep = (Sp,up) and tan § = —1.

The main result of this section is to show existence of solutions of (3.4), subject to
conditions (2.2) and (2.4), in the form of orbits that connect arbitrarily chosen points
Ep € Ep;Epg (as ( = —o0) to corresponding points Ep € Er;Er, (as ( — +oo) We
shall give the proof in context of Figure 11. This figure shows the regions H,HH, the
functions @, u and the general flow directions of solution orbits (S, ). To support the
proof we added Figure 12 which enlarges the situation between the segments Ep;Ep 4
and Er;Er 4.

Let ug € [R(SB), Pd(SB)] and let

1
((S;up) =up — E(S — Sg) for S > Sp. (3.8)

With reference to Figure 11 and Figure 12 we assume that ¢ and 7 are such that

0(S; Py(Sg)) < a(S) for Sp <5 <1, (3.9)
and )
' (S) > - (3.10)

As ((Sp, Py(Sg)) = P4(Sg), a sufficient condition for (3.9) to be true is

1+ et/ (S) =1+ePy(S) + cre’G'(S; Sp, St) > 0, (3.11a)
for Sp < S < 1. Similarly for (3.10) the condition is

1+ e/ (S) =1+ eP/(S) + cre*G'(S; S, Sr) > 0 (3.11b)

for Sp < S < 1. From (3.1), as 1 +eP/(S) > 0 (k = i,d), Conditions (3.11) are satisfied
if €27 is small enough. Moreover, because G’ > 0 for S > S; (see Figure 1) it follows from
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Figure 13: Sketch of orbits when Sy < S. Here, tan(3) = —1.

(3.1) that Conditions (3.11) are automatically satisfied for S > S;. Hence, Conditions
(3.11) are only to be assumed for S € [Sg, 5.
Observe that from (3.1),

(1 Pa(Sp)) < 0 = lim P,(S). (3.12)

Using (3.1) and (3.12) it follows that there exists a unique saturation value S € (Sg,1)
such that

K(S; Pa(Sg)) = Pi(9). (3.13)

Figure 13 shows that if S; < S, then there exists a unique uj € (P,(Sp), Ps(SB))
for which the following holds: All orbits starting at (Sp,u = up > w}) remain in H
and follow the corresponding scanning curves until Er;Er 4 is reached. The underlying
travelling waves are solutions of (3.7). They result in monotone saturation and pressure
profiles for any 7 > 0. Orbits starting at (Sp,up < uj;) intersect @ at some S < Sr and
enter the region H. When Sy > S any orbit leaving from Ep;Ep 4 intersects @ and enters
the region #H. The saddle point Ep; needs special attention. If the orbit leaves Ep; into

region H, its local direction g—g(S B), see [14, Section 3], must satisfy

K (Sm) =10 Pl | S qss) 61

du o | _ Pi(S) [1 . \/1  4e1G/(Sp: S5, Sr) | _ dit
We have
Proposition 3.1. Condition (3.11b) at Sp <= inequality (3.14).

Proof. We use the short hand notation P/ := P/(Sg) and G’ = G'(Sg; Sp, St). Evaluation
of (3.11b) at Sp gives
1+eP +%rG >0
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1 2 ’
or — 4 > e+ % Hence, as G', P/ < 0 we get

derG! deerG’ 2ectG’ 2 2ectG’ 2
1— > 1 =1(1
#&r= T E TUE TR
implying
der @G’ 2ectG’
1—-—>14 —.
F)R =
This gives
PP der@’ ) ’
74’? 1—W§Pi+0€7'g
which is inequality (3.14). O

Summarizing the above gives the following picture. When conditions (3.11) are ful-
filled, orbits that leave from points Ep = (Sp,up) € Ep;Ep4, with ug > P,(Sp), either
stay in H and reach corresponding points of Er;Er 4 directly, or cross the lower bound
and enter the region H. The orbit that leaves E B, enters directly H. Once the orbits are
in H, we are in a situation that compares to Theorem 2.1 and Remark 2.2 since in H one

has ]
S = —(B(S) —u).
—(P(8) — )
What remains is to show that any such orbit is captured by the segment Er,;Erq. We

make this the content of the following theorem.

Theorem 3.1. Let 0 < S < Sr < 1, 7 > 0 and let conditions (3.11) and (3.1) be
satisfied. Further, let (S,u) be the solution orbit that originates from a point Ep =
(Sp,up) € Ep;Ep 4, where ug < ufy if Sy < S orug € [Pi(SB), Py(SB)| if St > S (see
Figure 13). Then the following holds

(i) If T > 7.4, the orbit exceeds Sy and reaches a point Ep € Ep;Er4. This happens
after, at most, a finite number of rotations around Er;Er4;

(i1) If 7.; < 7 < Teq, then in addition, the orbit may reach the boundary point Er 4 from

(111) If T < T, then in addition the orbit may reach the boundary point Er,; from H.

For small T this may happen in a direct way, without exceeding St.

Proof. The proof has two parts. In the first we use again the divergence argument to
demonstrate the existence of orbits connecting Ep and corresponding points of Erp;Er 4.
In the second we show that the orbits can go around Erp;E7 4 only finitely many times.
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To use the divergence argument we write ﬁ(ﬁ) as

. LE(Su)
R(@) = ( | ) |
g(Sa SB) ST)

Hence A
P/(S h H
divE — 1 0& th g i )g/ S:S.. S Whenu6%7 (3.15)
VR = — o5 with o= =  —cre (S;SB,Sr) when u € H, :
Pi(S) when u € H,g.

Note that divR does not have a fixed sign as the sign of G’ changes in . With reference to
Figure 11, we see that there are three possibilities for orbits that originate from Ep;Ep 4:

Case (a) They go around Er;FEr 4 and end up in Eg 4 or they leave the region S > Sp through
the segment {S = Sp,u > P;(Sp)}.

Case (b) They go into a limit cycle around Er;Er 4.

Case (c¢) They approach the line Er;Er 4.

Figure 14: If Case (a) holds, then the orbit connects to the segment {S = Sg,u > P,;(Sg)}.
The regions €2, €21, €25 used in the proof are marked by the colours.

We first consider the orbit leaving Ep ;. Case (a) for this orbit is shown in Figure 14.
Let © be the region enclosed by the orbit and the line S = Sg. As shown in [14], the
orbit can only exit through S = Sp if

/divéz/ i-h>0, (3.16)
Q o0
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n being the unit vector that is outward normal to 0€2. Define the regions €2y, Qs C € by

= {(S, U) :Sp < S < ST,ZAL <u< Pd(SB)}, (317)
Qy ={(S,u): Sp <8 < Spr,u(S) <u<u(S)}, (3.18)

and observe that

/ divR < 0,
Q/(Qluﬂg)

since % < 0in ©/€,. Further note that

. St pPa(SB) P/(S) 1 St
/ divR = / / — L dudS = — Pi(S)(Py(Sg) — Py(S) — c1eG(S))dS
N Sg Ja(s) cT CT Jsg
1 51
=——(P, ~- P, 2 P
s (Pi(Sr) = Pu(sp))* —= | Pigas

and

. St pPa(S) St
/ div i = / / (—eG)dudS = —¢ | G'(Pu(S) — P(S))dS
Q2 Sp JPi(S) Sp
St

= —G(S: Sy, S1) (Pu(S) — PS))E + /S (P, — P)GdS

B

St
- 5/ (P, — P\GdS.
S

B
Summing up gives
St

/ divE < ———(Py(Sr) — Py(Sp))? — g/ PIGdS < 0.
Q 2cT Sy

This contradicts (3.16) and hence the orbit cannot exit through the segment {S = Sg,u >
P,(Sg)}. As no two orbits can intersect, the orbit originating from any point on Eg;Eg 4
cannot leave the region {S > Sp}.
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Figure 15: Case (b): If the orbits go to a limit cycle then the limit cycle will be as the
black dashdotted closed loop. The regions Q°, Q) Q2 and (S;,, Sou¢) are used in the proof.

We need to further eliminate Case (b). As can be seen from Figure 13 a limit cycle
clearly cannot exist for Sy < S. For Sy > S, if the limit cycle exists, then it will be as
shown in Figure 15. Let Q° be the region bounded by the closed loop and let (Siy, Sout)
be saturation values at which the limit cycle enters and leaves the region H such that
Sin < Sour < Sp. Further, let Q' := {(S,u) € Q: S;, < S < Sr,0(S) < u < Py(Sin)}
and let Q2 C Q° be the open subregion in S < Sp bounded by S = Sp, u = a(9),
u = @(S) and the closed loop. Again, we have divR < 0 in Q°/Q2. The integral of divR
over Q! is

_, 1 [Sr
/Ql divi = 5/5 P(S)(Py(Sin) — Pa(S) — cT£G(S))dS

in

1 7
= _%<Pd(ST) — Py(Sin))?* — 5/5 FyGds,

in

and over 2 is

. Sout Py(S)+ecregG St a(S)
/ divR = —8/ g’ / du dS—a/ g / du | dS.
Q2 S; P(i(Sin)_%(S_Sin) Sout ’EL(S)

n

Integrating by parts yields

. ST Sout ST
/ divR—s/ Pdg—i—/ (14 cre*GG — / PG
St Sout St o St
<5/ PG — / PG — / 5/ P(;g—a/ Pg.
zn zn out Sin

In the last step, condition (3.11b) was used. Summing up the integrals gives

St
/ leﬁ < —L(Pd(ST) — Pd(Szn))2 — 8/ R’gdS < 0.
0O 207‘ S

in
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As before, this gives a contradiction. Hence we are left with Case (c).

Figure 16: The points S* and S* and the final turn of the orbit.

What remains is to show that the orbit goes at most finitely many times around
Er;Er 4 before it reaches one of its points. Define, see Figure 16, ST > Sy and S~ < Sy
such that

1 1
a(S7) + 257 = Ri(Sr) + éST and i(5™) + —57 = Pu(Sr) + %gﬂ

If the orbit enters H in the n'™ turn at S = S, with S, € (S7,Sr), then this is the
final turn of the orbit. Similarly, if the orbit enters H at the n'® turn at S = S} with
St e (S7, ST), then this is the final turn. If no such n exists, then the orbit must go into
a limit cycle whose closed loop contains the shaded region in Figure 16. This clearly gives
a contradiction.

Statements (ii) and (iii) of Theorem 3.1 follow from the nature of the eigenvalues, see
also the proof of Lemma 2.2. O

Conditions (3.11) are sufficient but not necessary to prove existence as described in
Theorem 3.1. Below we give an (almost) explicit construction of a solution when (3.11)
is violated.

Example 3.1 Let Sg € (0,1) and € > 0 be given, and let P; and P;, Sy € (Sp,1) and
uy be such that ¢(S;up), given by (3.8), satisfies

((Sr, uy) = Pi(St),

see Figure 11 and Figure 17.
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Figure 17: Construction of orbit when (3.11) is violated. Here the function @ is convex in
(Sp, St) and for 7 = 7* it touches ¢(S,u*) at S = S*.

Further assume P; € C?%(0,1) and P/(S) > 0 for Sp < S < Sp. For the relative
permeability we consider the explicit case k(S) = S?. A straightforward calculation gives
from (2.8) that G satisfies

g” >0 in [SB, ST],

provided Sy < 2S5p. As a consequence,
" = P} + cerG"” > 0 in (Sg, S7), (3.19)

if Sp < 2Sp. Next we increase 7 from 7 = 0, when @ = Py, until 7 = 7* when @ touches
the line ¢(S;u};) at some S = S*. By the convexity we have

1
i < —=for Sp <5 < S*.
€

The monotonicity of the orbits in the shaded region in Figure 17 ensures the existence
of orbit running from Ep = (Sp,up), with ug € [uf, P;(Sg)], to a corresponding point
Er € Ep;Er4. The saturation and pressure profiles are monotone in this example.

If (3.11b) is satisfied, the orbit from Ep; directly enters H, and does not feel the
influence of the parameter €. Hence, for this orbit, the condition of whether it remains to
the left of S = 1 is the same as for play-type hysteresis, see Theorem 2.1. Moreover, as the
orbits are ordered and cannot intersect when S < 1, the same applies to any orbit leaving
Ep;Ep4. Only if Sy > Si.(Sg) (or a(Sp, St) < 0) and 7 is sufficiently large orbits can
reach S = 1. Here one has to be careful with condition (3.11) which requires a certain
smallness of the product e72. Large values of 7 are allowed provided ¢ is sufficiently small.

4 Numerical results

In this section we discuss a number of numerical PDE-solutions and compare the results
to the theoretical travelling wave results. Clearly, in the numerical approach one works
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in a truncated domain: —W < z < W for some W > 0, chosen sufficiently large so that
well-developed saturation profiles appear.

For the play—type model, the equations are (1.1) and (1.5), where we write the latter
as 0yS = —=F(S,u), see expression (2.7). Combining the equations and using the

'rf(S
semi-implicit time discretization scheme described in [14], we have
At
=S, 1+ ——— _ _ 4.
Sn Sn 1+Tf(S)-F(Sn 1, Un 1)7 ( 1&)
1
F(Snyun) + 0 (k(Sn)(Opun + 1)) = 0. 4.1b
705 ( ) + 0x(K(Sn)( ) (4.1b)

Here At > 0 is the time step and n € {1,.., N} for some N € N. The pair (S,,u,)
approximates (S,u) at the n'' time step, i.e. at t = nAt. The initial condition for the
saturation at n = 0 is a smooth approximation of the Riemann data

S, = St ?f x <0, (4.2)
Sg ifz>0.
The boundary conditions are
k(Sn)(Opuy + 1) = k(S7) at x = =W, (4.3a)
u, =up € [P;(Sg), Pi(Sg)] at x =W, (4.3b)

for each n > 1. The first boundary condition implies that we prescribe a constant wa-
ter flux k(Sy) at © = —W. For well-developed profiles this means that approximately
Sn(=W) = Sy for n sufficiently large. As for the second condition, we will see that in-
dependent of the choice of upg, the profile develops into a travelling wave as predicted.
Taking up = P;(Sg) gives a compatible boundary condition. Taking any ug # P;(Sg),
gives a boundary layer at x = W.

For the extended model, one needs to discretize the combination (1.1) and (1.7) in the
domain (—W, W). Here we propose the semi-implicit scheme

Sn = Sn—l + At@x(k(Sn_l)(ﬁxun_l + 1)), (44&)
A (Srw Up,

U,

) (5 0ut + 1) =0, (1.4b)

for n > 1. The function A : (0,1) x R? — R is defined in (1.7). Initial and boundary
conditions are again given by (4.2) and (4.3). To solve equations (4.4), an initial condition
for the pressure is required as well. In the computations we have taken

u(z,0) = %(B(S(as,O)) + Py(S(x,0))) for —W <x < W. (4.5a)
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To avoid a boundary layer at = W, we take in (4.3b)

up = %(Pi(SB) + Py(SB)). (4.5b)

Note that for z < 0, the initial condition need not be compatible with the unique pressure
ur € Ep,;Er 4 that results from the traveling wave analysis with up given by (4.5b). This
pressure is approximately attained after a sufficiently large number of time steps.

Distinguishing the cases %(ts) < 1, one straightforwardly verifies that A(S,,, w,, u, —
u,_1/At) strictly decreases with respect to u,. Hence, for given S, u,_, € L*((=W,W)),
such that k(S,) > § for some § > 0, there exists a unique u, € H'(=W,W) satisfy-
ing (4.4b) and (4.3), e.g. see [16, Chapter 2|. Equations (4.1b) and (4.4b) are solved
numerically by means of the L-scheme [10, 14].

Finite differences are used to solve equations (4.1) and (4.4), with Az = 0.2 and
At = 0.02. The length of the domain (2WV) is chosen according to the problem. The
nonlinearities k, P; and P, are as in [6] and we restrict ourselves to f(S) = 1 only. The
extension of pressures Py, (k =i, d) is achieved by setting P, = 10*- (1 — 5) for S > 1.
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Figure 18: Play-type hysteresis: (left) S vs. z — ¢t plots and (right) u vs. S plots
for various Sr and 7 values with Sp = 0.2 fixed. Here ¢ is calculated from Sp and
St using (2.5). For Sp = 0.2 it follows that S5(Sp) ~ 0.6, see Figure 4. Results for
St = 0.55 < S5(Sg) are shown first. Corresponding value of S, is S,, ~ 0.9. Profiles
for three 7 values are plotted: 7 =1 < 7.;, 7 = 10 € [1;,7Tcq| and 7 = 100 > 7.4.
The behaviour is as expected and the saturation lies below S,, < 1. Also the result for
Sy = 0.8 > S7(Sp) and 7 = 100 > 7.4 is shown. In this case the satuartion reaches the
maximum value and a plateau can be seen at S = 1.

The results for play-type hysteresis are shown in Figure 18. They agree well with the
predictions. Fronts quickly develop into travelling waves with wave-speed ¢ predicted by
(2.5). For St < S5(Sp) the profiles stay away from S = 1 and the behaviour with respect
to 7 is as to be expected. For 7 < 7.; the travelling wave orbit goes directly to Er;;
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for 7 € [7.;, Teq) it goes around Er; to reach Er, and for 7 > 7.4 it oscillates around
Er;Er 4, though infinitely many oscillations cannot be seen due to the finite domain size.
For Sy > S4.(Sp) and 7 large enough, the profile indeed reaches S = 1 and a plateau is
observed.

Figure 19 shows results for extended play-type hysteresis. The scanning curves within
the hysteretic region are inclined by the fixed angle tan_l(—é), where ¢ = % is used.
Observe that, for all the (¢, 7) pairs used in Figure 19, conditions (3.11) are satisfied. In
all cases, small irregularities are observed at the locations where orbits meet the segment
Er;Er 4. This reflects the behaviour in {z < 0} as observed earlier in this section. These

irregularities disappear when n becomes large.
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Figure 19: Extended play-type hysteresis: (left) S vs. = — ct plots and (right) u vs.
S plots for various Sty and 7 values with Sp = 0.2 and ¢ = % fixed. Fronts develop
into travelling wave profiles with wave-speed ¢ given by (2.5). Here also, S5(Sg) = 0.6.
As before, results for Sy = 0.55 < S5.(Sg) are shown first for three different 7 values:
T=1<7, 7=10 € [7.;,T.q) and 7 = 100 > 7.4. The orbits have a constant slope of
—% in the hysteretic region 7 and are bounded above by S,, < 1. Finally, the result for
St = 0.8 > S5(Sp) and 7 = 100 > 7.4 is shown. For all the plots, up is as in (4.5b).

5 Conclusion

In this paper we studied the behaviour of infiltration fronts in a long homogeneous vertical
unsaturated porous column. The main focus was on describing the fronts when non-
equilibrium effects, such as capillary hysteresis and dynamic capillarity are considered.
For this purpose, travelling wave approximation was used. Two models for hysteresis were
considered, the play-type hysteresis and the extended play-type hysteresis model.

In case of play-type hysteresis model, it was shown that for small dynamic capillary
constant 7, the fronts will be monotone. If 7 is larger than thresholds calculated from
known parameters, the fronts will first develop finitely many and then infinitely many
overshoots. Moreover, saturation plateaus will form at the location of undershoots and
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overshoots and the plateaus will become wider as one moves away from the wave-front.
Criteria for the saturation overshoots to reach full saturation was also investigated. If the
integral (2.27), which depends solely on the parameters of the system, is positive then
the saturation cannot reach the maximum possible saturation value even if 7 is large.
Similarly, if f & L'(0,1), then the saturation cannot reach the maximum value.

To explain in more detail behaviour of wetting fronts observed from experiments,
we also considered extended play-type hysteresis model which incorporates non-vertical
scanning curves. The existence of travelling wave solutions were proved under conditions
(3.11). One of the key differences in this case is that, if the initial saturation and the
injection saturation are close enough then there will be no overshoots irrespective of
the value of 7. Another important distinction is that, in this case only finitely many
oscillations can occur. This is also observed from experiments [2, 5].

Finally, a set of numerical tests were performed showing that the fronts indeed develop
into travelling wave profiles for long columns. The predictions from our analysis were
reproduced by the numerical results.
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Appendix A Extended play-type hysteresis: non-vertical
scanning curves

We write the pressure expression (1.6) as

u € PY(S) — P~ (S)sign(0;S + edyu) — 7f(5);S, (A.1)
where
pr(s) = BSVERS) gy BdS) RS "

This form can be rewritten as

7f(5)
P=(5)

P
0y (S + eu) + sign(0,(S + eu)) > +

Introducing the function, for each 0 < § < 1,

}:_—(S)(r—l) for r > 1,

f(S)

O (r)=14¢0 for —1<r<1,
P=(S
T(S))(r +1) forr<—1,

we deduce from (A.3)

0,(S + eu) = @, (P+(S)_“+”f(s)atu). (A.4)

P—(S) | P(S)

Evaluating the different cases in (A.4) and using the definitions from (A.2) gives

Pa®) v when u > Py(S) + 7 f(S)du,

7f(S)
0S = ¢ —edwu when Py(S) +e7f(S)0wu < u < Py(S) +e7f(S)0wu,
Pr(fi)s_)u when u < P;(S) + &7 f(S)0pu.
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