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Abstract

Reactive transport processes in porous media including thin heterogeneous layers
play an important role in many applications. In this paper, we investigate a quasi-
linear reaction-diffusion problem in a domain consisting of two bulk-domains which are
separated by a thin layer with a periodic heterogeneous structure. The thickness of
the layer, as well as the periodicity within the layer are of order €, where € is much
smaller than the size of the bulk-domains. For the singular limit ¢ — 0, when the thin
layer reduces to an interface, we rigorously derive a macroscopic model with effective
interface conditions between the two bulk-domains. Due to the oscillations within the
layer, we have the combine dimension reduction techniques with methods from the
homogenization theory. To cope with these difficulties, we make use of the two-scale
convergence in thin heterogeneous layers. However, in our case the diffusion in the thin
layer is low and depends nonlinear on the concentration itself. The low diffusion leads
to a two-scale limit depending on a macroscopic and a microscopic variable. Hence,
weak compactness results based on standard a priori estimates are not enough to pass
to the limit ¢ — 0 in the nonlinear terms. Therefore, we derive strong two-scale
compactness results based on a variational principle. Further, we establish uniqueness
for the microscopic and the macroscopic model.

1 Introduction

Reactive transport processes through thin highly heterogeneous layers occur in a variety
of applications, especially from biosciences, medical sciences, material sciences, and geo-
sciences. Important examples are endothelial layers as the endothelium of a blood vessel,
which forms the innermost layer of the vessel and acts as a membrane between the vessel
wall and the lumen of the vessel. Membranes are thin selective barriers separating bulk-
domains, where the physical properties of the membrane differ from the surrounding media,
and in many applications, as in the case of the endothelium, membranes carry a highly
heterogeneous structure.

Microscopic models for physical processes in such type of media describe the processes
taking place on the microscopic scale, as well as the whole complexity of the geometry. Hence,
the microscopic problem includes different scales, as the thickness of the layer, the size of the
bulk-domains, and the size of the heterogeneity within layer. This leads to high numerical
challenges. A possibility to overcome this problem is the derivation of macroscopic models
in the singular limit when the thin layer is reduced to an interface separating the bulk-
domains. The solution of this macroscopic problem is an approximation of the microscopic
model. The challenging point is to find so called effective interface condition across the
interface between the bulk-domains. These interface conditions carry information about the
microscopic processes within the thin heterogeneous layer.

In this paper we rigorously derive a macroscopic model for a reaction-diffusion problem in
a domain €2, consisting of the bulk-domains Q" and ., which are separated by a thin layer

*Faculty of Sciences, Hasselt University, Campus Diepenbeek , Diepenbeek, 3590 Agoralaan Gebouw D,
Belgium, markus.gahn@uhasselt.be



QM with a periodic heterogeneous structure. The thickness of the layer and the periodicity
within the layer are of order €, where the parameter € is a small compared to the size of
the bulk-domains. Across the interfaces between the bulk-domains and the thin layer we
assume continuity of the solution and the normal-fluxes. The diffusion coefficient in the thin
layer is oscillating, describing the heterogeneous structure within the layer, and depends
nonlinearly on the solution itself. Additionally, we consider a critical scaling of the equation
in the thin layer. In the singular limit for € — 0 the thin layer QM reduces to an interface
¥ between two bulk-domains Q% and 2~. We show, that the solution u. of the microscopic
model converges to a limit function ug, where wug is the unique solution of a macroscopic
problem with effective interface conditions across X.

To pass to the limit ¢ — 0 in the thin layer we have to cope simultaneously with the
singular limit and the oscillations in the layer. For this we make use of the method of
two-scale convergence in thin heterogeneous layers. This method was introduced for thin
homogeneous structures in [1] and later generalized to thin periodic structures in [2]. Addi-
tionally we have to handle the coupling between the bulk-domains and the thin layer. Due
to the nonlinear diffusion in the layer, we need strong two-scale convergence results to pass
to the limit.

Due to the specific scaling in the diffusion-equation in the thin layer, the two-scale limit
depends on the macroscopic and the microscopic variable. In other words, in the formal two-
scale asymptotic expansion the zeroth order term is depending on the macroscopic variable
T € ¥, and the oscillating microscopic variable y = 7. Additionally, we have to cope with
low regularity for the microscopic solution. Therefore, standard averaging methods in the
thin layer together with the Aubin-Lions compactness theorem, see e.g.,[3], fail to prove
the strong convergence. Other methods like the Kolmogorov-compactness theorem used in
[3] and [2] for a semi-linear problem fail because of the nonlinear diffusion term. In this
paper, we combine methods used in [4] and [5] to establish the strong two-scale convergence
in the thin layer. More precisely, in a first step we obtain weak two-scale compactness
results in the thin layer and strong compactness in L? for the microscopic solutions in the
bulk-domains. These convergence results are based on uniform a priori estimates, and the
Aubin-Lions Lemma in the bulk-domains. With the help of the Kirchhoff-transformation we
are able to pass to the limit ¢ — 0 and to derive a variational equation on the macroscopic
scale, where this equation includes limit functions for the microscopic solutions and their
Kirchhoff-transformations. In the second step, we have to identify these limits in variational
equation. This is done by a variational method, where we choose specific test-functions in
the microscopic problem, which solve an auxiliary problem. Then we can pass to the limit by
controlling the solutions in the thin layer using the continuity across the bulk-layer-interfaces
with the solutions in the bulk-domains, for which we already established strong convergence.

Starting from the pioneering work of Sanchez-Palencia [6], there is a rich literature on
problems in thin domains with applications in solid mechanics, wave diffraction, porous
media and so on. In particular, we have the mention the monography [7], where a variety
of different scalings for linear problems are treated by the Bakhvalov-ansatz. Based on
this ansatz, error estimates depending on € are derived. However, in this method the a
priori knowledge of the macroscopic model and associated cell problems are necessary, and
higher regularity results for this problems are important. In contrast, in the present paper
we have to deal with low regularity and nonlinear problems. Reaction-diffusion processes
through thin heterogeneous layers including nonlinear reaction terms have been considered
for different scalings in the thin layer in [8, 3, 2]. Unsaturated Darcy-flow through a thin
homogeneous layer is treated in [9] for different scalings. However, the critical scaling when
the two-scale limits depends on the macroscopic and microscopic variable is not considered.
A linear single phase flow through a thin filter is considered in [10], where the thickness and
the periodicity of the filter, as well as the thickness of channels of the filter are of different
orders. This leads to different scalings in the equation in the filter and therefore different
macroscopic equations are obtained. In [11] a non-Newtonian flow through a thin filter is
treated, where an approximation of the microscopic solution is constructed via a macroscopic
problem and boundary layers. Therefore, additional regularity for the microscopic flow is



needed. In [12] the same authors considered a linear reaction-diffusion-advection problem
through a filter with small obstacles, and constructed an approximation for the microscopic
solution by using correctors including solutions of boundary layer problems. In [5] a two
phase flow is considered in a perforated domain, but the scaling is closely related to our
problem and we use similar methods to prove strong convergence.

The paper is organized as follows: In Section 2 we describe the geometrical setting and
introduce the microscopic model with the associated assumptions. Further, we give some
basic results about existence, uniqueness, and a priori estimates. In Section 3 we present the
main result of this paper. Weak convergence results in the layer and the strong convergence
results in the bulk-domains are proved in Section 4. In Section 5 we prove the strong two-
scale convergence in the thin layer. In Section 6, we show uniqueness for the microscopic
model.

1.1 Novelity and importance of the main result

While many papers deal with linear reactive transport through thin heterogeneous lay-
ers, rigorous results about quasi-linear problems with nonlinear diffusion seem to be rare.
However, such nonlinear problems are of particular importance in applications, where the
properties of the porous media are influenced by the solution itself. To the best of the au-
thors knowledge, for the critical scaling in the thin layer considered in this paper, when the
two-scale limit is depending on both, the macroscopic and the microscopic variable, there
are no rigorous homogenization results for nonlinear diffusion. Further, the results are based
on low regularity results for the microscopic and the macroscopic solution. To pass to the
limit in the variational equation including the Kirchhoff-transformation, we introduce an
appropriate space of test-functions. For the proof of the strong two-scale convergence in the
thin layer we make use of a variational method. For this method, an a priori knowledge
of the macroscopic model is not necessary. Further, it is applicable to other types of prob-
lems and the application to unsaturated flow is part of an ongoing work. Additionally, we
prove uniqueness for the microscopic and the macroscopic model by using a weak entropy
condition.

2 The microscopic model

We consider the domain Q. := ¥ x (—e — H, H + ¢) C R™ with fixed H € N, n > 2, and
¥ =(0,11) X ...,x(0,l,_1) C R*" ! with I = (I1,...,l,_1) € N*~!. Further, let ¢ > 0 be a
sequence with e~! € N. The set €2, consists of three subdomains, see Figure 1, given by
QF =Y x (e, H +¢),
QM =% x (—¢,),
O ==Y x (—e— H,—e).
The domains QF and QM are separated by an interface ST, i.e.,

SF:=%x{e} and S. :=3x{—¢},

hence, we have Q. = QX UQ- UQM USF U ST,
As mentioned above, for € — 0 the membrane Q2 reduces to an interface X x {0}, which
we also denote by ¥ suppressing the n-th component, and we define

QF =Y x(0,H) and Q :=%x (—H,0),

and Q:= QT UXUQ™ =¥ x (—H, H). The microscopic structure within the thin layer QM
can be described by shifted and scaled reference elements. We define

Y = (0,17,

Z:=Y x(~1,1).
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Figure 1: The microscopic domain containing the thin layer €. with periodic structure for
n = 2. The heterogeneous structure for the thin layer is modeled by the oscillating diffusion
coefficient D.

We denote the upper and lower boundary of Z by
StT:=Y x {1} and S~ :=Y x {-1}.

Now, we are looking for the microscopic solution u, = (u}, ™, u_), with v : (0,7) x

€ e 1 e

OF > Rand uM : (0,T) x QM — R, of the following problem:

ot — AuF = fF(ud) in (0,T) x QF,
1 1
—9uM —ev - (a(uiw)D <E> Vuiw) = —gM in (0,7) x QM
€ € €
uM = uE on (0,T) x S,
—ea(uM)D (%) VuM v =-Vur-v on (0,T)x ST, 1)
uM(0) = ué\{ in QM
uf(O) = ui in Qét,

0 on (0,T) x IQM\ (S+US),
—Vu} =0 on (0,T) x 9QE \ S*.
The weak formulation of Problem (1) reads as follows: Find u. € L*((0,7), H*(Q.)),

such that d,uf € L2((0,T), H1(QF)) and duM € L2((0,T), H~1(QM)), and for all ¢, =
(¢F, oM, ¢-) € C°([0,T), H*(€.)) it holds that

T T
> [—/ /iufatqbfdmdt—i—/ /iVuf-qufdxdt]
+

_,/ /QM MathMd:cdt+6/ /QM )VMV¢Mdmdt
*Z l /0 uF)¢F dadt + / fiqﬁf(O)dx]

e

1
/ / Mqﬁé”dxdtqtf/ uM oM (0)d.
QM € Jom ’



In the following, we use the subscribe # to indicate function spaces defined on the
domain Z consisting of Y-periodic functions, for example H%E(Z) denotes the space of
functions in H'(Z) which are Y-periodic with respect to the first (n — 1)th components
J:=(y1,--,Yn-1) € Y. Further, for x € R we write Z := (z1,...,Zn_1).
Transformation of the bulk-domains:

For an easier notation we shift the whole bulk-domains QF to the fixed domains QF.
However, we keep the same notation as above and consider the following problem: Let us
define the space of solutions

V.= {u = (uF,uM u7) € HYQT) x HY(QM) x HYQ7) : ud|y = uy|sei} .

Further, we define the Kirchhoff-transformation
S
A(s) == / a(n)dn for all s € R.
0

Now, we say u. € L%*((0,7),V.) is a weak solution of the Problem (1) iff for all ¢, €
C§°([0,T), Ve) it holds:

T T
> {— / / utd,¢F dadt + / vung—“dxdt]
+ 0 Jo* 0o Jot
1 [T T T
= f/ / uyat¢§”dxdt+e/ / D<7> VAuM) - VoM dadt
€Jo JaM o Jom €
T
S| [ et [ et o
T |Jo Jax ot

1 (7 1
+7/ / g?(bé‘/[d:cdt—&—f/ uM oM (0)dzx.
€Jo Jam € Jam ’

Assumptions on the data:

(2)

(A1) f*:00,7T] x OF x R — R is continuous and z + f(t,x,z) is Lipschitz continuous
uniformly with respect to (¢, ).

(A2) gM € L2((0,T) x QM) and there exists g)f € L((0,T) x ¥ x Z), such that
gy — gé‘/f strongly in the two-scale sense.

(A3) D e LF(Z)" " is symmetric and coercive, i.e., there exists dyg > 0 such that
D(y)é- &> doll¢|>  forally € Z, € € R™

(A4) a: R — R is Lipschitz-continuous and there exist ag > 0 and Ay > 0, such that

0<ap<a(s) <Ay forallseR.

(A5) ueil € L?(Q%) and u, € L?(QM) and there exist ul € L2(QF) and uM € L2(Z x Z)

such that
ufl — ut in L?(QF),
M M :
Uy = U strongly in the two-scale sense.

Due to the nonlinear diffusion in the thin layer, we only obtain the time-derivative of the
microscopic solution in the distributional sense in each subdomain Q* and QM. Further,
due to the coupling condition, we are not able to show d,uM € L2((0,T), H'(QM)") and



OwuF € L2((0,T), H' (2%)’). We have to consider the dual space of Sobolev functions with
vanishing traces on S¥. We define:

HL(QF) = {ui e HY(QF) : uly = 0},
Hgi(Qé‘/f) = {uiw c HY(QM) . ul g+ zO},
Hes (Z2) = {ul" € H'(Z) : u|g+ =0}.

Proposition 1. There exists a unique weak solution u. of the Problem (1), which fulfills
the following a priori estimates

10:uE || L2 (0,7 20 () + I (| Lo 0,1y, L2022 )) + IVuEl| L2 0,1y x %) < C,
1 1
ﬁ“atué\/[HLQ((O,T),H;i @y + ﬁ“uyﬂm((o,mm(@y» + Vel VuM | L2 (0my <) < C.

Proof. The existence of a weak solution can be established by the Galerkin method and
the homotopy principle of Leray-Schauder, see e. g.,[13, Chapter 9.2, Theorem 4]. For the
uniqueness see Theorem 2 in Section 6. O

As an easy consequence of Proposition 1 we obtain the following a priori estimates for
the Kirchhoff-transformation A(u).

Corollary 1. For the solution ue of Problem (1) it holds that
L
Ve
Remark 1. We emphasize, that for oM € C’O"([O,t],H}gi (QM)) with t € [0,T) it holds that

A oo 0.1y, 2000y) + VEIVA@M) | L2 (0,1 x 00y < C.

t t
1
M M _ 1 Mo M
/O<atue ’qj)e >H156i(ﬂé”)’77-tls€i(ﬂé”)dt_ 6/0 /Qé‘/f U at¢e dxdt

1 1
—f/ uM i”(O)d:v—}-f/ uM ()M (t)da.
€ Qé” ’ € Qé”

3 Main result

In this section, we state the main result of our paper. For the definition of the space V| see
Section 4.

Theorem 1. For the sequence of solutions u. of the Problem (1) it holds for g € (%, 1)

ut — ug in L*((0,T), H?(Q%)),
Vut — uf weakly in L?((0,T) x QF),
uM — u)! strongly in the two-scale sense,
eVuM — Vyué\/[ in the two-scale sense,



where ug = (ud , ud!,uy) € L?((0,T),Vy) is the unique weak solution of

Opuy — Aug = fE(uf) in (0,T) x QF,
Opud" =V, - (a(ug")D(y)Vyu") = g in (0,T) x ¥ x Z,
—VuZ v =0 on (0,T) x 90T\ %,
uf = ud! on (0,T) x ¥ x S*,
—Vu(jf ‘v = / a(uéM)D(y)Vyug/[ -vazdoy, on (0,T) x X,
S+
ug (0) = ujf in OF,
ud’ (0) = uM inY x Z,

uéw is Y -periodic,

where vz denotes the unit outer normal on 0Z with respect to Z.

We call ug = (ug,ud,uy) € L2((0,T), Vp) a weak solution of the macroscopic problem
(3) if for all ¢ = (6T, oM, ¢~ ) € C5°([0,T), Vo) it holds that

T T
Z[ / / Vui - Votdrdt — / / u(jfamidxdt]
0 Q+ [oF=
T
— / / / Mo, oM dydzdt + / / / a(uyD(y)Vud! - v, oM dydzdt

—Z l / ()™ dadt + / X Uziﬂﬁi(O)dx]

M qydzdt + uM oM (0)dydz.
oL L1

In a first step, see Section 4, We prove the convergence results for u;t and the (weak)
two-scale convergence results for u™ and A(uM), which hold up to a subsequence. However,
this is not enough to pass to the limit in the nonlinear term a(u?) in the thin layer.
Nevertheless, these results are enough to pass to the limit equation (5). In a second step, we
identify the limit V, A} with a(ud!)V,ul!, see Section 5, where Ay denotes the two-scale
limit of A(uM). This implies the the validity of the macroscopic problem (3), as well as the
strong convergence of u in the two-scale sense. The uniquness of the weak solution follows
by similar arguments as the uniqueness of the microsopic model, see Section 6. From the
uniqueness, we obtain the convergence of the whole sequence.

4 Convergence results

In this section, we derive the convergence results for the sequence ux, u, and A(uM) based
on the a priori estimates from Proposition 1 and two-scale compactness results Flrst of all,
let us repeat the definition of the two-scale convergence for thin heterogeneous domains, see

[2]:

Definition 1. We say a sequence vM € L2((0,T) x QM) converges in the two-scale sense
to a limit function v}’ € L2((0,T) x ¥ x Z), if for all ¢ € L*((0,T) x ¥,C%(Z)) it holds

that
lim — / / M, x) t T, — dxdt / // v (t, 2, y)(t, T, y)dydzdt.
e—0 € QM



We say the sequence converges strongly in the two-scale sense, if additionally it holds that

. 1
lim \ﬁHUyHm((o,T)ny) = [[og" [l 22 ((0,7) x 2x 2)-

Based on the a priori estimates in Proposition (1), we obtain the following convergence
results:
Proposition 2. Let u. be the solution of Problem (1).

(i) For the sequences in the bulk-domains uE, there exist uf e L2((0,T), HY(QF)) such
that up to a subsequence it holds for % <p<1

uE = uy in L*((0,T), H*(QF)),
Vut — Vui weakly in L?((0,T) x Q).

(ii) For the sequence in the thin layer uM , there exists udl € L*((0,T) x E,H;&(Z)) such
that up to a subsequence it holds that

uéw — uéw in the two-scale sense,
eVuM — Vyuéw in the two-scale sense.

Further, u}! is constant on ST, and for almost every (t,7,7) € (0,T) x ¥ x Y it holds
that

uy|s(t,2,0) = u|s= (¢, 2,7, £1).

(iii) For the sequence of the Kirchhoff-transformation A(ul) there exists AY € L((0,T) x
Z,H;E(Z)), such that up to a subsequence it holds that

AwM) — A} in the two-scale sense,

eVAuM) - v, A} in the two-scale sense.

Further, A} is constant on ST, and for almost every (t,%,9) € (0,T) x £ x Y it holds
that

Alug |2)(t,2,0) = A [+ (t, 7,5, £1).

Proof. Part (i) follows directly from the a priori estimates in Proposition 1 and the Aubin-
Lions Lemma, see [14]. For the convergences in (ii) we use again Proposition 1 and [2,
Proposition 4.4(ii)]. For the boundary condition ui|s; = u}!|s+ see [2, Proposition 2.1]. By
the same argument as above, we obtain the convergences in (iii) by using Corollary 1. For
the boundary condition A(u|s) = A} |g+ we use ul|s = u}!|s=, the continuity of the
operator A, and the strong convergence of u;t|z, which follows from the strong convergence
of uX in L2((0,T), HP (%)) and the trace theorem. O

Now, we pass to the limit ¢ — 0 in the variational equation (2) for suitable test functions.
For this, we define the following function spaces, see also [15]:

Vo= {¢ = (¢% 0", 07) € HY(QF) x L*(, H(2)) x H'(Q) = ¢l = 6 |s+ } ,
Ve® = {6 = (6%,6M,67) € C%(QF) x CF*(3.CF (Z)) x C=(@) : 65|z = 6}l]s+ | < Vo

The space Vg© is dense in Vp. For ¢ € C§°([0,T), V5°) we choose as a test function in (2)

o*(t,x) for (t,z) € (0,T) x QF,
be(t,z) = oM (t,2,2) for (t,z) € (0,T) x QM, (4)
¢~ (t,x) for (t,z) € (0,T) x Q.



Then, Proposition 2 implies for ¢ — 0
T
Z[ / Vud - Vordadt — / / atgbidxdt]
T Q* Q*
/ / / ud? 0ppM dydzdt + / / / D(y)V, A -V oM dydzdt
=Y [/ / fi(ugt)gzﬁidxdt—i—/ uf&(())dx]
T |Jo Ja= Q
T
+ / / / g oM dydzdt + / / uM oM (0)dydz
0 »JZ »JZ

for all ¢ € C§°([0,T), Vo).

(5)

Remark 2. We have d,ul’ € L*((0,T) x X, H}.(Z)) and a similar result holds for ORI

The crucial point is the identification of A}/. We will show, that A} = A(ud!). This
will be done in the next section.

5 Identification of the limit A}/

The aim of this section is the identification of the limit A}’ with A(ud?). Therefore, we
combine methods from [4] and [5]. In [4] a stationary monotone operator was considered.
This problem was extended to a non-stationary single phase flow problem in [16]. In [5] a
perforated domain was considered for a two-phase flow, and they use directly the macroscopic
model which was derived by a formal asymptotic expansion. In [4] and [16] the macroscopic
limit function is only depending on the macroscopic variable. Hence, we have to extend the
methods to our case.

Let us choose 19 = (g, m3%,m5 ) € C>([0,T], V§®) and 7. in the same way as ¢, in (4).
Especially, we have n (t,2) = nj* (¢,z,%) and ny‘s} = ni|g. For fixed t € [0,T], we
define wM € H};i (QM) as the unique weak solution of the problem

—eV - (D (%) ngw) = %(ué‘/[ M) QM
M _q on ST, (6)

€

—eD (E> VuwM v =0 on 9QM\ (ST uUS).
€

w

For the space ’H;Ei (QM) we have the following Poincaré-inequality:

6 L2y < Cel[ VoM |2y for all ¢} € Hiw (). (7)

Hence, the Lax-Milgram Lemma implies the existence of a unique weak solution w, such
that

i wi” r2(oM) + Ve Vwéw L2y < Q ué\/f —ﬁéw L2y < C. 8

This implies the existence of wl! € L?(X, H,(Z)) such that up to a subsequence

wM — w)! in the two-scale sense,
eVuM — v, w! in the two-scale sense,



and w)? is the unique weak solution of
V- (DW)Vywi!) = w)" —ni! in Z,
M=o on S*, (9)
wM is Y-periodic.

From (6), the definition of A, (A4), and the continuity of u, across S* we obtain

/ /QM [AM) = AnM)] - VwM dadt

:e/ / [AuM) — A(nM)] D (f) VuM - vdodt
0 JoaoM €

+%/ - [A@WM) — AmM)] [ut —nM] dadt (10)

Zezi:/OT /Si [.A(u;t) - A(noi)] D (%) VwM . vdodt

Qo M M2
?HUE — e ||L2((0,T)x9y)-

Now, we extend the function uF to a function @ defined on the whole domain ¥ x R,
such that

[GE )| i (mxry < ClluF || @) (11)
We define for (¢,z) € (0,T) x QM

E+ Ty

oM (1) = L (t ) + S (1 ),
2€ €
- €+ Tp _ €E—Tpn _ _
773/[(15755) = % ﬂg(taﬂf) + % Un) (t,x),
and for (t,Z,y) € (0,T) x ¥ x Z
1 1-—
(1 7y) = 5 (13,0) + g (1,7,0),
1+yn — 1 —Y — _

Lemma 1. It holds that

172” — véw strongly in the two-scale sense,
ﬁé” — ﬁéw strongly in the two-scale sense.

Additionally, we have
’l]ét‘Qé\l — ufls  strongly in the two-scale sense in L*((0,T) x QM).

Proof. From the mean value theorem and the a priori estimates for u from Proposition 1
combined with (11) we get

Loy +y =
%Hue uZ (t,2,0)[| L2 (0, x M) < CV/e.
Together with strong convergence of uX |z from Proposition 2(i), we immediately obtain the
strong two-scale convergence of ﬂéilﬂM Further, it holds that

—i(ne 7))

e:i:mn

_Uo ‘E]

L2((0,T) x QM) \/Z

L2((0,T)x QM)

< CVe+ \[HU (t,7,0) — ug |EHL2((0 T)xQM)-

10



Using again the strong convergence of uX|s, this implies the strong two-scale convergence
of oM. The strong convergence of 7 is obvious, due to its regularity properties. O

By integration by parts, we obtain

eZ/T /Si [.A(uf) — A(ngt)] D (%) VwM - vdodt
—GZ/ /Si A@HM) D (%) VwM - vdodt
:e/ / V [AGM) = AGM)] - D (f) VM dzdt
o JaoM €

1 T
o[ TG — AG] (0 ydndt = AL+ 42
€Jo JoMm
For the first term on the right-hand side we use

M\ _ (=M €ExTng 4 i +
VA(vé)—a(vé)g{ 7 Vueth e],

[e:l:xn

VA@N) = a(@) Yy

1
Vzn Oi:i:2 noen}7
+

to obtain

1 (7 .
Al = — + ~M\~+ _ ~M\_ + D(* M
‘ Zi: {26 /0 /QFM (a2 en — a(@yien] - D () eVul dadt
T
~M Gixn :|: ~M €thn + T M
- n ~ D(* .
+/ /Q]W |:a/(ve ) %€ v (776 ) %€ V$n0:| (€> 6V'LU€ dl‘dt

The second term is of order /¢ and vanishes for ¢ — 0. Together with the strong conver-
gences from Lemma 1 and the weak convergence of eVw we obtain

T
e—0 1 ~ ~ _
Al 4 E [a(vé\/[)uﬂgen - a(né”)nacen] - D(y)Vywi! dydzdt
297 )0 Jslz

T
N / / / Vy [A@) = A" - DY)V ywh! dydadt.

Further, we have, due to the strong convergence of o and 7/,

AT / // (5") = Alii")] (ug" = np")dydzdt.

Altogether, we obtain with (

[ )~ At 0 (£) S v
= [ / /Zvy [AG) — AG] - Dly) Tyl dydzr
B / ' / / [A(3") = AG")] (ug” — mi")dydads
/ / /82 ()" — A@")] D(y) Vywy! - vdor,dzdt

- Z/O /E/Si [A(ug ) — Ang)] D(y)Vyw)" - vdo,dzdt.
+

11



Altogether, we obtain for (10) for € — 0 by using the boundary condition ugt v = udl|g+

. Qo M M
0 < lim ?”ue = e llz2(0,myx M)

T
7/0 /E . [Aug") — Any")] D(y)Vywy! - vdo,dzdt 12)

e—0

T
- lime/ / D (f) V [A@M) — AnM)] - VwM dzdt.
0o JaM €

Let us pass to the limit € — 0 in the second term on the right-hand side. The problem is
that we only have weak convergences for the sequences V.A(u?) and VwM. Therefore, we
use the that uM is a weak solution of Problem (1). First of all, the strong convergence of
nM and its gradient implies

/ / VA (M) Vw;dedtHO/ //D Wy A - v w dydzdt.
QM

Further, (2) implies (see also Remark 1)

T
e// D(f)VA(uﬁw)-ngwdxdt
0o JaM €

| Y. 1 /7 Mo
:_E/o (Qpuc”, w, >”§3<Qé”>””ég<9?”>dt+g/o /QM ge w, dxdt.

For the first term on the right-hand side we can write with (6)

1 T
—*A <8tu£/17w£/[>ﬂ (QM) 'Hl (QM)dt

o (E)vero

and using again (6) for t = 0, we get

o (E)vro

2 1

T
—7/ BtnM Mda?dt,
)y ¢Jo Jay

€

L2y 2

D (f)VwM(T)

€ €

€
2

2
1
— o w0 (0)dad
L2(QM) € JoMm

=0 1 _
=95 [ [ w0 0)dyas,
»JZ

€
2

where we used the strong convergence of uM from Assumption (A5). Together with the
strong two-scale convergence of g, see Assumptlon (A2), we obtain for e — 0

T
lim e / / D f VA@uM) - vwMdzdt
e—0 0 QM
_2// — (0w (0)dyda
T
+ / / / gowd! dydzdt — / / / I wd! dydzdt.
0 xJZ 0 »JZ

12



Hence, we obtain from (12)

0<hm || =M 20,7y x 0

//82“4“0 — A(n")] D(y)Vywy' - vdo,dzdt

- / [ [ pv,auih) - 9 yudtayaade+ 5 [ [ @l = o 0 0dyds
0 >JZ
T T

+ / / / gowd! dydzdt — / / / ot wd! dydzdt.
0 »JZ 0 »JZ

Choosing in (5) the test function ¢3! = w{! and qbgt =0, we get
T T
/0 /z/ 90" wy dydzdt = / (Ovug”, wy") 2 (s, MLy (2)), L2 (S.HL (2)d

///D WV, AN -V wi! dydzdt.

- / / . [A(uy") = Ame")] D(y)Vywy! - vdo,dzdt

T
:/ / / D(y)Vy [A(ug") — A(my")] - Vywy' dydzdt
0 >xJZ
T
_/ // [Aug") — A(my") ] (ug" — ng")dydzdt.
0 xJZ

Under the use of (here we use (9))

and
T
/ (Orug”, wy") 2 (s, MLy (2)), L2 (SHL (2)d
1
=5 [ [ @ = @yt @ydyds =5 [ [ @l =gt @) gz
JZ
+ / / / ot wi! dydzdt,
0 »JZ

we obtain

. ag 1 T
0< lim 2l =070 1y00p) < 5 /E /Z(uy(T) =o' (1))wg! (T)dydz

_/ / / [A(ud") = AmD)] (ud! — 0! )dydzdt
0 > JZ
T
o' M -V wd dydzdt.
+/0 /E/ZD(y)vy [Ay" — A(ug")] - Vywg' dydzdt

Since A) |s+ = A(u{")|s+, we have that A} — A(ud)’) is an admissible test function for the
weak formulation of (9). Hence, we get

- _
0< llg(l) ?Huy —77€I||L2 0. T)xQM) = 3 / / ug! (T) — 15" (T))wy' (T)dydz

_/ / / [A(ug") = A(mg")] (ug" = ny")dydzdt (13)
/ // [AD" — Aug")] (ug” — ") dydadt.

13



By density, we can choose n}!(t,z,y) = udl(t,z,y) + \(t,Z,y) for A € R and ¢ €
C§°((0,T) x ¥ x Z) and obtain

0< /0 ' /2 /Z [Aud") — A(ud" + Ap)] Apdydzdt + /0 ! /E /Z [AY — A(ud")] Apdydzdt.

Hence, dividing by A # 0, we obtain for A — 0" and A — 0~

0= /0 ! /E /Z [AY" — A(u)")] pdydzdt,

and this implies :
Proposition 3.
A" = Au)").
Corollary 2. We have
M, ué\/l strongly in the two-scale sense.
Proof. In (13), we choose 3! = u} € C>°([0,T], V5°), such that
W ol in L2((0,7), L23(5, Hae (2)) N HY(0,T), L2(E, Hae (2))).

For € — 0 we get

. ag 2
lim —
e—0 €

M M, = %
U; — U (t,x,f)’

L2((0,T)xQM)
— /T/ / [.A(uéw) — A(u,iw)](uéw — uj, )dydxdt
/ / ud(T) — u}(T))wd! (T)dydz =: Ay.
The first term in Ay, vanishes for k — oo, since up! — ud)! in L2((0,7) x £ x Z). For the sec-
ond term we use the continuity of the embedding L*((0,T), L*(2, Hg+ (2)))NH ((0,T), L*(X, Hi. (Z)'))

into C°([0,T], L*(X, Hg. (Z))), see [17, Lemma 7.1], to obtain Ay — 0 for k — oo. By the
lower semicontinuity of the two-scale convergence and the triangle inequality, we obtain

HUS/IHL?((O,T)XZXZ < hm 7”“ lz2((0,7)x27)

<tim (5 ¥ ()] 7l (2. 7)]
im ( — ||[uM —u z, Ty —
= =0 \ /€ k L2((0,T)x QM) \f €

k-
< VAR + w20,y xmxz) — 1w | 22(0. 1) %2 2)-

LQ((OvT)XQé”)>

O

Proof of Theorem 1. Altogether, we obtain the claim of Theorem 1, except the uniqueness.
This can be established in a similar way as the uniqueness of the microscopic model, see
Section 6. O

6 Uniqueness of the microscopic model
In this section, we prove uniqueness for the microscopic problem (1). However, to simplify

the notation we omit the e-dependence of the problem and restrict ourselves to the case
when the domain is separated into two subdomains. Further, we consider a more general

14



nonlinear parabolic problem which includes our case. The method is based on [18], where
methods from [19] and [20] are used. An overview over this topic can be found in [21]. While
in [18] an equation of the form

Bulb(u)] — V- (a(Vu,bu)) + f(b(u) =0,

was considered, we only treat the case when b is the identity and a is additionally an elliptic
operator (see Assumption (H2)). Additionally, we only consider the Hilbert-case. However,
these assumptions are enough to apply the following results to our microscopic model, and
make the proof much less technical. We cannot apply directly the results from [18] to our
problem, since in our case the function a is not necessarily continuous across the interface
between the two subdomains.

We consider a connected domain 2 C R™ with Lipschitz-boundary, which is separated
into two disjoint connected subdomains 2; and €, with ¥ := int (9710972) Hence, we
have

Q=0 UXUQy.

Further, we assume that €2; for i = 1,2 has a Lipschitz-boundary, especially, ¥ is a Lipschitz-
surface. Additionally, we make the assumption that 2; has positive measure, as well as X.
Let us consider the following problem for i = 1, 2:

Oui — V- (ai(Vug,w)) = fi(w;) in (0,7) x Q;,
Uy = ug on (0,T) x %,
a1(Vuy,uy) - v =as(Vug,uz) - v on (0,T) x X, (14)
u;(0) = uf in €,
a;(Vui,u;) -v=0 on (0,T) x 0Q; \ X.

We denote a solution of Problem (14) by w, where u = u; on ;. Let us denote the function
space of Sobolev functions with zero traces on ¥ by

Ho(Q) = {v; € H'(Q;) : v; =0 on X} .
We say that u is a weak solution of Problem (14), if u € L?((0,T), H'(2)) with du; €

L2((0,T), Hy(€2)"), and for all ¢ € L2((0,T), H(Q2)) with 9;¢ € L*((0,T)xQ) and ¢(T) =0
it holds the following variational equation

iZj;/OT /QiuiﬁtgbdzdtJr/OT /Q a;(Vug, u;) - Vodrdt
- i;/OT /Q fi(ui)¢dazdt+/m w0 (0)da.

With u° := Y in ;, we can write the above equation in the form

T 2 T 2 T
/O /Q [u? _u]atqbdacdt—i—; /O /Q iai(Vui,ui) - Voddt = ; /O . fi(ug)pdxdt.

(15)

Remark 3. We emphasize that u; € C°([0,T],H()'), see e.g.,[17, Lemma 7.1], and
therefore we have u;(0) = uY in H{ ()"

Assumptions on the data:
(H1) The function f; : [0, 7] x Q; x R — R for i = 1,2 is continuous and uniformly Lipschitz-

continuous with respect to the third variable.
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(H2) For ¢ = 1,2 we have that a; : R” x R — R" is continuous and fulfills the following
growth condition

lai(p,w)||> < C(1+ ||p||* + |w|?) forall p € R", w € R.
There exists ag > 0, such that
ai(p,w) -p > ao||p||®> for all p e R™, w € R.

Further, a; is strictly monotone with respect to p, i.e., there exists ¢y > 0 such that
for all p1,p2 € R", w € R it holds that

[ai(phw) - ai(p27w)] “[p1 — p2] > collpa —p2||2-

a; is Holder-continuous with respect to w, i.e., there exists Lg, such that for all p €
R™, wy,ws € R it holds that

llai(p,w1) — ai(p, ws)||* < Lolwy — wa|[1+ ||pl|* + |wi|* + w2]?].
(H3) It holds that u° € L?(Q).

Theorem 2. There exists at most one weak solution of Problem (14).

The proof follows similar lines as in [18]. However, for the sake of completeness, we give
its main ingredients. As mentioned above, we can avoid some technical problems, due to
our additional assumption on a; (and b). Let us start with the following lemma.

Lemma 2. Let n € C%(R) be a convex function with bounded first and second derivatives,
and define

q(z,2°) = /0 n' (¢ —20d¢  for z,2° € R. (16)

If u is a weak solution of Problem (14) and w € HY(Q), then for all nonnegative vy €
C§°([0,T)) it holds that

/OT/Q [a(u®, w) = q(u, )] dpydwdt +§;/0T /97 ai(Vui, u;) - V' (u — w)|ydadt

2 T
- ZT/o /Q Filwi)' (ui — w)ydwdt.

Proof. We only give the main ideas of the proof. For more details see [18, Lemma 1(a)].
First of all, we define

(17)

¢ :=1'(u—w)y € L*((0,T), H'(Q)).

However, this is not an admissible test function for (15). Therefore, we regularize with
respect to time by defining for ¢ € (0,7) and h > 0

t+h
o= / o(s)ds.

Here, we can extend the function u for ¢ < 0 by the constant value u°. For T < t we extend
u by zero, what has no influence, due to the compact support of v in [0,7"). Since 7 is
convex, it holds for all 21, 22, 2° € R that

2z, %) — q(z2, 20) = / H(C = )2 0 (m — ) (22 — 1),

21
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This implies, together with the integration by parts formula for difference quotients,
T 1 (T
/ / [u® — u(t)] Oppndadt = - / / 0 (u(t) — w)y(t)[u(t) — u(t — h)]dzdt
o Ja hiJo Ja
1 (T
z 5 / / [q(u(t), w) — q(u(t — h),w)]~(t)dzdt
o Ja
T 1
= */ / q(u(t),w)ﬁ [v(t + h) — ()] dzdt.
o Ja

Hence,
T T
lim inf—/ / u(t)Opppdadt > —/ / —q(u(t)), w)Oyydxdt.
h—=0 o Ja 0o Ja
This gives the desired result. O

We already know that u; € C°([0,7],H§(:)’), but this result in not enough and we
need some kind of L!-convergence of u(t) to u® for ¢t — 0.

Lemma 3. Let u be a weak solution of the Problem (14). Then, there exists a subset

N C (0, T) of measure zero, such that

li t) — ) Tdr = 0,
om0 =) e

where we define (1) := max{0, -}.

Proof. The proof follows similar lines as [18, Lemma 2]. Let  be a smooth and convex

function with
0 for z <0,
n(z) =

z—% for z > 1.

and define for 6 > 0
z
776(2) = 577 (5) ’

and denote by ¢s the function defined by (16) with respect to ns. Further, we approximate

ug € L*(Q) by smooth functions ul.

Now, we use 75, ul,and v = o € C§°([0,7)) with a > 0 in Lemma 2 to obtain (with the
boundedness of 7j)

T 2 T
-[ew] o) — as o) et <3 | o o )

T T
g/o a(t)C(1+||uHL2(Q))dt::/0 a(t)o(t)dt,
(18)

with 6 € L*((0,T) independent of k and 6. An elemental calculation shows for all 2,20 € R
5
0<gs(2,2") < (z -2 < 5t q5(2,2°).

This implies together with the dominated convergence theorem of Lebesgue

/q(;(uo,ug)dxg/ (uo—u2)+d:r,
Q

Q
qs(u,ud) 029 (u— u2)+ in L'((0,T) x Q).
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Hence, we obtain from (18)

_/OTO/(t)/Q (g5 (u, uf)) — (uo—u2)+]dxdtg/OTa(t)e(t)dt,

and for k£ — oo

T T
_/ a’(t)/ (u— u0)+dxdt < / a(t)f(t)dt.
0 Q 0
Hence, there exists a set of measure zero N' C (0,T), such that

li t) — ) Tdz = 0.
o Jo, () =) de

O

Proof of Theorem 2. Now, let us assume that v and v are two weak solutions of the Problem
(14). We double the time variable, see [20], and define for (t1,t2,2) € (0,7)? x Q:

ﬁ(tl,tg,x) = U(tl,l'), ’D(tl,tg,x) = ’U(tQ,LE).
Let v € C§°((0,T)?) be nonnegative and 7 as in the proof of Lemma 3. Further, we define
z _ z
wE) = (3), @) =on(=3).
Now we use Lemma 2 with u, 0y, w = v(t2), and (-, t2), respectively with v, 55 , w = u(t1),
and y(t1,-). By adding up both inequalities and passing to the limit § — 0, we obtain with

the same methods as in [18, pages 31-33] the following inequality (here sign™(s) := 1 for
s >0 and 0 elsewhere)

/ / / u—v)* (0, + O, ) ydadtydts
< ;/0 /0 /QZ sign™ (u; — v;) [fi (i) — fi(vi)|ydadtydts.

For nonnegative v € Cg°(0,7) and ¢ € C§°(R) a Dirac-function, we choose in the
inequality (19) for 0 < e < 1

Ye(ti,t2) := ¢<t1—t2>7<t1;—t2) .

In the following, we use the notation w™(¢) := w(t — 7). As in [18, page 33] we obtain from
(19)

/_‘: %(b (g) /OT/Q — (u—v")" Oy Edadtdr
< g/_(: %(ﬁ (%) /OT /Ql sign™ (ui - Ui)+ [fi(wi) — fi(vi)7] % dzdtdr,

where we used the compact support of ¢ (+) in (—¢,€) and y € (0,7) (here we assumed that
€ is small enough). By passing to the limit € — 0 we obtain (for more details see [18])

T t Omdadt < = 7 ot dadt 20
/0 /Q,(ufv) yda _;/O /Qs1gn (uifvi)[fi(ui)*fi(vi)}’Y zat. (20)

(19)

18



We have to show, that the above inequality is also valid for v € C§°(]0,7T)). This follows
from Lemma 3. In fact, let 3, be a smooth cut-off function with 3,(s) = 0 for s < 0 and
Bn(s) =1 for s > %, and B/, > 0. By replacing v in the inequality above with S, for
~v € C§°([0,T)), we obtain

’ 1
h —u)* -n — )T
/0 /Q(u v) " B Opydadt /0 /Q(u ) Frydzdt
2 T
iont (ws — v [ F:(w) — £ (v .
< ZZ_;/O /ng (Uz Uz) [fl(ul) fl(vz)]ﬁn')/dl‘dt

Due to Lemma 3, the second term on the left-hand side vanishes for n — oo and we obtain
the validity of (20) for all v € C§°([0,T)). Now, we choose v = o € C5°([0,T)) in (20) and
use the Lipschitz continuity of f; to obtain

_ /OT o (t) /Q(u —v)Tdadt < C’g/oT alt) /Q (s — vi) " dadt.

By the same arguments as in the proof of Lemma 3, we obtain the desired result.
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