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Abstract. In this work, we consider a mathematical model for flow in a unsaturated porous
medium containing a fracture. In all subdomains (the fracture and the adjacent matrix blocks)
the flow is governed by Richards’ equation. The submodels are coupled by physical transmission
conditions expressing the continuity of the normal fluxes and of the pressures. We start by analyzing
the case of a fracture having a fixed width-length ratio, called € > 0. Then we take the limit ¢ — 0
and give a rigorous proof for the convergence towards effective models. This is done in different
regimes, depending on how the ratio of porosities and permeabilities in the fracture, respectively
matrix scale with respect to €, and leads to a variety of effective models. Numerical simulations
confirm the theoretical upscaling results.
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1. Introduction. Fractured porous media arise in a multitude of environmental
and technical applications, including fragmented rocks, hydraulic fracturing, carbon
dioxide sequestration, and geothermal systems. Fractures are thin formations, in
which the hydraulic properties such as porosity and permeability differ significantly
from those of the surrounding matrix blocks. Hence, fractures have a crucial impact
on fluid flow [1], and fractures or entire fracture networks must be incorporated in the
mathematical models for fluid flow. This is challenging from the numerical point of
view, firstly due to the high geometrical complexity of fracture networks and secondly
because grid cells with a high aspect ratio or a very fine grid resolution within the
fractures and in the adjacent matrix region are required.

In order to overcome the latter difficulty, it is appealing to embed fractures as
lower-dimensional manifolds into a higher-dimensional domain (e.g. as lines in a
two-dimensional domain) and thus to reduce the fracture width. Depending on the
context, fractures may block or conduct fluid flow, which can be expressed for example
by coupling the mathematical model for the matrix blocks with a differential equation
on the lower-dimensional fractures. Herein, we prove that such models result naturally
from models with positive fracture width in the limit case where the width passes to
zero. The presented model in this work provides a physically-consistent fundation for
discrete fracture modeling approaches (e.g. [20, 57]).

We consider a two-dimensional model for unsaturated fluid flow in a fractured
porous medium. For the ease of presentation, the geometry is given by two rectangular
matrix blocks, separated by a single fracture. Here we assume that, next to the
matrix blocks, the fracture is a porous medium too, as encountered e.g. in the case of
sediment-filled fractures [32], or layered porous media [45]. We assume that the pore
space of the porous medium is filled with a liquid (say, water) and air. Provided that
the domain is interconnected and connected to the surface, the assumption that the
air is infinitely mobile is justified, and the air pressure can be set to zero in the full
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two-phase model. In this way, the governing model in the matrix blocks and in the
fracture is the Richards equation [51],

(0 (¢S(¢)) = V- (KaK(S(4))VY) = f.

Here, 1 denotes the pressure head, ¢ the porosity of the medium, S the water satura-
tion, K, and K stand for the absolute, respective relative hydraulic conductivity, and
f is a source or sink term. For simplicity, the gravity is neglected, and the absolute
permeability is a scalar, but all the results in this paper can be extended to include
gravity, or anisotropic media.

In (1), ¢ and K, are medium-dependent parameters. Similarly, the water satu-
ration S is a given, increasing function of v, whereas the relative conductivity K is
a given function of S. As for ¢ and K, these relationships depend on the type of
the material in the porous medium. Therefore, all these material properties may be
different in the fracture and in the matrix blocks, see e.g. [30]. Well-known are the
van Genuchten—Mualem [26] and Brooks—Corey [13] relationships.

The Richards equation is a non-linear parabolic partial differential equation and
may degenerate wherever the flow is saturated S’(¢) = 0 (the fast diffusion case) or
K(S(1)) — 0 (the slow diffusion case). However, the rigorous mathematical results in
this work only cover non-degenerate cases, when the medium is strictly unsaturated.
On the other hand, the effective models derived here remain formally valid also in the
degenerate cases.

In view of its practical relevance, the Richards equation has been investigated
thoroughly in the mathematical literature. Without being exhaustive, we mention
[4, 5, 17] for results concerning the existence of weak solutions including degenerate
cases. Uniqueness results are obtained in e.g. [47, 48]. The numerical methods are
developed in agreement with the analytical results. One remarkable feature is that
when compared to the case of the heat equation, the solutions to the Richards equation
lack regularity. For this reason, as well as for ensuring stability, the implicit Euler
scheme is commonly used for the time discretisation. The outcome is a sequence of
time discrete nonlinear elliptic equations, which are generally solved by means of linear
iterative schemes like Newton, fixed-point or Picard. Such methods are discussed and
compared e.g. in [40]. For the spatial discretisation, we mention [22, 23, 37] where
finite volume approaches are presented, [7, 50, 60] for mixed finite element methods,
and [21, 46] for finite element schemes.

In all papers mentioned above, the parameters and nonlinearities are either fixed
over the entire domain, or vary smoothly. In other words, the problems can be
considered over the entire domain, without paying particular attention to the fact
that there are different media involved. In the present work, the medium consists of
different homogeneous blocks, connected through transmission conditions that will be
given below. In this context, domain decomposition methods represent an efficient way
to reduce both the problem complexity, and to deal with the occurrence of different
homogeneous blocks. We refer to [10] for a domain decomposition scheme applied to
unsaturated flows in layered solis, and to [54] for a scheme combining linearization
and domain decomposition techniques in each iteration.

The present work is considering a particular situation, where the medium consists
of two homogeneous blocks, separated by a thin, homogeneous structure, the fracture.
We consider a two-dimensional situation, and let € > 0 be a dimensionless number
giving the ratio between the fracture width and length. Since the fracture is assumed
thin, € can be seen as a small parameter. If fractures are viewed as two-dimensional
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objects, their discretization becomes complex as the mesh should either contain ani-
sotropic elements respecting the fracture shape, or should be extremely fine. To avoid
such issues, one possibility is to approximate fractures as lower dimensional elements
in the entire domain. This implies finding appropriate, reduced dimensional models
for the fracture, and how these are connected to the models in the matrix blocks. In
this sense, we mention [6, 42], where the reduced dimensional models for two-phase
flow, respective reactive transport in fractured media are derived by formal argu-
ments based on a transversal averaging of the model inside fractures. Similar results,
but using anisotropic asymptotic expansion methods in terms of ¢ are obtained in
[18, 43, 44, 49], where the convergence of the averaging process is proved rigorously
when ¢ \, 0. We also refer to [2, 12, 24, 25], where reduced dimensional models
for flow in fractured media are presented with emphasis on developing appropriate
numerical schemes.

The models considered here are assuming that the pressure is continuous at the
interfaces separating the matrix blocks and the fracture. In other words, entry pres-
sure models leading to the extended pressure condition derived in [16] are disregar-
ded. For such models we also mention that homogenization results are obtained in
[19, 31, 53, 56]. In particular, oil trapping effects are well explained by such models.

Although the pressure is assumed continuous at the interfaces separating the
homogeneous blocks, this does not rule out the situation where the averaged pressure
across a fracture may still become discontinuous in the reduced dimensional models.
Such models are discussed e.g. in [2]. The present analysis does not cover such cases,
but we refer to [39] for the formal derivation of such models in the specific context
discussed here.

Still referring to fractured media, but with a different motivation, are the works
in [59] for a phase field model describing the propagation of fluid filled fractures and
[28] for iterative approaches to static fractures.

The main goal in this work is to give a mathematically rigorous derivation of
the reduced dimensional models in fractured media. Based on anisotropic asymptotic
expansion, we give rigorous proofs for the convergence of averaging procedure when
passing ¢, the ratio between the fracture width and length, to zero. Depending on how
the ratio of the porosities and of the absolute permeabilities in the different types of
materials scale w.r.t. ¢, five different reduced dimensional models are obtained. More
precisely, if the fracture is more permeable than the adjacent blocks, it becomes a
preferential flow path. On the contrary, if the fracture is less permeable than the
blocks, the fluid will have a preference to flow in the blocks. In consequence, the
reduced dimensional fracture equation for the fracture can be an interface condition
or a differential equation. Such results are obtained by means of a formal derivation
in [3, 42]. Our approach is in spirit of [58, 43, 44], where the single phase flow
through a highly permeable fracture is considered. This corresponds to a particular
choice of the scalings in the porosity, respectively absolute permeability ratio. The
key mathematical challenge in this work is to obtain estimates specifying the explicit
dependence on €. The starting mathematical equations have coefficients that depend
on € and the major part of the work is in identifying the dependence of the estimates
on €.

The outline of this work is as follows. In Section 2, the coupled model is for-
mulated, and a non-dimensionalisation procedure is carried out in order to derive a
dimensionless model, which is then used for the upscaling. Two scaling parameters,
k and A, are introduced. These account for the scaling of the porosities and absolute
hydraulic conductivities with respect to €. In Section 3, we briefly state the main
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results of this work. Section 4 is concerned with the existence of solutions to the
model for a constant but positive fracture width, i.e. € > 0. This is done by applying
Rothe’s method (see e.g. [36]). Based on compactness arguments we prove the exis-
tence of solutions to the coupled model. Further, to reduce the dimensionality of the
fracture, we investigate the limit of vanishing fracture width, that is € — 0 in Section
5. Section 6 presents numerical simulations that confirm our theoretical upscaling
results.

2. Model. First, we formulate the model in dimensional form. Thereafter, we
introduce reference quantities and make assumptions on their scaling with respect to
one another. This is where the scaling parameters x and A come into play. By relating
the dimensional quantities to the reference quantities, the non-dimensional model is
derived, which will be considered in the subsequent sections.

2.1. Dimensional model. We resort to a simple two-dimensional geometry
consisting of two square solid matrix blocks with edge length L separated by a fracture
of width [. The geometry is illustrated in Figure 1 (left).

(-L-t 1) (-4,L) (99 (L+4,L) (-1-51) (=3:1) 51 (1+51)
|7 7 | 7|
I Iy Iy Iy
Qm, Q f flmz Qi Qf Qm,
i Yy
L Ll
(~L—1L.0) (-4.0) .0 (L+4.0) (-1-5,0) (=5:0) (5.0) (1+5,0)

F1G. 1. Dimensional (left) and dimensionless (right) geometry of the fracture and the surroun-
ding matriz blocks

The subscripts m and f indicate the matrix blocks and the fracture, respectively.
They are defined as

O, = (-5 - ;—D x (0,L), I = {—l} x (0,L),
2) O, = <é§+é> % (0,L), fyim {;} % (0,L),

We use superscript hats for denoting quantities associated with the dimensional model
in order to distinguish them from the dimensionless quantities which will be introduced
subsequently.

The model defined on the dimensional geometry is given by
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Problem Pp:

Op(dmSm () +V - by = fin, in Qﬁh
By = Ko Ko (Sin (G, ) Vi, in O,

0i(¢sSy(y)) + V- by = fy in O

i = =Ko, K7 (S5 () Viy in OF,

ﬁmj-ﬁ:f)f-ﬁ onf‘jT,

1[ij = 1[)f on f‘JT,

@p(o) = sz,l in va

for p € {m1,ma, f}, j € {1,2}, where Q= le U sz, and where we set QT =
Q x (0, T] for all spatial domains  and a given final time 7' > 0. Furthermore, 7 is
a normal vector pointing from Qe m; into Qf S s Dp, 1&,37 K, o K are the saturation,
flux, pressure height, absolute and relative hydrauhc conductlvmes in the subdomain
Q,, respectively. ¢p 7 is a given initial condition and fp is a source/sink term.

In words, the Richards equation is modeling the flow in the fracture and in the matrix
blocks, supplemented with the continuity of the normal flux and of the pressure as
transmission conditions, and initial conditions.

2.2. Non-dimensionalisation. We define ¢ := %, that is, the ratio of the frac-
ture width to its length. We take L as the reference length scale. The dimensionless
geometry is as shown in Figure 1 (right):

1 e ¢ €
U, = (2 - 2’2) <1, Ti={-5}x 0.1,

(3) Oy, = (5 ;+;) % (0,1), Ty = {g} % (0,1),

O = (—%%) % (0,1).

Since the pressure is continuous at the interfaces, we define a single reference pressure
head for the entire domain, ¢» = L. We further assume that the matrix blocks have
the same properties. Consequently, only two absolute hydraulic conductivities are
encountered, K,, and K , respectively. As reference time scale we set

¢mL2 _ OmlL

W YR ke

The dimensionless pressure heads are then given as v, = ﬁmj /L and ¢y = ﬁf /L,
the dimensionless time as t = /T, and the final time as T = T/T As regards the
source terms, we set f,,,, = fij/gﬁm and fr = ffT/(;Sm.

The functions S, and K, (where p € {my,mq, f}) are dimensionless. Expressed
in terms of dimensionless arguments, they become S, and K.
Using the Darcy law in the mass balance equation in Problem Pp and using (4) one
gets the dimensionless equations for the matrix blocks (5 € {1,2})

(5) atSm(wmj) -V (Km(5m<wmj)>vwmj) = fmj in Qﬁf
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As announced in the introduction, the results depend on the types of materials
in the blocks and in the fractures. More exactly, important is how the ratio of the
porosities and of the absolute hydraulic conductivities in the fracture and the matrix
blocks are scaling w.r.t. ¢,

K,
(6) ﬂoce“’, and =21 o

Pm am

Here k, A € R are scaling parameters. For the ease of notation, we take the constants
of proportionality to be one for the analysis. Using this and applying the same ideas
as above, the model in the fracture becomes

(7) O (e"Sy(1hy)) = V - (XK p(Sy(4y))Viby) = fr in Q.
The transmission condition for the normal flux transforms into
®) Ko (S (Y, )) Vi, -7t = X Kp(Sp(vy))Vipy -t onT7].

In what follows, the dimensionless fracture width € > 0 is a model parameter. Given
e > 0, the dimensionless model becomes

OuSum(Ven) + Y V5 = fn, in Q7 |
Up, = =K (Sm (Y5,,)) VU5, in Q7
OS5 (65) + V- v5 = f3 in 07,
Problem P. : vy = —EAKf(Sf(ch))ijc in Q%
U, =05 -0 onFJT7
‘= U5 on I,
Yo (0) =, 1 in Q,.

Remark 1 (Scaling parameters). The scaling parameters x, A € R will be crucial
in determining the effective models in the limit ¢ — 0. & is related to the storage
capacity of the fracture: for k < 0, the reference porosity of the fracture increases for
decreasing ¢ as compared to the reference porosity of the matrix blocks. For k < —1,
the fracture maintains its ability to store water as £ approaches zero. For k = 0, no
scaling occurs, and for x > 0, the storage ability of the fracture decreases for ¢ — 0
due to the decline of both the fracture volume (assuming fixed L) and of the fracture
porosity.

The parameter A instead gives the scaling of the conductivities. Here we consider
the case A < 1. A < 0 corresponds to the case of a highly conductive fracture when
compared to the matrix, which means that the flow through the fracture is more
rapid. Whenever A > 0 the fractures are less permeable than the blocks. The case
A = 0 means comparable conductivities. The case A > 1 corresponds to impermeable
fractures, leading in the limit € — 0 to models where the pressures at the matrix
block at each side of the fractures are discontinuous (see [39]). To analyze such cases
rigorously, one can employ techniques that are similar to ones used in [34], which are
different from those used here. Accordingly, we only restrict to the case when A < 1.

3. Main result. Our main result is the rigorous derivation of effective models
replacing the fracture by an interface. Table 1 provides a brief summary of the effective
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models for the entire range (k,A) € [—1,00) x (—00,1) except for the case when
k= —1,A € (—1,1). Due to the non-linearity of the time derivative term involved,
the identification of the limit requires stronger estimates than we have. Therefore,
this case is left unresolved.

Fracture equation Parameter range for (k, \)
Effective model I Richards’ equation {-1} x {-1}
Elliptic equation (=1,00) x {—1}
Effective model III ODE for spatially constant pressure {-1} X (=00, —1)
Effective model IV Spatially constant pressure (=1,00) X (=00, —1)
Effective model V Pressure and flux continuity between matrix blocks  (—1,00) x (—1,1)
TaBLE 1

Summary of the effective models

We state the strong formulation of the effective models for (k,A) € [-1,00) x
(—00,1) except kK = —1,A € (—1,1).

3.1. Effective models: strong formulation. Effective model I consists of Ri-
chards’ equation in the matrix block subdomains and the one-dimensional Richards’
equation in the fracture. It occurs for Kk = A = —1.

Effective model I:

8155771(\1/“1]') -V (Km(Sm(\Ilmj))vwmj) = fm_,'v in Qﬁﬂ
OpSy(Wy) = Oy (Kp(Sp(V )0y Ws) = [Gim]p on I',
9) U, =Ty, on I'T,
\I/mj (0) = \I/mj,Ia on Qmj7
\I]f(o) =Wy, on I,
where
(10) [Cfm]r = (Km(sm(q/ml))vq/ml 'ﬁm1 + Km(Sm(\I/mz))v\sz 'ﬁmz) |p

is the flux difference between the two solid matrix subdomains acting as a source term
for Richards’ equation in the fracture (note that 7,,, = —fim,).

If the porosity ratio does not change with vanishing fracture width and the permea-
bility ratio is taken to be reciprocally proportional to the fracture width, i.e. K > —1
and A = —1, one ends up with an effective model consisting of Richards’ equation in
the matrix blocks and a stationary elliptic equation in the fracture.

atsm(\llmj) -V (Km(Sm(\Ilmj))V\I/mj) = fmy» in Q%_ﬂ
(11) —0y (K¢(S¢(¥5))0y¥y) = [Gm]p onI'T,
W, =Wy, on T7,
\Ijmj (0) = \I/mj Ve on Qm]. .
For K = —1 and A < —1, the pressure in the fracture becomes spatially constant in the

effective model, and due to the pressure continuity, acts as the boundary condition
for the pressure in the matrices.
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Effective model III:

O Sm(VUm,) =V - (K (S (Ui, ))VVUin,) = fn, s in QT
Wyt y) = Uy (1), on 7,
1
(12) 0iSp(¥p)(t) = / @y dy. on I,
Ui, =¥y, on I'T,
Ui, (0) = ¥, 15 on O,
Uy(0) =Wy, on I

For k > —1 and A < —1, the pressure in the fracture takes a constant value at each
time, in such a way that the total flux across the fracture is conserved:

Effective model IV:

8tSm(\I/mJ) -V (Km(sm(\llmj))v\llm]) = f"ﬂj’ in Qz;jy
Uyty) = Us(t),  onT7,
1
(13) / [@m]p dy =0, on I'7,
0
Uy, = Wy, on I'7,
Vo, (0) = Vo, 1, on Q.

For kK > —1 and X € (—1,1), an effective model results in which the fracture as
a physical entity has disappeared. In this case, both the pressure and the flux are
continuous on T'.

Effective model V:

8t5m(wmj) -V (Km(sm('(/}mj))v’lbmj) = fm]" in lejv

— _ T

(14) [an]F - 07 on F ?
wmj = wf7 on FTv

Ym; (0) = Y, 1, on Q.

4. Existence. This section is concerned with the existence of a (weak) solution
to Problem P, for a fixed fracture width ¢ > 0. We proceed in the spirit of [49],
where a linear model for reactive flow with nonlinear transmission conditions at the
interfaces is considered. For the sake of readability, we drop the superscript € since it
is fixed throughout this section.

4.1. Notation. In this work, we use common notation from functional analysis.
The space L?(Q) contains all real valued square integrable functions on a domain
Q C R4 and W12(Q) C L?(2) stands for the subset of functions whose weak first
order derivatives lie in L?(2) as well. Furthermore, Bochner spaces L2(0,T; X) will
be used, where X stands for a Banach space. For all domains Q C R? and time
intervals [0, T], we introduce the following abbreviations for the norm and the inner
product:

[-lle =12 and |- llor == [ [l20,7522(02))
(15)
()q =, ')L2(Q) ) and (- )qr = (, ')L2(O,T;L2(Q)) :
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In view of the particular Problem P., we use the following conventions:
e p is the index for the subdomain and takes values in {mq,ma, f},
e j is the index for specifying the matrix block subdomain and takes values in
{17 2}7
e for functions g which are the same in both matrix block subdomains (such as
S, K, ...), we define g, = gm, =: gm, which allows to write e.g. S,(1,).
Moreover, C' > 0 is a generic constant.

4.2. Assumptions. For the analysis, we assume that the following conditions

are satisfied:
(Af) f, € C(0,T;L?*(%,)) and there exists My > 0 such that |f,| < My ae. in

T

) S, € CL(R).
) There exist mg, Mg > 0 such that 0 < mg < S;(d)p) < Mg for all 9, € R.
(Ap,) K, € C'(R) and K/(S,) > 0 for all S, € R.
) There exist mg, Mg > 0 such that 0 < mg < K,(S,) < Mk for all S, € R.
) There exists M, > 0 such that |, 1| < M, a.e. in .

Remark 2 (Assumptions). Note that due to Assumption (Ag), we only consider
the regular parabolic case here. Assumption (Ax) excludes the slow diffusion case and
guarantees the existence of a minimum positive permeability everywhere. Moreover,
for the sake of presentation, we make the assumption S,(0) = 0, which can easily be
achieved by redefining S,() = S,(1)) — S,(0). Assumption (Ag) immediately yields
the estimate ||S(¥)]la < Ms||¥||q-

4.3. Weak solution. We establish a suitable notion of a solution to Problem
P.. For this purpose, we define the function spaces

Vi, C WH2(Q,,.),

16
16) Vi C WH(y),

where the desired boundary conditions are implicitly imposed by the choice of the

subspaces Vy,,; and Vy. We choose homogeneous Dirichlet conditions for the external

boundaries in this section, that is, V,,,, = {u € Wh2(Qp,,) 1 u = 0 on 9y, \ T}

This choice of boundary condition simplifies the presentation and extensions to ot-

her boundary conditions such as no flow Neumann conditions can be made without

additional difficulties. Note that these spaces depend on the fixed fracture width e.
The weak formulation of Problem P, reads as follows:

DEFINITION 3 (Weak solution). A triple (¢, , ¥m,, ) belonging to product

space L?(0,T; Vi, ) x L2(0, T3V, ) x L2(0,T; Vy) is called a weak solution to Problem
Pe if

(17) Umy =%r onT1 and Yy, =5 onls  for a.e. t €[0,T],
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in the sense of traces, and

—Z () Oum; ) gz — € (S5 (5), s )qr

2
+) m(Sm(wm))Vwm,,Vém])Q@ +e (K (Sr(¥s)) Vs, Vor)gr
(18) S

fm]?¢m7 QT‘ +(ff ¢f)QT

j=1

+ Z (Sm(wmj,1)7 ¢m,- (0))Qmj + " (Sf(’l/}f,l)7 d)f(o))Qf

for all (pmy s Pumgs @) € WEH2(0, T Vi, ) X WH2(0, T Vi, ) x WH2(0, T3 Vy) satisfying

(19) bm, =¢f onT1 and ¢m, =¢r onlsy fora.e. t€[0,T],
and
(20) ¢p(T) =0, for p € {mq1,my, f}.

Note that it makes sense to evaluate the test functions ¢, at the timest =0 andt =T
in the above definition since the space W'2(0,T%;V,) is embedded in C(0,7;V,).

4.4. Time discretisation. In what follows, we discretise the problem in time
using an implicit Euler approach, which gives elliptic equations at every discrete time
tr = kAt, for k € {0,...,N}, where N € N. We assume without loss of generality
that NAt = T. Here, At > 0 denotes the fixed time step size. Choose 1/)2 =y
and let the sequence of solutions in domain 2, of the time-discrete problems be given
as {1k }. Moreover, let f¥ := f,(t). The definition of a weak solution to the time-
discrete problem is given by

DEFINITION 4. Let k> 0 and let (h 1 kL, kil) € Vi, X Vm, X V5 be given.

We call (wml, . z/)f) € Vi X Vi, X V5 a weak solution to the time-discrete problem
at time ty, if it satisfies

21 ko —uyk onTy; and ko —uk on Ty
mi f ma f

in the sense of traces, and

(22)

M

(Sm(wfn])v(bmj)ﬂ +e” (Sf(’l/}];),gbf)Qf

1 i

.
Il

2
ALY (Km0, )V, Vo, ) |+ A (K (S (0)) Vi, V),

ms
J

2
Atz<f7n] d)’m])ﬂ +At(f}€’¢f)ﬂf

j=1 "

+ i (Smlwls qﬁmj) + e (S k), ¢f>Qf :

J:l 1,
for all (¢m,, dmy, &5) € Viny X Vimy, X Vi satisfying ¢, = ¢y on T for j € {1,2}.

—
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4.5. Existence of solution for the time-discrete problem. We begin with
the existence of solution for the time-discrete problem as given in Definition 4. We
show that the solution triple ( ,’jh , 7/an2 , 1/1’;) € Vi, X Vi, x Vy satisfying Definition 4
can be interpreted as a solution to an elliptic problem having coefficients with possibly
jump discontinuities. The existence of solution is thus tantamount to showing that
of an elliptic problem defined in the whole domain having possibly discontinuous
coefficients. The latter follows from standard elliptic theory. We start by introducing

the space V

V= {(wm1awmz7¢f) € Vm1 X sz X va s.t. wﬂu :wf at Fla ¢m2 wa at F2}7

equipped with the norm

Il = ¢ (WomsBagon,, + 1ma s, + 1132, )-

As before, the equalities on the interfaces I'y,I'; are in the sense of traces. Below we
will use the characteristic function x, of Q,,p € {m1,mo, f} in defining a function
over () given a triple in V. We have the following proposition showing that V is
isomorphic to W12(0Q).

PROPOSITION 5. Given ¢ € W12(Q), its restriction to Q,, p € {mi,ma, f},

defines a triple (Ym,, Ym,,Yr) € V. Conversely, given (Ym,,Vm,, %) € V, ¢ =
>0 UpXps p € {ma,ma, f} lies in WH2(Q).

Proof. We start with the first part. For smooth functions, the assertion is ob-
vious. Using a density argument and trace inequalities on I'; and I'y, the extension
to W12 functions is straightforward. For the converse, the boundedness of the L2
norm is clear. Further, it is sufficient to prove that the weak derivatives of the tri-
ple (Ymy, ¥m,,Py) € V are equal to those of ¢ restricted to Q,. For a given triple
(Vg s sy ¥p) €V, let b = 37 hpxp, p € {m1,ma, f}. Let ¢ be weak derivative of
1 in the i—th direction. Using partial integration, for any smooth function w with
compact support in 2,

/ﬂ puwdz = - /Q s = =3 /Q o

Using partial integration on each subdomain

72/ Y,0wdr = Z/ Oi,wdz,
P Q2 P Qp

where the terms on the boundaries I';,I's get cancelled due to traces being equal.
The last equality shows that ¢ restricted to Q,, p € {m1,m2, f} is equal to the weak
derivative of v in the i-th direction. This proves the proposition. 0

Remark 6. With respect to the norm [[v[ly1.20) = /[[¥[3 + [[V¥[3, and the
same for the W2 norm on Q,, p € {m1,ms, f}, the isomorphism of V to W12(Q) is
an isometry.

Next, we consider an elliptic problem defined in the entire domain 2. For a given
triple (¥, 1,0k L 0f!) €V, define ¢t = 37 k=tx, p € {my,my, f}, and the

coefficients K = K, Xm, +€)\Kfo+Km2Xm27 and S = Sy, Xm, +"SEXF + Sms Xoms -
Definition of a solution for Problem Pg is as follows:
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DEFINITION 7 (Weak solution of Problem Pgq). Given ¥*~', a weak solution
Y* e W, 2(Q) is such that for all ¢ € Wy () it holds that

(23) (S ) + AL(K(SWF) VY, Vo) = At (f5,0) + (SW ). ) -

The above problem therefore is a non-linear elliptic problem with positive elliptic
coefficient and a lower order reaction term that is monotone with respect to unknown
and piecewise smooth functions with respect to space. The existence of solution in
the Hilbert space W, ?(Q) is standard and can be read from [9, 11]. This is stated in
the next lemma.

LEMMA 8. There exists a weak solution of problem Pq in the sense of Definition

The summary of the above discussion results in the existence of a solution for
time discrete problem as per Definition 4 and is given below.

LEMMA 9. Given (¢YF-1 k-1 ’;_1) € Vimy X Vimy X Vg, k> 0, there exists a

my ? mo

solution triple ( ,’%171/1%2,1/1}“) € Vi X Vi, X V5 and
(24) Yh =% onTy and ), =¢% onTs.

Proof. The existence result in Lemma 8 provides ¢* € W& ’2(9). Proposition
5 gives a triple (¢F ,k,m,zb’j) € Viny X Vi, X Vy satisfying ¥ = z/;’; onI'y and

my)
fnz = 1/)’; on I's. Moreover, Proposition 5 states the equality of weak derivatives of

Yk restricted to Q, with those of 1/)’;. Starting from (23), this yields the existence
result in Lemma 9. ]

Our interface conditions on I'y,I's are natural: the continuity of flux and the
pressures. In case when the interface conditions are nonlinear, we refer to the work
of [15, 33, 35, 49].

4.6. A priori estimates. We define in each domain the energy functional

Yp
(25) W, (1) = / S'(¢)  do,

which we will require in the proof of the following a priori estimate. First, we gather
some properties of W, in a simple lemma, which is based on Assumption (Ag):

LEMMA 10. The functional W, satisfies the following inequalities:

Wo(¥,) 20,
Wp("/)p) - Wp(&p) < wp(sp(wp) - Sp(gp))ﬂ
(26) 42 2
msf S Wp(djp) S M,S'?pa

for all v,,&, € R.
We obtain the following estimate for the time-discrete solution:

LEMMA 11 (A priori estimate I). The solution (yF, |k LZ)’)?) to the time-discrete

mi? Tmz?
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problem in Definition 4 satisfies

2
l - K l -
> (le{rlnax /Qmj Wi (¥p,) dm) +et max /Qf Wi () d

j=1

At mK 2 I ko2 )\At mk al k2
DD VeI, + = D IVeRE,

j=1k=1 k=1

(27) )
< Z/ Win($m;,1) dZ +e* | Wy(¥y1) dF
j=1m;

Qf

2 N

N
I5,,, +<5eom S £,
’"J mK — f f

j=1k=1

Proof. We test in (22) with the triple (¢, m,, dr) = (¥F, 2,1pf) which
yields
(28)

M)

(S () = Sm (W, ) U, Do, + (S (W) = Sp(wf 1), ¥)e,

1

<.
Il

2
+ ALY (Ko (S (U, VR, VR, e, + XA (Sr(0F))VEF, VU)o,

j=1
2
=D Atfr U e, + AU U,
Jj=1

Poincaré’s inequality gives

IVesld,  Ivplid
k2 > P P P P
(20) IVUAIR, = g+ e,

for p € {mi,ma, f}, where C},, > 0 denotes the Poincaré constant of the respective
subdomain. The geometries of £,,, and €,,, are the same, and so are the Poincaré
constants hence, for which reason we set Cp,, := Cp,, = C),,_, but note that for more
general geometries, one can simply set Cp, = max{Cy, ,Cp, } in the following
estimates.

Making use of this together with Assumption (Ax) and equation (26)s in Lemma 10,
we estimate

2 2

ok L Atm
S, wmtwty e [ owstwh) ar e SS9 I,
=1 j=1

At m At m At mg |91
K M| wyh|3, + Sk an B, T ——m
T2 o 20,
(30) =
1y gz At C,,.
<Z/ Wi (1) diE + " i Wy (1) di + = ZH
m f
VAL, At my . At mKIwaIIQf
S ||ffHQf 20, Z||¢ijQmj t+e T’

j=1
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where we applied the Cauchy—Schwarz inequality and Young’s inequality. Summing
over k from 1 to [ for an arbitrary 1 <[ < N leaves us with

m

2 A 2 l
3 /Q Win(gh, ) di + & /Q Wy(wh) di + S S vk,
J=Lmmy

j=1k=1

At m !
(31) 4t ; KZHVL/;’;H%f Z/ Win (Y 1) AT + " / Wy (1) dE

k=1

At C
- pPf k12
8, TG ; IFF 1,

which finishes the proof. ]

Remark 12 (Non-degenerate case). In the strictly parabolic case as considered
in this work, where an mg > 0 exists such that 0 < mgs < S}, (4,) for all ¥, € R,
we immediately obtain an L? bound for 1/)’; from the first two terms in Lemma 11 by
Lemma 10:

mg

||¢) ?Zm,j k N “’lp?||?lf k —
(32) ms———5—— < Win(¥p,,) dZ, and ms——5— < We(Y5) di.
Qn; Qs

In what follows, we prove the L stability of the time-discrete solution. We define
the non-negative and non-positive cut of a function u € WhH2(Q) by

(33) [u], := max{u,0}, [u]_ := min{u, 0}.

Note that [u], [u]- € WH2(Q), see e.g. [27, Lemma 7.6].

LEMMA 13 (A priori estimate 1I). For each At > 0, p € {my1,ma, f}, and k €
{1,..., N}, it holds

(34) Hw];”LOC(Q,)) < My (KAt +1),
where
M
(35) My = max{Mp,f}.
ms

Proof. The proof is done by induction. For k = 0, the statement holds due to
Assumption (A,). Assume now that [~ |1~ q,) < My ((k —1)At + 1) . First, we
show that ¢% < My, (kAt + 1) almost everywhere in €2,

We test equation (22) with ¢, = [tk — My (kAt + 1)]+. These test functions satisfy

the required transmission condition because 1#’;” = w’; on I';. Adding some terms on
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both sides of the equation, we obtain

(36)

3 <5m(¢,’;j) — S (My(kAL+1)), [0k, — My (kAL + 1)L>

Jj=1 Qm;
e (Sp(wh) = Sy (My(kAt+ 1), [0f = My(kAt +1)] )

Qf

+Ati (Km(sTn( BV (0h, = My(kAt+1)) 9 [0k, — My (kAL + 1)L>

Qrm,

+ e At (Kf(sf(zp’;))v (65 — My (kAL + 1)),V [0k — My (kAL + 1)]+)

2

Qf

e (S7 (Y = Sy (My (kAL + 1)), [ — My (kAL +1)] )

(sm(wnjl) — Sy (My (kAL + 1)), [1/)5;_7, — My (kAt + 1)] +>

1 Qmj

+

Qf

+ At (ff, [ - My(kat+1)] )

Qe Qs
J

2
+AtY ( kL [zp,’;j — My(kAt+ 1)L)
j=1

From Assumptions (Ag) and (Ag), and in particular the monotonicity of S,, we
deduce

ms XZ: | [k, — My(kat+1)]

Jj=1

. ‘ . +5”mSH [0 — My(kAt +1)], Hif

m g
J

b A Y9 i, - Mot + ][
i=1 "

+ AL mKHV [0 — My (kAL + 1)}Jr Hif
(37) < i <5m(¢§;1) — S (My((k — 1)At + 1)), an — My (kAt + 1)}+)

j=1 Qo

e (Sp (™) = Sy (My((k = DAL+ 1)), [0f — My(kAt + 1>]+)Qf

& ko ko )
+Atjzl<(fmj msM¢),[1/1mj Mw(kAH—l)]

T,

+ A ((Ff = msMy) , [ — My (At + 1)]+)Qf ,

where we used S,(¥,) > S,(&,) + ms(1, — &,) on the right hand side in order to get
(38) S, (My((kAt+1)) > S, (My((k —1)At 4+ 1)) + mgMyAt.

Note that the first two terms on the right hand side in equation (37) are non-positive
due to the induction assumption and the monotonicity of S,. Since My > Z—;, the last
two terms are non-positive as well, from which we infer that Wg < Mg(kAt+1) almost
everywhere in §2,. Similarly, one tests equation (22) with ¢, = [1/)’; + My (KAt + 1)] B
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in order to show that WZ > — M,y (At + 1) almost everywhere in €2,. This concludes
the proof. ]

4.7. Interpolation in time. Now, we define functions on a continuous time
domain by interpolating the solutions of the time-discrete problem in time. We use
piecewise linearly interpolated functions in addition to piecewise constant functions:
for almost every ¢ € (tr—1,tx] set

‘IlpAt(t) = Igv
(39) SR () = S(4p),

SR(t) = Sy + %(S(z/f’;) — S(E).

Moreover, we need the piecewise constant interpolation of the source term f’ gt(t) =f 5 .
In view of the a priori estimates in Lemmas 11 and 13, we obtain the following result
for the interpolated functions:

LEMMA 14. The functions 97%,, S%,, and SR, are bounded uniformly with respect
to At in L>=(0,T; L*(Q,)) N L*(0,T;V,) N L=(Q]) for p € {m1,ma, f}.
In order to get strong convergence in L?(0,T; L?(£2,)), we need the following estimate

for the time derivative of the saturation:

LEMMA 15. The functions S’Zt are uniformly bounded with respect to At in
WLZ(O’ T7 Wﬁl’Q(QP)) fO?" P € {mla ma, f}

Proof. Since the function S R, (t) is piecewise linear, its weak time derivative exists,
is piecewise constant, and for almost every t € (tx—_1, tx] given by

Sp(Wp) = Sp(¥p ")

(40) 258, (1) = .

We view 9,57, as an element of L2(0, T; W~12(Q,)), where W~12(Q,) is the dual of
W, %(Q,) (the latter space containing the W12 functions on €, with vanishing trace
on the entire boundary 09,). Testing equation (22) with arbitrary ¢, € W01’2(Qp)
and ¢, = 0 for o # p yields the estimate

(41)
S W) = Sy
o At 0 o

<atsgt (t), ¢)P>W—1.2(Qp)’wol,z(gp)

P

< | (B (S, hNVEE Vo,), | +] (780 |
< 6pllwr0,) (M VE oo + 172 e, )

Using the a priori estimate in Lemma 11, we obtain

(42) Hatggt||L2(O,T;W*1v2(ﬂp)) <C,

which finishes the proof. 0

Remark 16. Note that the above estimate is independent of € for Q,,,, Q,,. Ho-
wever, for Q;, K depends on € and later we make precise the dependence of the above
estimate on € and show that indeed the above estimate is independent of ¢.

Compactness arguments give rise to the following convergent subsequences:
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LEMMA 17. There exists a ¥, € L*(0,T;V,) and a subsequence At — 0 along
which we obtain for p € {m1, ma, f}

{S'Zt}m — S,(T,) strongly in L*(0,T; L*(%2,)),
(43) {?gt}m — S,(¥,) strongly in L*(0,T; L*(9,)),

{92, ar = ¥, strongly in L*(0,T; L*(£,)),

(U2 A — ¥, weakly in L*(0,T;V,).

Proof. The first convergence follows from the Aubin-Lions—Simon theorem [8, 55]
by the estimates in Lemmas 11 and 15. The convergence of the piecewise linearly
interpolated functions implies the convergence of the piecewise constantly interpolated
functions towards the same limit function (see e.g. [38, Lemma 3.2]). The third
convergence is a consequence of Assumption (Ag) by virtue of which the inverse
function S;l exists and is Lipschitz continuous. Finally, the weak convergence in

L?(0,T;V,) is provided by the Eberlein-Smulian theorem in view of the bounds in
Lemma 11. 0

It remains to show that the triple of limit functions is a weak solution:

THEOREM 18. The limit (Vp,,, Uy, Uy) s a weak solution to Problem P, in the
sense of Definition 3.

Proof. Let (dm,, Pms> @f) € Vg X Vin, X Vp. Summing (22) from 1 to k yields
for almost every ¢ € (tr—1,t%)
(44)

2: (0):9m)q,, +<" (81(Th(0)-65) 2; o (Vmy.1): )y,
& (S1(s1): 1) +Z / (R () VL (1), Vom, ), dr
+0 [ (RS OLNTEL ). Vo) i - Z [ G 0):6m,)s,
-/ (1), 01) g, d = Z / " (7)), 47+ [ " (700 01), dr

—Z / Kon(Sm (U3 (7)WL (1), Vo, ) dr

- [ (KAL), Vo)

The terms on the right hand side correct the error made on the left hand side
by integrating to ¢ instead of tx. Now, we choose test functions (¢m,, Pm,, Pf) €
L2(0,T;Vm,) x L*(0,T; Vm,) x L*(0,T;Vy) fulfilling ¢,,,, = ¢y on I'; and integrate



18 F. LIST, K. KUMAR, L. S. POP, F. A. RADU

in time from 0 to T to get
(45)

Z/ m(\Ime ¢mg( ))Qmj dt + 6HA (Sf(\I/fAt(t)), ¢f(t))g_f dt
- Z/o (S (Wom 1). Oy (1)) g, = 5“’/0 (Sp(r.1), ds(t))q, dt
+ Z/O A (Km (Sm(\i/glz (T)))V\TJZLZ (T), vquj (t))Qmj dT dt

+&* /T /Ot (Kf(Sf(\Ilgt(T)))v\i/gt(T),v¢f(t))ﬂf dr dt

Z/k /k (fmj<7')v¢mj(t))9mj dr dt+2/tk /t’C (]?f(T),(Z)f(t))Qf dr dt
_ZZ/t 8 /k (Ko (S (Un7 (T)VURT (), Vo, (t ))nm, dr dt

N oty tk
oS [ [ (BT 0. Vs0) i ar

1tk1

From the strong L? convergence in (43)s, we infer that

T
(46) /0 (5,(9%, (1)), 6 dH/ (£)), 6o(t))q,

Furthermore, the strong convergence of ¥4, in L?(0,T; L?(£),)) in equation (43)s and
the weak convergence of the gradients in L?(0,7; L*(£2,)) in equation (43)4 together
with the Lipschitz continuity of S, and K, yield

[ [ .00V, 5). 90,0t
(a7)

*/ / W, (1))V (1), V(1)) dr i

This follows from the following considerations: due to the ellipticity of K,, ¥4,
strongly converges in L%(0,T; L*(%2,)) and because of the Lipschitz continuity of K,
and S, K,(S,(VU,(7))) converges to K,(S,(¥,(7))) strongly in L?(0,T; L*(Q2,)). Due
to boundedness of K, we know that there exists a £, € (L2(Qp))d such that

(48) K, (S,(U4, (1)) VA, (1) =&, weakly in (L3(2,))".

The identification of €, to K,(S,(¥,))V¥, then follows by taking smoother test
functions and passing to the limit.
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Moreover, the time-continuity of f gives

w ' / (). 60) g dr i = / ' / (). byl dr .

In what follows, we show that the terms on the right hand side in equation (45) vanish
as At approaches zero. For the terms involving a source term f,, we obtain

(50
ty tr N
/ / fol7), 8p(1)) g dr dt| < (at)”
th—1 =

where we used the Cauchy—Schwarz inequality and Young’s inequality.
Furthermore, we get

At [T
o6, + 5 i lg,lI3, < CAL,

23 tr
/t / qut(T)))vqut(T) Vo,(t )>Qp dr dt
(51) A)2M A
< ”)% Z vkl + 2 ||v¢p||Q
k=1
< CAt,

using the a priori estimate in Lemma 11. Therefore, in the limit At — 0, we are left
with

Z/ S (W, (£)), 6m, (1)) g, b+ " /OT (S5 (s (1)), b7 (), dt
+§ [ [ a0, (00990, D, 1),
(52) NS /OT /Ot (K4(S(W (1)) VU, (7), Vs (1)) d
= i/OT /Ot (fn, (7); 6m; (D) g, dT dt+/0T /Ot (F7(7), 65()g, dr dt

+3 / 1)y (), e [ (500,650,

for all (¢, s Pmys @f) € L2(0,T5 Vi, ) x L*(0,T; Vi, ) X L?(0,T; Vy) such that ¢y, =
¢fon T for j € {1,2}.

Note that when choosing test functions (G, , dm,, ¢7) € WH2(0, TV, )
XW12(0,T; Viny) xWH2(0,T;Vy) satistying ¢, (T) = ¢, (T) = ¢4(T) = 0, inte-
gration by parts yields

[ [ (nr0d,@), ara=- [ (5,0.5,0), a

(53) / / oSy (W (1) TU (), VD(1)) | dr e

P

. / (Ko(S, (W, (0)V 0, (), Vo, (1)) .

P
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Thus, selecting ¢, = athp in (52) gives

i / (S0 (2o, (). 06, (1))

_ Z/ K (S (Wi, (1) V¥, (1), vém]’ (t))ﬂm. dt

e /OT (Srws0).0041),, at
(54) _EA/O (Kf(sf(qff(t)))vq/mj(t),v&f(t))ﬂfdt

- - i [ (m0dm0), - [ (150.650),, a

i( (Yom.)s D, (0))

Therefore, equation (18) holds true for all appropriate test functions.
In order to show that the interface conditions are satisfied, we estimate

_ ek (Sf(@bva)’ ng(o))ﬂ

m; f

(55) W, — Wpller < [, — OR7 i + [OR] — A llpr + 24, — Ullpr

and consider the terms on the right hand side individually. The second term is zero
by definition of the discrete weak solution. For the first term, we obtain by the trace
inequality

||\I/mj - \I/TAant ||12“]T

(56) . . .
< CQ@u )W, = WRi oz, (IV¥m, = VOR oz, + 1, = UR1 oz, ) -

By the weak convergence in equation (43)4, the term in brackets is bounded, and
from the strong convergence in equation (43)3, we get that [|¥,, — WX} oz — 0 for

J
At — 0. The third term on the right hand side of equation (55) vanishes with an
analogous argument, which finishes the proof. ]

Remark 19. For fixed ¢, the estimate in the fracture can be improved by isolating
the equation in the fracture. By carrying out the same procedure as above but with
by € L*(0,T; W(}’Z(Qf)), that is, having zero boundary values on {1y, we obtain
0Sp(UL,) — .5, (vy) weakly in L2(0, T; W~12(Qy)),

(57) . = . 1o 1,2
Ky(Sr(Up,)) VO, — Kp(Sp(5))Viby  weakly in L*(0,T; Wy" (Q2y)),

and 9 satisfies the equation,
(58) e (0S5 (¥y), b5)or + e* (K5 (Sy ()5 Vor)or = (Fr:65)qr

for all ¢; € L2(0,T; Wy *(Qy)).

5. Rigorous upscaling. In this section, we prove the convergence of Problem
‘P. towards effective models in the limit ¢ — 0 by means of rigorous upscaling. We
present the upscaling for the parameter range (k,\) € [—1,00) X (—00,1) except
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for the case when Kk = —1, A € (—1,1). This corresponds to scenarios in which the
inverse fracture width is an upper bound for the ratio of the fracture porosity to the
matrix and the fracture width is a lower bound for the ratio of the fracture hydraulic
conductivity to the matrix.

We employ techniques from [18], where upscaling was considered in the context of
crystal dissolution and precipitation, and [49], which is concerned with the upscaling
of a reactive transport model. For a more detailed presentation of the results, we refer
the reader to [39].

5.1. Kirchhoff transformation and rescaling of the geometry. We apply
the Kirchhoff transform (see [4]) in each subdomain. For this, we introduce a function

Yo
(59) K, :R—=R, up = IK,(1,) = /0 K,(S,(¢)) de.

Due to the assumptions on K, and S,, the Kirchhoff transformation is invertible and
one can define the property

(60) bp(up) := Sy 0 K;l(up)‘

Note that b, is Lipschitz continuous due to the Lipschitz continuity of S, and IC;I.
By the chain rule, one obtains Vu, = K,(S,(%,))Vt,, which transforms Problem
P. into a semi-linear problem. Since K, is Lipschitz continuous, the Kirchhoff trans-
formed problem is equivalent to the original problem [41], and all a priori estimates
from the previous section are satisfied for the Kirchhoff transformed variables, too.
The advantage of the Kirchhoff transformed formulation is the linear flux term. Ho-
wever, this comes at the cost of a non-linear transmission condition for the Kirchhoff
transformed pressure variable.

We rescale the fracture in horizontal direction by defining z = x /¢, and introduce the
following notations:

ﬁf(tv Zvy) = uf(tv ze,y),
(61) g 1(z,y) = ur1(ze,y) == Kg(y.1)(2¢,9),
ff(tazvy) = ff(t,ZE,y).

To unify the notation, we set z = x in the matrix blocks. For the notation of the
domains, we use the following conventions: since the solid matrix subdomains are
merely translated when ¢ varies, we omit the € in the notation and write {,,, without
a superscript. The fracture domain will be denoted as 3 := (-5, 5) x (0,1), and the
shorthand notation Q := Q} will be used. The solution in each domain uj, will be
endowed with a superscript € to emphasise the e-dependence.

Moreover, we introduce the one-dimensional fracture domain for the effective
models I' = {0} x (0, 1) and the function space for the fracture solution in the effective
model

(62) V= {uec L*T):dyu e L*(T),u=0on T} = W, *(T).

Figure 2 illustrates the geometry of the problem in rescaled variables and the geometry
of the effective models, in which the fracture has become one-dimensional.
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(-1.5,1) (=0.5,1) (0.5,1) (15,1) 1,1) (0,1) (1,1)

(~1.5,0) (—0.5,0) (0.5,0) (1.5,0) 1,0) (0,0) (1,0)

F1G. 2. Geometry with two-dimensional fracture in rescaled variables (left) and upscaled geo-
metry with one-dimensional fracture (right)

For each € > 0, we define the z-averaged quantities

(63)
ﬂ’;:”(tvy) = [1 ﬂ‘}(t7zay) dz, ff(tﬂy) = . ff(t Z y) dz,
bt )= [ @) do @)W = [ b)) d,
and
w5(0) = | w3(t.y) dy, Fro = [yt d.
(64) o .
by () (t) = /O BpE) () dy, bp(asy) = /O by(ig.0)(w) dy

We state the weak formulation in terms of the Kirchhoff transformed and rescaled

variables. In terms of the rescaled variables, the geometry is e-independent and the

z-argument of the functions associated with the fracture becomes e-dependent instead:
DEFINITION 20 (Weak solution in rescaled variables). A triple (ug,,,us,,, 4%)

€ L2(0,T; Vi, ) X L2(0,T5 Vi ) X L2(0,T; Vy) is called a weak solution to the Kirchhoff

transformed formulation of Problem P- if

(65)

Kol us, ) = K}l(ﬂ?) onTy and K, '(u,,) = ICJII(Q‘}) on Ty for a.e. t €[0,T],

m may

in the sense of traces, and

2
-3 (bm(ufnj), atqsmj)m = & (g (@5),065) o
j=1 mj

2
+ Z (Vufnj,vﬁbmj)m‘ +er! (aza?vazﬁbf)ng +eM (8yﬁ§”vay¢f)sz;

(66)
:Z fm],¢m] or, +€(ff ¢f)

f

um7 ¢m1( ))Q + €ﬁ+1 (bf(ﬂ’fal)7 ¢f(0))Qf

™m;

HMM

for all (G, Pimss @) € WH2(0,T5 Vi, ) x WH2(0, T Vi, ) x WH2(0,T5Vy) satisfying
(67) Gm, = b5 onT1 and ¢my, =5 onTy fora.e t€[0,T],
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and

(68) 6,(T) =0 for p € {my1,ma, f}.

The formulation in Definition 20 is the starting point for deriving limit models for all
choices of xk and .

5.2. Uniform estimates with respect to €. In order to prove the convergence
of Problem P, towards an effective model, we establish estimates for the solution and
its derivatives independent of e, similar to the uniform estimates with respect to At
in Section 4.

Testing with z-independent functions ¢ (¢, z,y) = ¢¢(t,y) in the fracture (and hence
Gm, and @p,, fulfilling ¢, (¢, 2, y)|r, = ¢¢(t, y) = dm, (£, 2,9)|p, for ae. ¢ € [0,T]) in
Definition 20 gives
(69)

2

=3 (bnlwz,) 016, ), = bs(@5), 00 )rr + Y (Vi Vom, )

m

J Jj=1

T
Q mg

Jj=1

2
+5)\+1(a Ufa y¢f Z fmjvﬁbm] QT‘ +E(ff ¢f)
j=1

+Z umJ, ¢mj (O)) +EN+1 (Bf(ﬁf,1)7¢f(o))p

for all (G, Dmys @) € WH2(0,T; Vi, ) X WH2(0,T; Vi, ) x WH2(0,T;Vy) satisfying
Gy (t,2,9) |0, = ¢f(t7y) = ¢m,(t,2,y)|r, for a.e. ¢ € [0,7] and ¢P(T) = 0 for
p e {mhm%f}'

Based on the a priori estimate in Lemma 11, one shows that the solution and its
derivatives can be bounded uniformly in ¢ for K > —1, A < —1, and € > 0 sufficiently
small; in addition, we get uniform essential bounds for the solution since the constant
My in Lemma, 13 is e-independent:

LEMMA 21. There exists a C > 0 independent of € such that

2
S i, s i, + =T I + 10,35 3 + 20513y < C,
j=1

(70) )

> [ [ 2oe oz, ) + 17| L @) < C.
=1
These estimates are directly carried over to the averages of fracture solution by virtue
of Jensen’s inequality:

LEMMA 22. There exists a C' > 0 independent of € such that
(71) e H|af ]t + M0, af B + 105 Lo qory + e H[EF 1o 2y + 187 ow 0, < C-

As remarked before (see Remark 16), it remains to show that the time derivative
estimate in the fracture 9;b(u3) € L*(0,T; W~12(Qy)) as obtained in Lemma 15 is
independent of £. We have the following result.

LEMMA 23. Under the assumption that the source term 2% ||ff||522T < C and
s

the initial data e~"~2 W(u5 ) < C, the functional 9;b, is uniformly bounded with
respect to € in L*(0,T; W~12(Q,)) for p € {m1,ma, f}.
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Proof. For Q,,p = {m1,ma} the proof in the Lemma 15, carries unchanged to
show that 8;b,, p = {m1,ma} is bounded uniformly in ¢ in the L?(0,T; W~12(Q,))
norm. What remains is to consider the fracture case. We use a duality technique
for deducing the ¢ independence. In (66), choose ¢ € L(0,T; W12(Qy)), 95 = 0
on 0Qy and ¢,; = 0,5 € {1,2}. Note that putting the time derivative back to by is
justified in view of Remark 19. This leads to,

e (9by (5), ¢f)9? +er (0.5, angf)g? +eM (9,5, ay¢>f)ﬂ?

:E(ff:(ﬁf)g?

Our approach is to use duality technique in the above equation to deduce the
L2(0,T; W—12(Qy)) estimate in the fracture. However, the presence of £ dependent
coefficients require us to make precise this dependency. This is achieved by using the
equivalency of W2 norms. Let G solve the following elliptic problem for a.e. t,

(72)

-V - (A°VG) = 0;by, in Q¢,
(73) ( ) =0y, Il
G=0, on 02y,

where
. Ekfl 0
A" = [ 0 ML

For notational ease, we have suppressed dependence of GG on €. Define an VVO1 ’Q(Qf)
equivalent norm,

1 = [VAsV|q,,

0]
for all v € Wy*(27). In terms of variational formulation,
(V AEVG, Vv AEVU)Qf = <atbf, ’U>W71’2(Qf),W0172(Qf)

for all v € WOI’Q(Qf). For the norm of the dual space to WOI’Q(Qf)7 a simple exercise
gives,

10:bs [ -1,e = VA=V G|y -
On the other hand, we have for the WO1 2(Q #) equivalence of norms,
(74) e VG, < [VAVG|a, <77 VG,

Note that the L? norm for the middle term depends on the ¢ whereas the norms on
the left and right are independence of £. With the e-independent norm defined as,

(Otbg, )y —1.2(0,), w220,
9kby 120y = sup S
tUfIlw () FEWL2(Qy) ||v¢||Qf

we relate using (74)

(0ebs, hyw-1200,) Wi

10:bfllw—12(0,) =  sup
il R T IVlla,
¢l
< sup  |Obsll-rero
pewiay Vg,

A—1
< |0yl -1 €7 .
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Choosing ¢y = G in (72) and integrating in time from 0 to ¢, we obtain
(75)
t t t
1 2 ~ey - 7
6K+ /0 ||8‘rbf||—175 dT + /O <8be(u§c)’u;>W_1*2(Qf),VV3’2(Qf) d’r = 5/0 (ff) G) Qf dT
1 - 1
24 2 —a—A+1 A—1 2
< fily, + 5emo T (27061 )

where we choose o = —(k + \) to get
[ 2 ! Lo a2
100512 e drt [ Oob @) ) i A7 < 35y
1 t
+55n+1/ 10:bs |12 1 . dr.
0

This implies,

t t
En+1/ ||a7'b ||2_ d7'+2/ <a7—b (ﬂ5)7ﬂ6> —1,2 1,2 dr
(76) ) fll—1,e 0 fNUE DM Tw =12 (Qp),Wo 2 (92)

< 2Nl

In order to treat the second term in the integral above, recall Wy defined as

af
Wf(ﬁf)=/0 V() o dop,

and recall the positivity of the above function as stated in Lemma 10. Further, note
that the second term in (76) can be written down as

! ~E\ ~E ! d ~ =
/o (0rby (@7), U w-r2(0,) w22 07 :/o dr ( Q; Wf(uf(wa) o

- [ Witz [ Wit
Q Qy
Using above in (76), we get
(77)

t
et oty a2 [ Wia(e)dE < Nl 2 [ W) da.
0 Q5

Qs

Further, we use the equivalence of norms to obtain,

t t
[ 00 sy ar < 2 [0t ar < 21 1,

4 2err2 i W(is5 ;) di.
,

(78)

As we assume that the source term 5_2”||ff|\?ﬂ < C and the initial data satisfies
T

grr2 W(i5 ;) < C, the right hand side is uniformly bounded. The positivity of the
second term in (76) proves the lemma. |
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From these estimates, we obtain the following convergent subsequences using
compactness arguments as € — 0:

s, = U, strongly in L*(0,T; L*(Qum,)),
(79) u;j — Up, weakly in L2(0, T Vi),
a5 — Uy weakly in L2(0, T; L*(T)).

For X\ < —1, the gradient of the fracture solution Va5 is bounded in L*(0, T L*(€))
according to Lemma 21. From this, we infer just as for the matrix block solutions in
equation (79) that there exists a subsequence of ¢ — 0 along which

a% — Uy, strongly in L*(0, T; L*(9y)),
80 5 — Uy, strongly in L*(0, T; L*(T)),
(80) @ — Uy weakly in L*(0, T; V),

s — Uy strongly in L*(0,T).

We will make use of Proposition 4.3 in [18]:
PROPOSITION 24. Let Q=(-1,3)x(0,L), fe W'*(Q), and let f: [0,L] = R
be defined as f(y) = f f &,y) d&. Then, in the sense of traces

(81) 1£(€0. ) = fllo,zy < 10l

for each & € [ 5 %]

This proposition and Lemma 21 yield the following estimate:

LEMMA 25. There exists a C > 0 independent of € such that for any zy € [7%7 %]
it holds

€ —£ 1-x
(82) 135 (-, 20, ) — @ [lpr <72 C.

Lemma 25 shows that A < 1 is sufficient in order to keep the left hand side in equation
(82) bounded when e vanishes (and convergence is achieved for A < 1).

5.3. Upscaling theorem. It remains to show that the limit functions are a
solution to the respective effective model:

THEOREM 26 (Upscaling theorem). For the following ranges of k and A, these
tupels are a solution to the following effective models:

k=-1 A=-1 Effective model I,

: Unys Ums, Uy)
ke (-1,00), A=-1 (U, s U Uf) ,
(83) k=-1, A€ (—o0,—1): (Unmy s Uy, uf) Effective model III,
k€ (-1,00), A€ (—00,—1): (Unmy s Uy, ﬁf) Effective model IV,
€ (-1,00), Ae(-1,1): (Umy»Unm,, Uyp)  Effective model V.

Proof. We give the proof for A > —1, the other cases are treated similarly, where
one uses spatially constant test functions for the fracture in (69), i.e. ¢y(t,z,y) =
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¢5(t). Note that for the choice V; = W,?(Qy), the only spatially constant test
function is the zero function, but the extension to more general boundary conditions
is straightforward.

Choose arbitrary test functions (¢, , m,, @) € WH2(0,T; Vi, ) xWE2(0, T Vi, ) X[}
W12(0,T;Vy) satisfying ¢, (£, 2,9)|r, = ¢¢(t,y) = ¢m,(t,2,y)|r, for ae. t € [0,T]
and ¢,(T) = 0 for p € {my, ma, f} and denote the terms in equation (69) by I, ..., Is.
For all values of k and A, the term I vanishes in the limit € — 0 due to

5] =& | (75, 61) e | < ellFller by ller = 0.

The terms I5 and I7 do not depend on £ and remain unchanged as € approaches zero.
The strong L? convergence from equation (79); and the Lipschitz continuity of b,
give

2 2
Il == — Z (b’m(ufn7)7 8t¢mj)QT - — Z (bm(Umg)7 8t¢mj)93,1v .
Jj=1 mj J

J=1

Making use of the weak convergence from equation (79)2, we obtain

2
I =Y (Vus, Vo) — (VU Vém, g, -
= i
As regards the fracture solution, we distinguish the cases A = —1 and A > —1: in case
of A = —1, the weak convergence from equation (80)3 yields

Iy = (ayﬁf‘vaygbf)ﬂ - (ayvaay¢f)rTv

whereas for A > —1, we get

- _ A4l
|[Is] = X ‘((%'M?,@Wf) < |0, uf||pr [0y dsllirr <e7F Clloydyllrr — 0,

I

where we made use of the estimate for %ﬂ; in Lemma 22.
It remains to consider the terms Is and Ig. Here, we make a distinction between
the cases Kk = —1 and k > —1. First, consider the case k = —1, where Iy =

- (@(11?), 8t¢f)I‘T and Ig is independent of .
For the term I, we start by estimating

<

(b(a3) = bs(Uy), 0e¢5) o (bp(a3) — bs(aF),0:0y) o

+

(bf(ﬁ;) - bf(Uf)7 at¢f)FT

For the first term on the right hand side we obtain using the Lipschitz continuity of
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by and Lemma 25

(bp(aF) — by (), 0:05) o | < NIbp(a7) = bp(aF) o |y ||

-| / (bs(@5) = bs (@) d=||_, s s

1
2
SMSH/
1
-2

1—X
< MgCe 2 ||0ips|rr,

uy — iy

@z ||, 19r6sler

which goes to zero as ¢ — 0.
The second term vanishes due to

(by (@F) = b (Uy), 0epy) o | < Msllag — Ugllrr | Oepyllrr,

and the strong convergence in equation (80)s. This shows that

Iy = — (bs (%), 0:07) pr = — (05 (Uy), e0) por -

For k > —1, we estimate

[Io] = 4 | (b (a9), 0161 s

which vanishes in view of Lemma 22, and similarly, we get

< 5K+1MSHﬂ§HQ§CHat¢fHFT < "M M C| 0| rr,

|s| = 8”“‘(51‘(@]‘,1)7%(0)%‘ < e Msllig o, llor(0)|lr < e MsCllér(0)]r

vanishing in the limit. Finally, the Dirichlet interface condition for the pressure head
has to be proven. It turns out that a weakly convergent subsequence in L2(0, T’; L? )]
in the fracture suffices for this purpose. As the weak convergence of 45 towards Uy

does not directly imply the weak convergence of IC;l(ﬁ;) towards /C]?1 (Uy), we define
the function R(up,) := (Ko K,;')(um,) in order to transform the interface condition

Kt Un,) = IC;I(Uf) on T'; into a linear expression in Uy, namely

R(Up,;) = Uy onT;.
Now we take an arbitrary test function ¢ € L?(0,7T; L?(I';)) and estimate

| (R(Un)) = Uy 6)r

< ‘ (R(Umj) - R(ufflj)’¢)rf

* ’ (R(uf”j) — U ¢)FT

| (@~ 15.0) | +] (@~ Or.0) 1 |

Let us denote the terms on the right hand side by Jy,...,Js. As Up,, and 4} satisfy
the interface condition, we immediately get Jo» = 0. Note that Assumption (Ag)
implies the Lipschitz continuity of R with Lipschitz constant %—I‘j Making use of this
and the Cauchy—Schwarz inequality yields

Mk
J1 < miKHUmj — tpy, [lerll¢llrr,
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and one shows as in the proof of Theorem 18 that J; — 0 in the limit ¢ — 0 using
the trace inequality, the strong convergence in equation (79); and the boundedness
of the gradient due to the weak convergence in equation (79)s. For the term J3, we
obtain
O
Js < 15 — a5 e 16l

and from Lemma 25 we infer that J3 — 0. Finally, the weak convergence in equation
(80)3 yields Jy — 0. Since ¢ € L?(0,T; L*(T';)) was arbitrary, one has R(Uy,,) = Uy
on I'; and therefore K, (Up,,) = IC;1 (U¢) on T in the sense of traces, which concludes
the proof.

Remark 27. The porous matrix domain €2,,, has the interface at * = 0 with
fracture domain that corresponds to z = —1 from the fracture domain side. Similarly,
for €,,,, has the interface at = 0 with fracture domain boundary at z = 1. In
the case when the solution in the fracture domain is independent of z, the fracture
collapses as an interface (see the effective equations 1 — 5 above) and the two interfaces
from the porous matrix sides coincide.

Remark 28. We remark now the reason for leaving out the case when k = —1, A €
(—1,1) in our analysis. From (79) we get the boundedness of u% and the smoothness
of Bf(ujc) implies the existence of a weak limit for B‘}. However, the identification of
this limit in (69) to bs(us) requires a strong convergence of u%. As the estimates in
Lemma 22 show, the gradients of 4% is not bounded uniformly with respect to € and
therefore, the strong convergence of 4§ cannot be deduced. We therefore exclude this
case in our analysis.

6. Numerical simulation. This section is dedicated to a numerical study ai-
ming at the numerical validation of the theoretical upscaling result. The simulation
is carried out using a standard finite volume scheme implemented in MATLAB. The
code solves the model in physical variables as stated in Problem P.. We use a mat-
ching grid, composed of uniform rectangular cells for partitioning the two-dimensional
subdomains, and intervals of equal size for the one-dimensional fracture in the effective
model. The flux is computed with a two-point flux approximation (TPFA) scheme.
We use an implicit Euler discretisation in time with fixed time step, and the modified
Picard scheme for the linearisation. We employ a monolithic approach and solve the
system of equations for the entire domain at once.

6.1. Realistic example (k = A = —1). Our numerical example deals with the
injection of water into an aquifer, which is crossed by a fracture featuring a higher
permeability. Boundary and initial conditions are illustrated in Figure 3. Although
our analysis was limited to homogeneous Dirichlet conditions, we expect the theore-
tical results to hold for the more interesting boundary conditions in our numerical
example as well. In the simulations with a two-dimensional fracture, the dimension-
less fracture width takes the values ¢ € {1,0.1,0.01,0.001,0.0001}. We impose no
flow conditions on the boundary except for the inflow region in the lower edge of the
left matrix block subdomain and the right upper boundary, where a Dirichlet con-
dition allows for outflow. Thus, the water must enter or cross the fracture to leave
the domain. The parameters of the van Genuchten parametrisation of the saturation
and the hydraulic conductivity are listed in Figure 3. These parameters are taken
from [26], and correspond to silt loam and Touchet silt loam in the matrix blocks
and in the fracture, respectively. We fix the reference length L = 1[m] and take the
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end time of the simulation to be T" = 0.45. The time step is chosen as 0.015. The
grid size is taken as Az = Ay = 1/160 in the matrix blocks and Ay = 1/160 and
Az € {1/160,1/800,1/4000,1/20000,1/100000} in the fracture, corresponding to the
different fracture widths €.

Geometry Van Genuchten parameters
gml - E_/12_1 1/2’/;3/ 220X1<)07 1 Fracture Solid matrix
mo — €/ € X ’
: a  0.500 0.423
2 = (—¢/2,6/2) x (0,1) fg 0.469 0.396
Initial condition and source term Or 0.190 0.131
Yy = —3 n 7.09 2.06
F=0 Kg 3.507 x 107° 5.74 x 107
Boundary conditions
\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\ Y =-3 -
I Iy
Oy Qf Ly

Ll
T ke

Fic. 3. Simulation parameters for the realistic example: geometry, initial and boundary condi-
tions, and van Genuchten parameters

The van Genuchten—-Mualem parametrisation in our dimensionless setting writes as
np—1
Orp _Orp 1 e
Sp(wp) = 0s.p t (1 95‘-,;7) {1+(—%¢p)"”} ’ wp S O’
93,p7 wp > 07

(34)

2
@eﬂ,p(wp)% |:]- - (1 - @eﬂ,p(wp)”’;%l) h ] ) "/)p < 07

1, Y, >0,

KP(SP(¢P)) =

where 6g stands for the water content of the fully saturated porous medium, 0g

denotes the residual water content, o and n are curve fitting parameters expressing
the soil properties, and Ogg(1)) := eé;p)% is the effective saturation.
The porosity ratio and the ratio of the reference hydraulic conductivities shall be

given by

K K
and L 25

br _ sy _
Km KS,m

(85) ¢m B GS,m ’
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respectively, where Kg denotes the saturated hydraulic conductivity.

In the limit € — 0, we expect the solution to converge towards Effective model I

with the one-dimensional Richards’ equation governing the flow in the fracture.
Figure 4 depicts the pressure head and the saturation of the effective model at final
time ¢ = T. One observes that the pressure head in the lower left matrix block and
in the lower fracture has risen, whereas the pressure head in the right matrix block
has little increased. Due to the different parametrisations of the hydraulic quantities,
the fracture is less saturated than the surrounding matrix blocks regardless of the
pressure continuity at the fracture.
Figure 5 shows that the averages of the pressure head across the fracture width only
slightly differ from the fracture solution of the effective model, even for large . For
€ < 1072, the L? errors in all subdomains liec below 10™%, and for ¢ < 1073, the
L? errors are smaller than 10~°, which equals the tolerance of our non-linear solver.
Whereas the errors in the matrix blocks are larger than the error in the fracture for
wide fractures, the errors in the matrix blocks converge faster towards zero for vanis-
hing fracture width.

0.5 0.8
1 ’
-1 0.8 ' > 0.8
15
15 0.7
2
0.7
0.6 -
25 =
, -
0.5 ~
3 0.6
0 0
0.2 o 25 0.2
0.4 1 0.4 1
o 0.5 o 0.5 05
: 0 : 0
0.8 { 3 0.8 0.5
y ’ X y ’ X

F1G. 4. Solution to the effective model at t = 0.18, pressure head (left) and saturation (right)

7. Conclusion. We have developed effective equations for replacing a fracture
by an interface for Richards’ equation. The starting geometry is a fracture of small
thickness € in a porous medium. The effective models are derived as the limit of
e — 0. The ratios of porosity and absolute permeability of the fracture and the
porous matrix are characterized by & and &*, respectively. The effective equations
depend on the two parameters x and A and we cover the cases kK > —1,A < 1. The
numerical examples show that the upscaled models approximate the & problem in
a satisfactory manner. Further exploration of the numerical tests for the different
upscaled models will be carried out elsewhere.
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e=1
=01
- =001

= 0.0001
—Effective model

o |[FH(T) = (T 2y
o (T) = Uy (Tl 2002,

\ 5, () — ¥ (Dl

10° 10 1072 1073 10

Fiac. 5. z-averaged fracture solution along the fracture for different € and for the effective model

att =T (left), L? error in the fracture and the matriz blocks for different ¢ at t =T (right)
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