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Abstract

In this paper, we consider unsaturated poroelasticity, i.e., coupled hydro-mechanical
processes in unsaturated porous media, modeled by a non-linear extension of Biot’s quasi-
static consolidation model. The coupled, elliptic-parabolic system of partial differential
equations is a simplified version of the general model for multi-phase flow in deformable
porous media obtained under similar assumptions as usually considered for Richards’ equation.
In this work, the existence of a weak solution is established using regularization techniques, the
Galerkin method, and compactness arguments. The final result holds under non-degeneracy
conditions and natural continuity properties for the non-linearities. The assumptions are
demonstrated to be reasonable in view of geotechnical applications.

1 Introduction

Strongly coupled hydro-mechanical processes in porous media are occurring in various applica-
tions of societal relevance within, e.g., geotechnical, structural, and biomechanical engineering.
Examples for instance are soil subsidence due to groundwater withdrawal, geothermal energy
storage in fractured rocks, swelling and drying shrinkage of concrete, and deformation of soft,
biological tissue components.

In the field of porous media, such microscopically complex processes are typically modeled
by a continuum mechanics approach [1]. The multi-phasic solid-fluid mixture is considered a
homogenized continuum, and both geometry, skeleton, and fluid properties are averaged over
representative elementary volumes, consisting of a mixture of solid and fluid particles. Ultimately,
the microscopic interaction of the different constituents is described by macroscopic, effective
equations. The simplest, macroscopic model accounting for the coupling of single-phase flow and
elastic deformation in a porous medium is Biot’s linear, quasi-static consolidation model. Its
phenomenological derivation dates back to the seminal works by Terzaghi [2] and Biot [3]. In the
course of the last century, many more advanced models have been developed, accounting, e.g.,
for the presence of different interacting fluids, thermal effects, or chemical reactions. We refer to
the textbooks [4,5] for an introduction and their derivation.

In this paper, we consider a non-linear, coupled system of partial differential equations,
modelling the quasi-static consolidation of variably saturated porous media, also called unsaturated
poroelasticity — in particular relevant in soil mechanics. The model can be obtained by simplifying
the more general model for two-phase flow in deformable porous media, founded on macroscopic
momentum and mass balances combined with constitutive relations [4]. It is assumed that one
fluid phase can be simply neglected. This is a common practice for fluids with high viscosity
ratios if the negligible fluid phase is continuous and connected to the atmosphere, i.e., the same
hypotheses as for Richards’ equation [6,7]. Finally, the resulting model generalizes Biot’s quasi-
static, linear consolidation model, combining Richards’ equation and linear elasticity equations
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with non-linear coupling. It is highly non-linear, potentially strongly coupled, and potentially
degenerate, which makes its analysis complicated.

Regarding the mathematical theory of poroelasticity, in particular Biot’s quasi-static, linear
consolidation model has been well-studied. Well-posedness including the existence, uniqueness,
and regularity of solutions, has been established [8-10]; recent advances in the numerical analysis
include, e.g., stable finite discretizations [11-18], efficient numerical iterative solvers [19-24], and
a posteriori error estimates [25-27]. Lately, linear and non-linear extensions have become of
increased interest. Well-posedness and the efficient numerical solution have been analyzed for the
dynamic Biot-Allard system [28], Biot-Stokes systems [29-31], the Biot model with deformation
dependent permeability [32,33], poroelasticity in fractured media [34-37], poroelasticity with non-
linear solid and fluid compressibility [38,39], general non-linear single-phase poroelasticity [40],
poro-visco-elasticity [33,38], thermoporoelasticity [38,41-44], poroelasticity from a gradient flow
perspective [38], and multiple-permeability poroelasticity systems [45-47], among others. In all
problems, the coupling is linear.

Despite the large interest, rather few theoretical results have been established for unsaturated
or multi-phase poroelasticity. We highlight [48], in which the first ever mathematical analysis of the
consolidation of a variably saturated, porous medium has been presented. In the aforementioned
work, the existence of a weak solution is established under two strict model assumptions: (i)
the coupling term in the fluid flow equation is linear; and (ii) after introducing a new pressure
variable by applying the Kirchhoff transformation the coupling and the diffusion terms in the
mass balance simultaneously become linear. The second assumption implies a specific, artificial
form of the so-called pore pressure, a non-linearity arising in the linear momentum balance.
Ultimately, the result does not apply to the general model for unsaturated poroelasticity. On the
other hand, the analysis accounts for non-linearly variable densities and porosities, and allows
for degenerate situations. In addition, we mention efforts on studying the efficient numerical
solution for unsaturated poroelasticity [49] and multi-phase poroelasticity [50-52].

In this paper, the existence of weak solutions for the general model of unsaturated poroelastic-
ity is established. In order to deal with the non-linear character, the problem is first transformed
utilizing the Kirchhoff transformation, a technique commonly used for the analysis of non-linear
diffusion problems [53]. By this, the diffusion component of the mass balance becomes linear —
a fully non-linear coupling and a non-linear storage coefficient are still present. The analysis
then employs regularization techniques and compactness arguments in six steps and goes as
follows. First, a physically motivated double regularization is introduced, adding a non-degenerate
parabolic character to both balance equations. Regularization is required in order to allow the
discussion of the non-linear coupling terms. Ultimately, the regularized model accounts for
primary and secondary consolidation of variably saturated, porous media with compressible
grains. Second, the problem is discretized combining an implicit time stepping, the finite element
method (FEM) for the mechanics equation, and the finite volume method involving a two-point
flux approximation (TPFA) for the flow equation. The motivation for the chosen discretization
is two-fold: (i) it is a common discretization in the field of poroelasticity [13,54], also closely
related to mixed finite element discretizations [11]; moreover, finite volume methods [55-58] and
mixed finite element methods [59,60] are widely used for discretizing Richards’ equation. Even
more importantly, (ii) the specific choice of the discretization becomes crucial for the subsequent
step of the proof, allowing for straightforward cancelling of the coupling terms. In the third
step of the proof, stability of the discrete solution is showed, and compactness arguments are
utilized for deriving a weak solution of the doubly regularized problem. For this, on the one
hand the Legendre transformation is exploited as in [53] and specific finite volume techniques are
employed for discussing the limit of the spatial discretization parameters, inspired by [61,62].
Fourth, improved regularity is showed for the weak solution of the doubly regularized problem.
Fifth and finally sixth, the limit of vanishing regularization in the momentum and mass balances
are discussed, respectively.



Difficulties arise in the last steps of the proof due to a possible degenerate character of the
problem for vanishing saturation. Our analysis requires an overall parabolic character of the
coupled problem and natural continuity properties for the non-linearities. Those are ensured
under specific material assumptions and a non-vanishing, minimal amount of fluid saturation. In
the appendix, the assumptions are demonstrated to be satisfied for constitutive relations typically
utilized in real-life applications. Furthermore, for simplicity, the porous material is assumed to
be isotropic, gravity has been neglected and homogeneous, essential boundary conditions have
been considered. The focus of this work is on the involved, non-linear, coupled character of the
governing equations.

The rest of the paper is organized as follows. In Section 2, the model is introduced as derived
in the engineering literature, and the model is transformed using the Kirchhoff transformation.
In Section 3, the notion of a weak solution to the transformed problem is introduced, and the
main result is stated: existence of a weak solution to the transformed problem under certain
model assumptions and non-degeneracy conditions. The idea of the proof, consisting of six steps,
is presented. The details of those six steps are the subject of the remaining Sections 4-9. In the
appendix, the feasibility of the required assumptions for the main result are discussed for widely
used constitutive models from the literature. In addition, technical results from the literature
used in the proof of the main result are recalled for a comprehensive presentation.

2 Mathematical model for unsaturated poroelasticity

We consider a continuum mechanics model for unsaturated poroelasticity, a particular simplifi-
cation of general multi-phase poroelasticity [4,5]. It is based on the fundamental principles of
momentum and mass balance combined with constitutive relations. The model is valid under the
assumptions of infinitesimal strains and the presence of two fluid phases, an active and a passive
phase; the displacement of the passive phase does not impede the advance of the active phase
and can be therefore neglected. Finally, the model couples non-linearly the Richards equation
and the linear elasticity equations utilizing an effective stress approach.

In the following, we recall the mathematical model employing the mechanical displacement
and fluid pressure as primary variables. Additionally, the problem is transformed by the Kirchhoff
transformation, a standard tool for the analysis of non-linear diffusion problems, cf., e.g., [53].
The latter will be subject of the subsequent analysis.

2.1 The original formulation

We consider a poroelastic medium occupying the open, connected, and bounded domain Q C R¢,
d €{1,2,3}. Let T > 0 denote the final time and (0,7") denote the time interval of interest. Let
Qr :=Q x (0,T) denote the space-time domain.

The balance equations as derived in [4] (note, we use an arbitrary pore pressure, whereas the
specific average pore pressure has been used in the aforementioned work) reads on Qr:

-V - [2pe(u) + AV - ul — appore (pw)I] = f, (2.1)

1
¢atsw(pw) + ¢Cwatpw +

Nsw(pw)atppore(pw> + asw(pw)atv u+V.q=h, (22)

where u is the mechanical displacement and py, is the fluid pressure (of the active phase).
Furthermore, q is the volumetric flux described by the generalized Darcy law

q = —Rabs ’{rel(sw(pw)) (pr - pwg) . (23)

Constitutive laws are given for the pore pressure ppore, the fluid saturation s,, and the relative
permeability ke ; the latter two are assumed to be homogeneous, i.e., they do not vary explicitly
in space. Furthermore, f and h are external load and source terms; u, A are the Lamé parameters;



a € [0,1] is the Biot constant; ¢y, € [0, 00) is the storage coefficient associated to fluid compress-
ibility; N € (0, 00] is the Biot modulus associated to the compressibility of solid grains; Kaps is
the absolute permeability; py, is a reference fluid density and g is the gravitational acceleration.
Finally, ¢ is the porosity. Under the hypothesis of small perturbations of the porosity [5], often
applied along with the assumptions of linear elasticity, we can assume that the porosity ¢ acting
as weight is constant in time, equal to some reference porosity field ¢q.

From now on, we consider a compact form of (2.1)-(2.3). Specifically, we seek (u, py) such
that on Qp

—V - 2ue(u) + AV - ul — appore (pw)I] = f, (2.4)
atb(pw) + CYSw(pw)atV ‘u— V- (K/abs’{rel(sw(pw)) (pr - ng)) = ha (25)
where the function b is defined as
Pw 1 DPw ,
b(pw) = Posw(Pw) + cwdo /0 sw(p)dp + & /O Sw(P)Ppore(P) dp- (2.6)

We note that the subsequent analysis is not dependent on specific choices for b, sy, Ppore and frel-
In order to close the system (2.4)—(2.5), we impose: boundary conditions

U = up on I'f x (0,7), (2.7)

(2ue(u) + AV - ul — appore(pw)I) n = oN on 'y x (0,7), (2.8)
Pw = Pw,D on T'h x (0,7), (2.9)

—Rabs ’Qrel(sw (pw)) (pr - ng) ‘N =(gnN Oon Ff\] X (Oa T), (2'10)

for the partitions {I'®, T} and {I'L,, T\ } of the boundary 99, where T'® and T}, have positive
measure; as well as initial conditions

U = U in Q x {0}, (2.11)
Pw = Pw,0, in © x {0}. (2.12)

Putting the focus on the non-linear and coupled character of the balance equations, in the
subsequent, mathematical analysis, we consider a simplified setting. We neglect gravity and
non-homogeneous, essential boundary conditions, which in particular simplifies notation.

2.2 The mathematical model under the Kirchhoff transformation

The Kirchhoff transformation defines a new pressure-like variable

X(pw) = /0 " ket (P)) dp. (2.13)

Assuming the constitutive laws satisfy fye1(sw(p)) > 0, for all p € R, (2.13) can be inverted. We
redefine all functions in py, as functions in x

ﬁw = Xﬁla b:=bo Xﬁl’ Sw 1= Sy O X717 ﬁpore *= Ppore © Xﬁl, Rrel = Krel O Sy (2‘14)

Then under the assumption of a homogeneous relative permeability and saturation, the non-linear
Biot equations (2.4)—(2.5) reduces to finding (u, x), satisfying

—V - 2ue(u) + AV - ul — appore(X)I) = f, (2.15)
Ab(X) + b () - u — V - (kabs VX) = K, (2.16)



on @7, and subject to the adapted boundary conditions

u=0 on I'f x (0,7), (2.17)
(2ue(u) + AV - ul — appore(x)I) n = on on I'y x (0,7, (2.18)
x=0 on T x (0,7), (2.19)
—Faps VX -1 = wy on 'k x (0,7, (2.20)
and the initial conditions
U = U in Q x {0}, (2.21)
X = Xo, in Q x {0}. (2.22)

3 Main result — existence of a weak solution for the unsaturated
poroelasticity model

The main result of this work is the existence result of a weak solution for the unsaturated

poroelasticity model under the Kirchhoff transformation, cf. Section 2.2. In this section, we state

the main result. This includes the notion of a weak solution, required assumptions and the idea
of the proof. The details of the proof are the subject of the remainder of this paper.

3.1 Definition of a weak solution

Let Qr := Q x (0,T) denote the space-time domain. We use the standard notation for LP,
Sobolev and Bochner spaces, together with their inherent norms and scalar products. Let (-, -)
denote the standard L?(f2) scalar product for scalars, vectors and tensors. For shorter notation,
we use || - [| :== || - |p2(q). Let

V= {v e HY(Q)! )v|rg :0},
Q= {qEHl(Q) ‘qbg ZO},

denote the function spaces corresponding to mechanical displacement and fluid pressure, respec-
tively, incorporating essential boundary conditions. We abbreviate the bilinear form associated
to linear elasticity

a(u,v):2u/ﬂe(u):s(u) d:c+)\/QV-uV-'vda:, u,veV,

and define || - ||y := a(-,-)'/2, which induces a norm on V due to Korn’s inequality. Moreover,
we combine the external body and surface sources as elements in V* and Q*, the duals of V' and
Q, respectively. Let foxt = (f,on) and hext = (h, wn) be defined by

<fext,U>=/f'de+/ ox-vds, veEV,
Q rg

<hext,q>:/hqu+/ wN q ds, g€ Q.
Q It

N

Definition 3.1 (Weak solution of the unsaturated poroelasticity model). A weak solution
to (2.15)—(2.22) is a pair (u,x) € L?(0,T;V) x L*(0,T; Q) satisfying the following:

(W1) Bpore(x) € L*(Q1), 3w (x) € L=(Qr).



(W2) b(x) € L>®(0,T; L' (Q)) and 8:b(x) € L*(0,T; Q*) such that
T, T X
/0 (8b(x).q) di + /0 (bx) ~ b(xo). Ak dt =0,
for all ¢ € L?(0,T; Q) with &,q € L*(0,T; L>®(R)) and q(T) = 0.

(W3) 0,V -u € L*(Qr) such that

T T
/ <8tV-u,q>dt+/ (V-u—V -up,dq) dt =0,
0 0

for all ¢ € HY(0,T; L*(Q)) with q(T) = 0.

(W4) (u,x) satisfies the variational equations
T T
/() [a(u, v) — a (Ppore(x), V - )] dt = /0 (fext,v) dt,  (3.1)

/DT [<8t13(x), q> + a (5w (X)HV - u,q) + (Kabs VX, Vq)] dt = /OT (hext,q) dt,  (3.2)

for all (v,q) € L?>(0,T; V) x L?(0,T; Q).
We note that the weak formulation of the initial conditions (W3) of the mechanical displace-
ment immediately allow for a stronger formulation. See Lemma 9.6 for more information.
3.2 Assumptions on model and data

For proving the existence of a weak solution, we require several assumptions on the model,
including the constitutive laws, model parameters, source terms and initial conditions:

(A0) sw:R —[0,1] and ke : [0, 1] — [0, 1] such that rrel(sw(p)) > 0, for all p € R allowing for
defining pyw, b, Sw, Ppore, and Ayel as in (2.14).

(A1) b:R — R is continuous and non-decreasing, and it holds that 13(0) =0.
(A2) $y : R — (0,1] continuous and differentiable a.e., and §y(x) =1 for xy > 0.

(A3) Ppore : R — R is continuously differentiable, non-decreasing, and it holds that ppore(0) = 0.

(A4) Prore . R 3 R is invertible and uniformly increasing, i.e., there exists a constant ¢, /s, > 0

Sw
§

~ !/
satisfying (%) (T) > Cpore/sy, for all z € R.

Assumptions (A0)—(A4) are valid for standard constitutive laws, cf. Appendix A. The assumptions
on the model parameters read:

A5 >0, A >0, @ > 0 are constant, and define the bulk modulus Kg, := 2% + \.
( H d

(A6) Kaps is uniformly bounded from below and above, such that there exist constants 0 <

Km,abs < KM,abs < oo with Kabs € [’{m,absa ’{M,abs] on €.

We note, (A5) is stated only for simplicity. The assumptions on the external load and source
terms read:



(A7) foxt € HY0,T;V*)NC(0,T; V*) and hexy € H(0,T;Q*) N C(0,T; Q*), where

H.fextH%P(O,T;V*) = HfH%P(O,T;V*) + HUNH%P(O,T;V*)v p € {2,00},
HhextH%P(O,T;Q*) = HhH%p(o,T;m(Q)) + HwNH%p(O,T;LQ(Ff\I))’ p € {2,00},
and analogously || fext||v«, |0 fext || L2(0,75v %) || fext | 1 0,1v%)s and [[hext |+ 10¢hext | L2 0,750+)
| hexct|| 1. 0,150%)
The assumptions on the initial data read:

(A8) The initial data (uo, x0) € V x Q is sufficient regular such that there exists a constant Cp
satisfying

B (x0)

ol + 19 x0l” + || (x0)|
+ HB <ppore(X0)>

3w(X0)

LY(Q) LY(Q)

+ [Bpore (x0)II* < Co,
LH(Q)

. _ . - . X -1
where B and B are the Legendre transformations of b and b :=bo (%) , respectively:

Blz) = /O “((2) — b(s)) ds > 0, (3.3)
B(z) = /0 “(b(2) = B(s)) ds > 0. (3.4)

(A9) The initial data (uo, xo) satisfies the compatibility condition: ppore(X0) € @ and
a0, ) — @ (Ppore(x0), V - 0) = (fexs (0),v) , for all v € V/,
i.e., the mechanics equation at initial time.
Additionally, the following non-degeneracy conditions are required:
(ND1) There exists a constant Cxp,1 > 0 such that

ﬁporE(X)
Swx)x

‘ < Cnp,1, forall x € R.

(ND2) There exists a constant Cxp 2 > 0 such that

Cb.2 < Ppore(X) < Cxpa,  for all x € R.
(ND3) There exists a constant Cxp 3 € (0, 1) such that

(500 ) (hee )’
Har = (ﬁgore<x> 1) b ()

In Appendix A, it is demonstrated that for the van Genuchten model for sy, and ke [63], and
the equivalent pore pressure model for pyore [5], (ND1) and (ND2) follow if the saturation takes
values above a residual saturation. Thus, (ND1) and (ND2) may be implicitly satisfied assuming
(ND3) holds true. Furthermore, the calculations in Appendix A illustrate that for materials
typically present in geotechnical application, the condition (ND3) is satisfied in saturation regimes
above 1 to 10 percent (depending on the material parameters). Thereby, the practical saturation
regime is covered for a wide range of applications. After all, (ND3) is the most restrictive
assumption of all assumptions. It essentially requires the mechanical system to be sufficiently
stiff in relation to the saturation profile. The lower the minimal saturation value, the stiffer the
system has to be.

> Cxp3Kar, forall x € R.



3.3 Existence of solutions for the unsaturated poroelasticity model

This section is presenting the main result together with the main steps of the proof.

Theorem 3.2 (Existence of a weak solution to the unsaturated poroelasticity model). Under
the model assumptions (A0)—(A9) and the non-degeneracy conditions (ND1)—~(ND3), there exists
a weak solution of (2.15)—(2.22) in the sense of Definition 3.1.

The main idea of the proof of Theorem 3.2 is to use the Galerkin method in combination
with compactness arguments. The main difficulty here is the control over the non-linear coupling
terms. For this a regularization approach is used. After all, the proof consists of six steps. In the
following, we present the idea of each step. Details are subject of the remainder of the article
and will be presented in the six, subsequent sections.

Step 1: Double physical regularization. Applying the Galerkin method along with com-
pactness arguments for the original problem (3.1)—(3.2) is challenging due to the coupling terms.
A simple way to control the term 9;V - w is to add a suitable regularization term in the mechanics
equation (3.1). As the coupling terms also involve non-linearities in the Kirchhoff pressure, strong
compactness is required. Therefore, we add a coercive term in the flow equation, which allows
for controlling the term Oyx. In this way, one can control the coupling terms, and eventually
leading to convergence.

From a physical point of view, the regularized model accounts for secondary consolidation and
compressible solid grains. In mathematical terms, it reads as follows. For given regularization
parameters ¢,n > 0, find (uey, Xep) to be the solution to the variational equations

/OT [ga(atum,v)m(ugn,v)—a<ppore(xm),v-fv>}dt:/OT (Foxt,0) dt, (3.5)

/OT [<0t5n(xsn),q> + & (35 (Xen) OtV - Uey, @) + <Habsten,Vq>] dt = /OT (hext, q) dt, (3.6)

for all (v,q) € L*(0,T;V) x L?(0,T;Q), where 5,7 is a strictly increasing regularization of b (see
(A1*) for further properties). The next two steps prove that the regularized problem has a weak
solution in an analogous sense to Definition 3.1.

Step 2: Discretization in space and time. We employ the implicit Euler scheme and a
Galerkin method based on an inf-sup stable finite element/finite volume method to obtain a
fully discrete counterpart of (3.5)—(3.6). In particular, the pressure variables are discretized
by piecewise constant elements, and for the diffusion term a discrete gradient V;, is employed
corresponding to a two-point flux approximation of the volumetric fluxes [62,64].

Given an admissible mesh 7, cf. Definition 5.1, the conforming and non-conforming, discrete
spaces Vj, C V and Qp ¢ @, respectively, and a partition {¢,}, of the interval (0,7T), the
discretization for time steps n reads: given the solution at the previous time step (uzfl, xzfl) €
Vi, X Qp, find (u}, x7) € Vi x Q, satisfying for all (vp,qn) € Vi, x Qp

¢ ra(uy — up T on) + a(ul, vn) — aPpore(XH), V- 0r) = (Fiki, vn),
(3.7)

by () = by O 1)y an) + (3w (XM V - (ul — ), an) + T(VRXR Vidh)ka = T(hive n).
(3.8)

The reason for this particular choice of a discretization is two-fold: (i) the piecewise constant
approximation of the pressure allows for the simple handling of non-linearities; (ii) the discrete
gradients Vj, retain the local character of the differential operator. This together allows for
simultaneously cancelling the coupling terms and utilizing the coercivity of the diffusion term.
This is required, e.g., for proving the existence of a discrete solution employing a corollary of
Brouwer’s fixed point theorem, or in Step 3.



Step 3: Existence of a weak solution to the regularized model. Based on the discrete
values {(uj,x})},, we define suitable interpolations in time, (unr, Xnr), yielding approximations
of (Uey, Xen). We remark that various interpolations are in fact introduced in the course of step 3
and 4. To avoid an excess in notations and for the ease of the presentation, we use the same
notation, (wp,, Xnr), for all interpolations.

The goal is to show convergence (in a certain sense) of {(upr, Xnr)}; , along a monotonically
decreasing sequence of pairs (h,7) — (0,0) (from now on denoted h, T . 0) towards a solution
of (3.5)—(3.6). This is achieved using compactness arguments; however, given the coupled and
non-linear nature of (3.5)—(3.6), several terms require careful discussion:

e Non-linearities as Ppore(Xen) or products of independent variables as Sy (Xxey)O:V - Uey
require partially strong convergence.

e Since 13,7 is not necessarily Lipschitz continuous, it is not sufficient to show uniform stability
for {O;xn-} to conclude weak convergence of {0;b,(Xnr)}n- towards 0ib,(xey). Instead,

we apply techniques by [53] utilizing the Legendre transformation, an of 1377, analogously
defined as in (3.3).

e The diffusion term is discretized using discrete gradients. Thus, weak convergence Vi xp, —
V Xen is not an obvious consequence of uniform stability for {Vy x4 - }n . For this, we
apply techniques from finite volume literature [61,62].

Motivated by that, we first derive stability estimates that are uniform wrt. the discretization
parameters

e |l 10,050y + (iss( su1§> Ixnr(t)
€

)

1,7 + ||ﬁpore(XhT)||L2(QT)

+ || By(xar)

b <
PR Lo ) 100l 2(gr) < Con

‘LOO(O,T;Ll L2(0,T;H-1(Q

for some constant C¢,, > 0 independent of h, 7. Therefore, one obtains weak convergence for
subsequences (denoted the same as before) for h,7 — 0

Upr — Ugyy in L*(0,T; V),

O, — Opue, in L*(0,T; V),
Ppore(Xhr) = Ppore(Xen) in L*(Qr),

Orby(xnr) — Osby(xen) in L*(0,T;Q*),
Sw(Xnr)HV - Upr = By (Xen) OtV - uey  in LP(Qr),
Vixnr = VXey in L*(Qr).

Moreover, by employing finite volume techniques the following convergence of the discrete
diffusion term can be showed

T T
/ (ViXhrs Vah) k. dt — / (VXen, V@), A,
0 0

for arbitrary discrete test functions g, which strongly converge towards continuous functions q.
Finally, the limit, (e, Xey), can be identified as weak solution of the regularized problem (3.5)-
(3.6).

Step 4: Increased regularity for the weak solution of the regularized model. When
discussing the limit { — 0 in step 5, it will be beneficial to have access to the derivative in time
of the mechanics equation (3.5) . Under the additional non-degeneracy condition (ND2), i.e.,



that ppore is Lipschitz continuous, an increased regularity can be showed for the weak solution of
the regularized model, (wey, Xxey). For instance, for all v € L?(0,7; V) it holds that

T T
A[@@wwm+awwmya@%mmwv4mﬁzé«w&mwt (3.9)

The proof follows the same line of argumentation as step 3. First a fully discrete counterpart
of (3.9) is constructed by considering differences of (3.7) between subsequent time steps
Cr o, — 2up " 2 w) + aluf —up )
-G <ﬁp0re(XZ) _ﬁpore(Xzil)v A\ ’Uh> = <f;(t - fg(;la ’Uh> for all vp € Vh-

In addition, suitable interpolations @ pr and Pporenr Of the discrete values {T‘l(ug — uZ_l)}n
and {Ppore(X}) }n, respectively, define approximations of dyue, and Ppore(Xen). The uniform
stability estimate

Hatﬁt,hT”%Q(QT;V) + HatuhTH%%o,T;V) + Hatﬁpore,h‘r”%%QT) < C(n
guarantee the weak convergences
Ol — OpUey, in L*(0,T; V),
Oyupr — Orey, in L2(0, T;V),
8tlﬁpore(X)hT - 8t]5pore(Xsn)> in LQ(QT)
up to subsequences, for h,7 — 0. Finally, one can identify (3.9) in the limit.
Step 5: Vanishing regularization in the mechanics equation. For each (,n > 0, there

exists a solution (wey, Xen) to (3.5)-(3.6). For the limit { — 0, we employ compactness arguments
similar to step 3. However, now the stability estimates ought to be independent of (. We show

||u677||?111(07T;V) + ||X€77Hioo(o,T;Q) + prore(Xen)”i%QT) (3.10)
By ()| e <c
* H n(xen) ‘LOO(O,T;LI(Q)) + || 9bn(Xen) L20.T;H-1(Q) — ¢
and
||atX£nH%2(QT) < Cy. (3.11)

For (3.10), one can use v = Jyuuey and ¢ = Oy Xy as test functions in (3.6) and (3.9). The coupling
terms obviously do not match; but by using a binomial identity and the non-degeneracy condition
(ND3), one can show that

T T
Hatuﬁ’OH%Q(O,T;V) + / <8tbn(Xa77)a 8thn> + a/ <§WatX677 - 8tﬁporea AV uan) >0, (3‘12)
0 0

which effectively allows for dropping the coupling terms. With this, letting ¢ — 0, one obtains
for subsequences (denoted the same as before)

Uey — Uy, in L*(0,T;V),
Opthey — Opuy in L?(0,T; V),
COpuey — 0 in L*(0,T;V),
Xen — Xn in L>(0,7;Q),
Ppore(Xen) — Ppore(Xn) in L2(QT)7
Sw(Xen) OV - Uy — 54 (xy)0:V -1y, in LQ(QT),
Aeby (Xen) — Bty (xy) in L2(0,T; Q).
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Finally, it is straightforward to see that the limit (u,, x,) is weak solution of (3.5)-(3.6) for
¢=0.

We underline, that for showing (3.12), the time-continuous character of the variational
problem is required. It is not obvious how to use a similar strategy on time-discrete level.
Therefore, step 5 has been performed separately from step 3 and 4.

Step 6: Vanishing regularization in the flow equation. In the presence of fluid or solid
grain compressibility in the original formulation, i.e., ¢y > 0 or % > 0, respectively, this final
step is obsolete. Otherwise, we consider the limit process n — 0 for the sequence of solutions
{(wy, xn)}y, derived in step 5. The overall idea is the same as in step 5, namely to obtain
estimates that are uniform wrt. 7 and to use compactness arguments. Referring to (3.10), the
following estimate is uniform in 7

HunHHl(oj;V) =+ ||XT]HLOO(()7T;H6(Q)) =+ ||ﬁpore(Xn)||L2(QT) (3.13)

- HBn(Xn)H oz T I 1ol

91by ()

For estimating O;x,,, we first show that the time derivative of the mechanics equation (3.7) is
well-defined for ¢ = 0, i.e., it holds for all v € L?(0,T; V) that

T T T
/ a(@tun, ’U) dt — / (0% <8t]5p0re(x77), V. ’U) dt = / <8tfext, ’U> dt. (314)
0 0 0

Since ||0s x|l S ||OePpore(Xn) ||, the uniform stability for d;x,, follows by an inf-sup argument, (3.14),
and the stability bound (3.13). Due to the lack of a suitable bound on Oju., in step 5,
this approach only works for ( = 0. Standard compactness arguments allow for extracting
subsequences (again denotes as before) such that for 7 — 0 it holds that

uy = u in L*(0,T;V),
Xn — X in L*(0,T;Q),
Ppore(Xn) = Ppore(X) in L*(Qr),
SOV - uy = 5, ()0 V - u  in L*(Qr),
Orbn(xy) — 9eb(x) in L2(0,T; Q").

Ultimately, (u, x) can be identified as a weak solution to the unsaturated poroelasticity model in
the sense of Definition 3.1. This finishes the proof of Theorem 3.2.

4 Step 1: Physical regularization — secondary consolidation and
enhanced grain compressibility

We introduce a physical regularization of the weak formulation (3.1)—(3.2) by enhancing both
the mechanics and the flow equations. We allow for secondary consolidation, which effectively
incorporates a linear visco-elasticity contribution in the mechanics equations of the form a(d;u, v).
Additionally, we assume non-vanishing grain compressibility by regularizing b. Specifically, we
let { > 0 and n > 0 be two regularization parameters and analyze the behavior of the solution
when passing them to zero.

Motivated by the physical example (2.6), for n > 0, define the regularization i’n of b by

~

R Pw (X) ;
muwzum+nA 53 (D)PhoreP) dp,

ie., I;n has the same structure as I;, but with % + n replacing % Refering to Section 3.2, the
function i’n still satisfies (A1). Additionally, a uniform growth condition holds

11



(A1*) There exists a IA)XJH > 0 s.t. Bx,mHXl —x2||? < <l;77(><1) — Bn(XQ),Xl — X2> for all x1,x2 €
L2(QT>7

cf. also Section A. In the subsequent discussion, a growth condition for I;n (or b) of type (A1*)
will be required in order to to utilize strong compactness arguments. If min {cw, %} > 01in (2.6)
holds, the growth condition (A1*) is fulfilled even for n = 0, and the regularization of the
flow equation actually is not necessary, cf. Step 6 in Section 9. In this context, we emphasize
that (ND3) also holds for b, as b; > V'

Also (A8) can be adapted for the regularization Bn- With b, := IA)n ° <p§%> B , we let Bn and
Bn be the Legendre transformations of i’n and Bn, respectively, defined by

~ ~

B(z) = [ (by(2) = by (o)) ds > 0 (4.1)

B,(z) = /0 (by(2) — by(s)) ds > 0. (4.2)

(A8*) There exists a g > 0 and Cj > 0, not depending on 7, such that
H ﬁ re { X0

B, ()
Sw(x0)

for all n € (0,719). Without loss of generality, we assume Cj in (A8) and (A8*) to be the
same.

<C()

LY(Q)

+
L)

ol + V%02 + || B (x0))|

For a non-degenerate initial condition xq, the additional terms in Bn and Bn can be essentially
bounded by 7||xo||?, which itself is bounded by (AS).

We introduce the notion of a weak solution of the doubly regularized unsaturated poroelasticity
model.

Definition 4.1 (Weak solution of the doubly regularized model). For ( > 0 and n > 0, we
call (Wep, Xen) € L2(0,T; V) x L*(0,T;Q) a weak solution of the doubly reqularized unsaturated
poroelasticity model if it satisfies:

(W) Bpore(Xen) € L2(Q1), Sw(Xen) € L=(Qr).
(W2)¢y by(xey) € L(0,T5 LY(Q)) and deby(x<y) € L*(0,T5Q*) such that
T, T, A
/ <8tbn(Xsn)7Q> dt + / <b77(X€77) - bn(XO)yatQ> dt =0,

0 0
for all ¢ € L*(0,T; Q) with &,q € LY (0,T; L>®(Q)) and q(T) = 0.
(W3)¢p Oyuey € L2(0,T5 V) such that

T T
/ a(Osthey, v) dt + / a(tey — ug, Opv) dt =0,
0 0

for allv € HY(0,T; V) with v(T) = 0.
(W4)¢y (e, Xen) satisfies the variational equations

[ [cat0en ) + atuen ) ~ @ Gt 700 [t = [ (o)
(4.3)

T A T
/0 |:<8tb77(X€77)’ Q> + o <'§W(X€T])atv * Ugp, Q> + <KabsVX€T]7 VQ>:| dt = /0 (hexty Q> dt,
(4.4)
for all (v,q) € L*(0,T; V) x L*(0,T; Q).
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Furthermore, we call (Uey, Xen) @ weak solution with increased regularity for the doubly regularized
unsaturated poroelasticity model if it satisfies (W1)ey~(W4)¢y and:

(W5)C77 Uey € H2(07T§ V) and atﬁpore(Xsn) € LZ(QT)~
(W6)¢yy It holds

T T
/0 [ga(attusna U) + a(atusna 'U) — <atﬁpore(X€17)a A\ U>:| dt = /[) <8tfext7 'U> dt, (4'5)

for all v € L?(0,T; V), given that fex € H'(0,T;V*).

We will later separately consider ¢ — 0 and n — 0. Therefore, we give the definition of a weak
solution for the simply regularized unsaturated poroelasticity model, obtained for n > 0 and

¢=0.

Definition 4.2 (Weak solution of the simply regularized model). For n > 0, we call (ty, x»)
a weak solution of the simply reqularized unsaturated poroelasticity model if it satisfies (W1)¢y,—
(W4),, for ¢ =0.

To distinguish between the equations satisfied by the weak solution of a doubly regularized
model and the one of the simply regularized one, where €, = 0, we use the notations (W1),~(W4), .

Lemma 4.3 (Existence of a weak solution to the doubly regularized model). Let ¢ > 0 and
n > 0 be given. Under the assumptions (A0)—(A9) and (ND1) there exists a weak solution to the
doubly reqularized unsaturated poroelasticity model, in the sense of Definition 4.1.

Proof. The assertion follows from steps 2-3. O

Lemma 4.4 (Existence of a weak solution with increased regularity for the doubly regularized
model). Let ( > 0 and n > 0 be given. Under the assumptions (A0)—(A9) and the non-degeneracy
conditions (ND1)—(ND2), the doubly regularized unsaturated poroelasticity model has a weak
solution with increased reqularity, in the sense of Definition 4.1.

Proof. The assertion follows from steps 2—4. O

Lemma 4.5 (Existence of a weak solution for the simply regularized model). Let n > 0 be given.
Under the assumptions (A0)—(A9) and the non-degeneracy conditions (ND1)—~(ND3), the doubly
reqularized unsaturated poroelasticity model has a weak solution with increased regularity, in the
sense of Definition 4.2.

Proof. The assertion follows from step 5. O

5 Step 2: Implicit Euler non-linear FEM-TPFA discretization

The next two sections, identified with steps 2 and 3, are providing the proof of Lemma 4.3. To this
aim, we employ the implicit Euler time stepping method, whereas for the spatial discretization of
the mechanics equation (4.3) a conforming Galerkin finite element method is used. For the flow
equation (4.4), the spatial discretization can be interpreted in various ways. It can be viewed
as cell-centered finite volume method utilizing a two point flux approximation (TPFA), the
simplest approximation one can consider, but it can also be interpreted as lowest order mixed
finite element method with inexact quadrature allowing for lumping [65]. In this section, we
show the existence of a fully discrete solution. We start with introducing the notations used in
the discretization.

13



5.1 Finite volume and finite element notation

We use standard notations in the finite volume literature, see e.g. [61,62]. In particular, we
introduce notation for elements, faces, their measures, transmissibilities etc. We assume that
the domain 2 is polygonal such that it can be discretized by an admissible mesh, as introduced
by [64].

Definition 5.1 (Admissible mesh T'). Let T be a reqular mesh of Q0 with mesh size h, consisting of
stmplices in 2D or 3D, or convex quadrilaterals in 2D and convexr hexahedrals in 3D. Furthermore,
we introduce the following terminology:

e K €T denotes a single element.

N(K) := {L ET|IL#K, LNK # @} denotes the set of neighboring elements of K € T.

E denotes the set of all faces, i.e., boundaries of all elements; let Ex denote the faces of a
single element K € T ; let Eoxy denote the faces lying on the boundary OS).

K|L € £ denotes the face between two neighboring elements K,L € T .

{xk}keT is such that for all K € T,L € N(K) the connecting line between xx and x, is
perpendicular to K|L .

dk ., denotes the distance between center of K and o € Ek;

dxo+dr,, KeT, LeN(K), c=K|L,
dy = 7 :
dK o, 0 € Eext NEK.

e 7, =|o|/d, denotes the transmissibility through o € £.

Assume there holds the regularity property: there exists a constant C' > 0 such that

> lolde <CIK| forall K €T.
LeN(K)
o=K|L

We introduce a dual grid 7* with diamonds as elements. It will be used for the approximation
of heterogeneous permeability fields. Additionally, it will be utilized within the proof.

Definition 5.2 (Dual grid to 7). Let T be an admissible mesh, cf. Definition 5.1. For each face
K|ILe&, KeT,LeN(K), define a prism P, C Q with vk, x5, and the vertices of K|L as
vertices. For all o € Eexx NEx, K € T define P, C ) to be the prism with xx and the vertices
of o as vertices. By construction, T* := {P,}sce defines a partition of .

Figure 1 displays a two-dimensional, admissible mesh and its auxiliary, dual grid.
The final discrete scheme is written in variational form. Given an admissible mesh 7, we
introduce the discrete function spaces and implicitly their bases
Vi, = span{vpi}ief1,....dv}s
Qn = span{qn ;}je(1,....dq}-

providing spaces for the discrete displacement and pressure, respectively. For the analysis below,
we assume that the discrete function spaces to satisfy the following conditions:

(D1) @y is the space of all piecewise constant functions (Pg) on 7 and the basis {qp, ;}; is equal
to the indicator functions of all single elements. Note Qp, ¢ Q.
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element € T

diamond € T*

Figure 1: Admissible mesh 7 (consisting of elements) in two dimensions, together with the
corresponding dual grid 7* (consisting of diamonds).

(D2) V;, C V such that V} x @y, is inf-sup stable regarding the bilinear form
Vi x Qn = R, (vp,qn) = (qn, V - vp).
In more detail, there exists a constant s = Cq i, > 0 (independent of h), such that

v.
inf  sup {an, V- vn) > Yis- (5.1)
0£4r€Qn vy, eV, lanll [|vnllv

In the analysis, (D1) will allow for intuitively handling non-linearities in the pressure variable
easily. Assumption (D2) will allow for using standard inf-sup arguments. In two dimensions,
one can use piecewise quadratic elements for V. In three dimensions, a practical choice is less
trivial, cf. [66] for a thorough discussion.

In the analysis, we require the notion of a discrete H'(2) norm for piecewise constant
functions in @y, see also [62].

Definition 5.3 (Discrete H'(Q) norms on Q). Let g, € Qn. We define

|
2
lanll1,7 = (Z To 50(%)2) :

oe€&
where
)qh‘K—qu‘, KeT, Le NIK), c=KI|L,

60Qh =
s 0€Ext NEK.

)Qh\K

In the same sense, given a uniformly positive field w € C(Q2), a scaled inner product of discrete
gradients is defined by

(Vaxm Vaan)o = > > iAWk 0xin(n) 0xilan) + Y T {w}o Xa| @h| -
KeT LeN(K) 0€ExtNEK
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where the the weight w evaluated at faces is approrimated as weighted average incorporating the
neighboring elements, i.e., utilizing the dual mesh T* to T it is

1
Wy i= — w(x)dx, oe€éf.
{ } ‘PU‘ Py ( )
A norm || - |1 7w = <Vh-,Vh->3J/2 is naturally induced.

A discrete Poincaré inequality can be showed for | - |17, introducing a discrete Poincaré
constant Co pp > 0 such that

llanll < Cappllanlli T for all g5 € Qp,

cf. Lemma B.1; similarly also for || - ||1,7 w-

5.2 Approximation of source terms and initial conditions

Let 0 =ty < t; < ... <ty =T define a partition of the time interval (0,7") with constant time
step size T = t, —t,—1 = T/N, n, N € N. We interpolate the source terms at discrete time steps.
Let

tn
fg(t = 1/ fext(t) dt?

T tn—1

1 tn
oL / e (1) .

T tn—1

Discrete initial conditions are chosen to imitate the compatibility assumption (A9). Let X% € Qn
be defined by the piecewise constant projection of x, i.e., on K € T, we define

1
0 ._ 0
Xhige ™ K| /KX o

As xo0 € L%(Q), cf. (A8*%), it follows by classical approximation theory for A — 0

X) = xo in L*(Q),

since Ppore € C(R), cf. (A3), and Ppore(X0) € L*(2), cf. (A8*), it follows for h — 0

and it holds that || X% [|1,7 .. < Cllxoll1 for some constant C > 0, cf., e.g., [64]. Furthermore,

ﬁpore(X}DL) — ﬁpore(XO) in Lz(Q)a

similarly for {Bn (x%)}n and {Bn (ﬁ goréﬁ?)) }h. Then in order to satisfy (A9) in a discrete sense,
wiXp,

we define u% € Vj, to be the unique element in V4, satisfying

a(uy,vy) — a <ﬁpore(xg), A\ vh> = (fext(0),vp,), for all vy, € Vj,. (5.2)
Using standard finite element techniques and (A9), it holds that

. (6% o ~
luo — upllv <2 inf Jlug — vpllv + ——lBpore (x0) — Dpore (XA)I-
vLEV) Kdr

Hence, by classical approximation theory and the imposed regularity (A8*) it follows for h — 0
ug — ug in V.
All in all, due to the convergence, (A8*) also applies on discrete level.
(A8*);, For bounded n > 0, there exists a constant Cy > 0 (wlog. the same as in (A8)) such that
> ﬁpore(X?L)
By | =+
Swlxp)

e

L)

"

2 A
I+ I 7+ B O],
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5.3 Approximation of the evolutionary problem
The discretization of (4.3)—(4.4) is defined by the Galerkin method combined with the standard

implicit Euler time discretization: for n > 1, given (uz_l,xz_l) € Vi, x Qp, find (ul,x}) €
Vi, x @y, satisfying for all (vp,qn) € Vi, x Qp,

¢ la(up —up !

;o) + a(uy, o) = Ppore(Xh), V - o) = (Fex, vn), (5-3)
(b (k) = by (™) an) + @B (XY - (ufy = up ™), an) (5.4)
+T<VhX,Z7 th}L>K:abs = T<hgxt’,7 qh>'
Lemma 5.4 (Existence of a discrete solution). Let n > 1. (A0)—(A9), (ND1), and (D1)—~(D2)
hold true. Then there exists a discrete solution (uy,x}) € Vi, X Qp satisfying (5.3)~(5.4), and

B ﬁpore(XZ)
n N n
sw (X7)
Proof. The proof is by induction. We present only the general step, since the proof for n =1 is

similar. We employ a corollary of Brouwer’s fixed point theorem, cf. Lemma B.4, to show the
existence of a solution of a non-linear algebraic system, which is equivalent to (5.3)—(5.4).

+ |3 < oo for allnm > 1. (5.5)
L)

Introduction of a pressure-reduced algebraic problem. We introduce an isomorphism
between the discrete function space corresponding to the fluid pressure y and a suitable coefficient
vector space

Xh : Ria Qn, B+ Z (%>_I(ﬂj)(1h,j-
J

Due to (A4), xp is well-defined. Similarly, let
Uup, : Rdv — Vh, o — Zaivh7i.
i
For given 3 € R%, define a = a(B) € R to be the unique solution to: find e € R% such that

¢ la(up(a) — up o) 4 a(up(a), vy)
= (f",vn) + @ Ppore(Xn(B)), V - vp) , for all vy, € V,.

Finally, we define F : R%Q — R by

Fi(8) = (by(xn() = by ang ) + @ (o (n(B) Y - (un(e(8)) — wi™), ans)
+7—<VhXh(B) Vth7J>Hab 7-<h‘gxt>Qh,j> ) ] € {177dQ}
We note, the existence of a discrete solution of Eq. (5.3)—(5.4) is equivalent to the existence of

B € Ria, satisfying F'(3) = 0. To prove the existence of a zero of F', we employ Lemma B.4; we
consider the expression

(F(8).8) = (b1 (8)) — by, P2 B (5:6)

—|—a<V-(u o) —up h s Dpore (X h(ﬁ))>

Ppore (X (ﬁ))
+7(Vax(8), Vi)

n D ore(X (ﬁ))
<hext77§ 0n(3) >

=T+ T+ T3+ Ty
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where we used

ppore(Xh(ﬁ))
Zﬁf‘”“ Su(en(8))

and dropped the explicit dependence of o on 3. We discuss the terms 77, ..., Ty separately.

_ . . -1
Discussion of T7. Using (A4), we define b, := b, o (%) : R — R and its Legendre

W

transformation, cf. (4.2). Finally, using standard properties of the Legendre transformation of
non-decreasing functions, cf. Lemma B.12, we obtain for term T3

h= HB" (Ppoe(Xh(@)> L@ HB" (szvzz/gég:;)) ))

Sw(xn(B))
where 8"~! € R such that x}~' = x4 (8" 1).

L)

Discussion of T5. From the definition of «, under the use of a binomial identity, the Cauchy-
Schwarz inequality and Young’s inequality, the coupling term 75 becomes

Ty = a{V - (up(a) — u}"), Ppore(Xn(B)))
=7 lun(a) —up” IHV + 3 Jun(@)|3 + 5 [Jun(@) —uj” 1HV
=g Iy = (" (o) — )
> ¢ lun(a) — up [y + 5 (@) + 4 [[un(e) — i3,
S L M P o

Discussion of T5. By the mean value theorem and (A4), the diffusion term 73 can be estimated
from below

T3 2 Chore/ou TIXR BT T e

Discussion of Ty. FEmploying the definition of hexy = (h, wy), the non-degeneracy condition
(ND1), a discrete trace inequality, cf. Lemma B.2, together with a discrete Poincaré inequality
(introducing Cq pp), cf. Lemma B.1, we obtain

(1 i)

LGB (I (B + Ikl aqery n(B)zzqrey)

< C(Cnp1; Cors Capp) [[hox 12 (Q)x L2(T%) Ixn (B )Hl,T

for a constant C' (Cnp,1, Cir, Ca,pp) > 0 Hence, by (A6) and Young’s inequality, for the term T}
it holds that

C (CND 1, Ctr, CQ DP)
Ty < ) ) h
4> QCﬁporc/§w Fm.abs H EXtHLz(Q)XLQ(I‘f\I) +

cﬁpore/gw

2

7Ixn(B)I13
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Combination of all results. By inserting the estimates for 17, Ty, T3, and Ty, (5.6) becomes

e (o (i)

+ 3 @l + 56 Jun(e) — w3, + 5 lun(e) — i 1Hv>

5 (PO
n\ s (n—1\
SW(Xh ) LI(Q)
n C (Cnp 15 Cir, CappP)
2Cﬁp0re/§w /{mvabs
Finally, since | - ||1,7 x,,. defines a norm on @5, and (5.5) holds by induction for n — 1 if n > 2 or
from (A8*) for n = 1, by a corollary of Brouwer’s fixed point theorem, cf. Lemma B.4, there
exists a @ € R% such that F(3) = 0, which implies existence of a solution. The bound (5.5) for
n follows immediately from (5.7). O

+ 28T g (B 7 (5.7)
L)

+ 5 a5+ 1R

T||hext||L2(Q)><L2(Ff\I)>‘

6 Step 3: Limit A,7 — 0

In the following, we show that the fully-discrete FEM-TPFA discretization, introduced in the
previous section, converges to a weak solution of the doubly regularized unsaturated poroelasticity
model, i.e., we prove Lemma 4.3. The proof follows the steps: 1) derive stability results for the
fully discrete approximation; 2) define suitable approximations a.e. in time using interpolation;
3) deduce stability for those as well; 4) relative compactness arguments are performed yielding
a well-defined limit for h,7 — 0; 5) the limit is showed to be a weak solution of the doubly
regularized model. Throughout the entire section, we assume (A0)—(A9) and (ND1) hold true.

6.1 Stability estimates for the fully-discrete approximation

Lemma 6.1 (Stability estimate for the primary variables). Let 7 < %. There exists a constant
CW >0 (independent of h,T,(,n), such that

¢S g - o+ sup g} + Z g — up =3 + quxhun
n

< C(l) (CO? CNDJ HheXtHL2(0,T;Q*)7 ”.fextHH1 (0,T;V*)> ’

where Cy and Cxp 1 are defined in (A8%), and (ND1), respectively.

Proof. The proof follows essentially the same steps as in the proof of Lemma 5.4. Therefore, we
are quick on similar steps. We consider the reduced displacement-pressure formulation (5.3)—(5.4).
We choose v, = uj —up~ Land ¢, = pgoréx’)“)

that the second is well-defined as sy (x) > 0 for all x € R, by (A2). We obtain

as test functions and sum the two equations; note
—1 n n—1(2 n n—1
¢t Huh—uh HV—Fa(uh,uh—uh )

> n 2 n— ﬁpore(Xh) n ﬁpore(XZ)
+ ( by(Xn) — by(x 1’7A n >+7'<VhX>VhAn
< 77( h) 77( h ) SW(Xh) h SW(Xh) .

n—1 n ﬁpore(XZ)
pu— h —_— .
(") 7 e P22
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On the left hand side, we employ the binomial identity (B.2), the Legendre transformation, B,

L . -1 )
of b, = by, 0 (%) , cf. (4.2) and Lemma B.12, and the uniform increase of pg%, cf., (Ad). It
holds that

_ n 2 1 _ " _
¢ |up —up [y + 3 (w3 = e 15 + llup —wp5)
N . -1
T HB” (ppzore(XZ)> _ Bn Ppore(i(ﬁl )
L1(Q) Sw(Xh )

Sw(Xp)
< n n—1 n ﬁpore(X}J )
= <-fext>uh uh > =+ < ext» §W(XZ)

+ Cﬁpore/ngHXZ H%,T,Habs
L)

Summing over the time steps 1 to IV and rearranging terms, yields
> 1 1
_ — N _
¢ ZT ! | — uy, IHV + §||Uh I + 5 Z [uyy — w5
n n=1
A N N
= ( Ppore(X3)
o ()| e Y R
SW(Xh )
5 0
— ( Ppore(X3)
5y (Pt

LI(Q) n=1
Sw(Xh)

1
§||uh||v
LY(Q)

N
ES (freul—u 1>+Z < p(xh)>
n=1

Xh)

It remains to discuss the last two terms on the right hand side. For the first of them, we employ
summation by parts, cf. Lemma B.6, as well as the Cauchy-Schwarz inequality and Young’s
inequality:

N
Z <.f(g(ta up, — UZH>
n=1
N—-1
:< e]XtvuhN> ext? Z g{—{-l - ext?uh>

n=1
N
1 1 1 _
< FN + I I + S Fhele + Sl + > 770 £ — Fa . + Zﬂ\uhuv
n=1

The second term is estimated as in the discussion of Ty within the proof of Lemma 5.4. We
obtain

N N n
> (i P

o SW(Xh)
N

C (Cxp 15 Cir, CappP) ppore /S
< ZTHhextHL2(Q 2 2(rf) T Trore/? Z

2Cpp0re/sw Km,abs 1 2 ne1
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Altogether, after rearranging terms, we obtain

N
_ 1 1
R A L A %
n n=1

5 (Boore(h) Cpore /i
+ B < AOI‘e ) + pore/Sw
o (e o ™5 2

N C (Cxp,1, Cir, Capp)’ a

17l
2, sk T lextllL2(@)x 22(0)
L1(Q) Ppore /5w vm,abs =

)
0

< 1 + [, (=)
Xh

+ || extHV* + ” XtHV* + ZT_l Hfg(t ext HV* + ZTH xtHV* + 227—”uh”V
— n=1

Finally, the last term on the right hand side can be controlled after applying a discrete Gronwall
inequality, cf. Lemma B.7, using that 27 < i. The thesis follows from the assumptions on the
regularity of the source terms (A7) (together with a Sobolev embedding) and initial data (A8*).

O

Lemma 6.2 (Stability for the Kirchhoff pressure). There exists a constant 087)

of h,T) such that

al -1 n n—1 -1 (2) 1+<_1 1)
bx,mZT HXh*Xh H +”XhH1T+ZHXh* HlT Ce <CO’ b ¢ >’

X?m

> 0 (independent

where CY) is the stability constant from Lemma 6.1, by.m s from the growing condition (A1),
and Cy is the bound in (A8"),.

Proof. We choose g, = X} — X} Lin (5.4). By using the binomial identity (B.2) for the diffusion
term, we obtain

(ba0xit) = b0~ =X~ ) + @ (B (Y - (= ™), X3 = )
T —1112
5 (0 7 = IG5 e + I =7 )
=7 (hges Xh = X3 1) -

Dividing by 7 and summing over time steps 1 to IV, yields

N N
N 1
ZT‘1<bn<xz> by x5 I, 32 =, 6D

H h”lTMbq"‘Z@emeh _aZT Sw(xn)V - (up —up™ 1)7X - X 1>-

We discuss some of the terms above separately. Employing the growth condition (A1*), yields
for the first term on the left hand side of (6.1)

N
Zr< B = by O = ) 2 b 307 -
n=1

By employing the Cauchy-Schwarz inequality and Young’s inequality, we get for the second term
on the right hand side of (6.1)

N b N ) 1 N
Z<hgxt7Xh XZ 1> < %Z’r—l HXZ_XZ_IH +TZ HhextHQ*'
n=1 n=1 Xmop—1
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Similarly, for the last term on the right hand side of (6.1), we get
N
ad T EORY (=) X =

n=1
b N o2 Y
D D R A AT
n=1 X —1

All in all, (6.1) becomes

N N
b ~ - 1 ~
DT g = P +5 2 Ik = X3 IR 7
n=1 n=1
1 1 o2 &
< SR T, T 35— D TS IS + ZT‘lHV n—up
2 QbX’m n=1 m o1

Finally, the first term on the right hand side is bounded by (A8"),, whereas the last term can be
bounded by employing Lemma 6.1. On the left hand side, we employ (A6). O

Lemma 6.3 (Stability for the Legendre transformation B, of 1377) Let Bn(z) denote the Legendre
transformation of b, cf. (4.1). There exists a constant Cég) > 0 (independent of h,T,n), such that

p HBW(XZ) Q) = Cé(“g) (CO’C(D (1+ Cil)) ’

where CY is the stability constant from Lemma 6.1, and Cy is the bound in (A8%),.

Proof. Testing (5.4) with ¢, = xj. and employing the properties of the Legendre transformation
Bn, cf. Lemma B.12, yields for all n

. ~ _ 2
| B0y g = [BaOGT] g + I 7o

<7 (A Xi) — @ (B () V- (g — up ™) xR -

LH(Q)

For the first term on the right hand side, we employ a similar bound as in the discussion of T}
within the proof of Lemma 5.4; for the second term, we employ the Cauchy-Schwarz inequality, a
discrete Poincaré inequality (introducing Cq pp), and (A6). We obtain

® n n—1
HB”(X}L) L(Q) HB (G )‘ LY(Q)
C (Cxp.1, Ctr, Capp)’ Copp o?
< HhextHQ* P Ki
m,abs dr

Rm,abs

7l =iy

Finally, summing over time steps 1 to N and employing Lemma 6.1 and (A7) proves the
assertion. ]

Lemma 6.4 (Stability for the pore pressure). There ezists a constant c® >0 (independent of
h,1,¢,n), such that

N

3l I < 0 (¢,

n=1

where CY) s the stability constant from Lemma 6.1.

22



Proof. We utilize a standard inf-sup argument (introducing Cqjs), cf. Lemma B.11. Due to (D2),
there exists a v, € V}, such that

[Bpore (X (B)II* = & (Bpore (xa(8)), V - vn) s |lwnllv < CasllBpore(xn (B,

Employing the mechanics equation (4.3), we obtain

1Bpore (xn (B < Cais (¢ [Juh — up ™|y, + luplv + | facllv)

and hence,
N N N N
D TlBpore(X)I1* < 3G 5 (CQ S g =gy + > gl + ZT”feT;tH%/*) ~
n=1 n=1 n=1 n=1

Finally, the assertion follows from Lemma 6.1, assuming wlog. ¢ is bounded from above. ]

Lemma 6.5 (Stability for the temporal change of 13) There exists a constant Cé5) > 0 (indepen-

dent of h,T,1n), such that

SV <zm<x;:>—fn<x;:—l>’qg> 5
<cf (W a+¢),

sup . 7
GO (SN rgpl )
where C) s the stability constant from Lemma 6.1.

Proof. Let {qp}n C Qn \ {0} be an arbitrary sequence of test functions. Employ ¢;} as test
function for (5.4). Summing over time steps 1 to N and applying the Cauchy-Schwarz inequality,

yields
N 7 n 7 n—
bn(Xh) _bn(Xh 1) n
Z T - » dp

n=1

, N 12, N 1/2
[0 _ 112

< (o3 ) (et
drn:1

n=1

N 12 , N 1/2
+<ZTHXZH?,T,%S> <ZTH(JZH?,T,W>

n=1 n=1

N /2 , n 1/2
+ (14 Cyr)Ca.pp (Z T\W&t”é*) (Z TW?H%T) :

n=1 n=1

For the last term, we employed a discrete trace inequality, cf. Lemma B.2, and a discrete
Poincaré inequality, cf. Lemma B.1. Finally, utilizing a discrete Poincaré inequality for the
first term on the right hand side, (A6), and employing Lemma 6.1, we prove the assertion with

Céf)) =3vVCO) <OQ7DP<1/20;(1/2 + ’ill\/{?abs + (1 + Ctr)CQ,DP>- ]
dr

6.2 Stability estimates for interpolants in time

Utilizing the discrete-in-time approximations (u}, X} )n, defined by (5.3)-(5.4), we define continuous-
in-time approximations on (0, 7] by piecewise constant interpolation

(tn—la tn]v
(tn—lv tn]7



and by piecewise linear interpolation

. t—1p— _
Tpr(t) == ul~ 1—1—%1(u2—u2 D, t € (tae1,tnl, (6.2)
. t—th1 _
Xnr (1) = x5+ =0 = x5 ) € (bt (6.3)

We deduce stability for the interpolants from the stability of the fully discrete approximation.

Lemma 6.6 (Stability estimate for time interpolants of the mechanical displacement). For all
h,7 >0 and 7 € [0,7) it holds that

T
¢ /0 1Oviensll? dt + atns |20y < C, (6.4)
T—7
/O lne(t + 7) — @ns (DI dt < CD7, (6.5)
s — @nel|72 (0 < CHT, (6.6)

where CY) s the stability constant from Lemma 6.1.

Proof. The assertion (6.4) follows directly from Lemma 6.1 by definition of the interpolants.
Similarly, by definition of the piecewise constant in time interpolation, it holds that

T—#
/ lainr (t + 7) — e (8)3 dt
0

N-1

tnN—T
/ ins (¢ + 7) — e (O[3 dt + / lainr (¢ + 7) — nr (D)% dt

tn—1 tN—1

[0

tn
/ e+t — g3 de

3

\]>

=1

N

=7 [l —uply.
n=1

We obtain (6.5) from Lemma 6.1. By definition of the piecewise constant and piecewise linear
interpolation, it holds that

" 2
|@n, — Uh7-HL2 (Qr) Z ; - UZ - t;ffl (u’,;” — U,Z—l) H
n—1
1 1
- §TZH“h_“h I
n=1
We conclude (6.6). O

Analogously, we conclude stability for the interpolants of the Kirchhoff pressure.

Lemma 6.7 (Stability estimate for time interpolants of the Kirchhoff pressure). For all h,7 > 0
and 7 € [0,7) it holds that

T
| 10l e < €,
~ — 2
byl Ok 22(0p) + 1X07 20,1322 < CLo,
T—#
[ a4 7) = 01 de < CBppC2,

_ ~ 2 2 2
xnr = el 22(0p) < CoopCLT,
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where CY) and 087) are the stability constants from Lemma 6.1 and Lemma 6.2, respectively,
and Copp s the discrete Poincaré constant, cf. Lemma B.1.

Proof. The proof is analogous to the proof Lemma 6.6. For the last two estimates in the assertion,
a discrete Poincaré inequality, cf. Lemma B.1, has to be applied before utilizing the stability
bound on ZnN:1 Xy — Xzil”iT from Lemma 6.2. O

Similarly, by definition of the piecewise constant interpolation, we deduce stability for some
of the non-linearities used in the model.

Lemma 6.8 (Stability estimates for non-linearities evaluated in interpolants). It holds that

<c®.
Le(rLi (@) ~ ¢

Hﬁpore (th) ”%2(QT) < 0(4) 5

By(Xnr)

where Cég) and CW are the stability constants from Lemma 6.3 and Lemma 6.4, respectively.

Lemma 6.9 (Stability estimate for the temporal change of l;) For

by () — by )
T

e (t) = t € (th-1,tn)

1t holds that
N 1/2 ~(5
Azl 20, -1(0) < CQ/,PCgg )
where CéS) is the stability constant from Lemma 6.5, and Cqp is a Poincaré constant.

Proof. Let ¢ € L?(0,T;Q). We define a piecewise constant interpolation in both space and time,
and only time by

tn 1
2, t) = 1/ IK’!/ gdudt, (u,8)€ K x (1 ts], K €T,
tn—1 K

tn
(2, t) = 1/ gdt, (2.1) € 2 X (tn_1. 1],
tn—1

Then by Lemma 6.5 it holds that

~

T N L o( 7 n—1 N 1/2
5 by(Xk) =X ) n
[ Gy = o (MR, <0 (S )
n=1

n=1

By Lemma B.3, a (continuous) Poincaré inequality (introducing Cq p), analogous to Lemma B.1,
the triangle inequality and the Cauchy-Schwarz inequality, it holds that

N N
> gl 7 < Cap Y 7lIVe"|?
n=1 n=1
N 2
:CQ,pZT 1 Vqdt
n=1 tn—1
N tn 2
<CorYr ([ 14l a
n=1 tn—1
N 4,
<CorY [ IVal* ar
n=17tn-1
2
= Copllallzaorm (@)
which concludes the proof. O
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6.3 Relative (weak) compactness for the limit 4,7 — 0

We utilize the stability results from the previous section to conclude relative compactness. We
deduce limits for the interpolants which eventually converge towards a weak solution of the
doubly regularized unsaturated poroelasticity model, i.e., it fulfils (W1)¢,—(W4)¢y,.

Lemma 6.10 (Convergence of the mechanical displacement). We can extract subsequences
of {tnrtnr and {Un,}n- (still denoted like the original sequences), and there exists ue, €
L>®(0,T; V) with dyue, € L*(0,T; V) such that for h,t — 0
Upr — Ugyy 0 L0, T;V),
Upr — Uey m LQ(QT),
Upr — gy in L2(0,T; V),
Oytltp, — Opuey in L*(0,T; V). (

6
6.
6

© oo ~3

> o~ o~ —
S— N N N

.10

Proof. By the Eberlein-Smulian theorem, cf. Lemma B.8, and Lemma 6.6, we obtain directly (6.7).
For (6.8), we employ a relaxed Aubin-Lions-Simon type compactness result for Bochner spaces,
cf. Lemma B.9, together with Lemma 6.6. Furthermore, by the Eberlein-Smulian theorem, cf.
Lemma B.8, and Lemma 6.6, there exists a @ € L?(0,7, V') such that up to a subsequence

Qpr — @ in L2(0,T;V),
Oytupy — Oyt in L2(0,T; V).
We can identify 4 = u,, as follows. Employing the triangle inequality and Lemma 6.6, yields
[nr — enllL2(Qr) < Unr — WnrllL2(Qy) + | — tenllL2(Qr)
< CW7r + ||ty — Uyl L2(Qp)s
which converges to zero for h, 7 — 0. This concludes the proof. O

In order to discuss the limit of the pressure, we utilize techniques employed in the finite
volume literature [61]. We define a piecewise constant discrete gradient of yp, utilizing the dual
grid 77, cf. Definition 5.2,

(Vi) d%”fﬂb (x,t) € Py X (tn—1,tn], KT, LeN(L), o =K|L,
X) pr = n
T dXZ|K N K, (2,1) € Py X (tp_1,tn], 0 € Eext NEK,

where n g, denotes the outward normal on K |L € &, pointing towards L; and n, x denotes the
outward normal on o € Eqy N Ei, pointing towards K.

Lemma 6.11 (Convergence of the Kirchhoff pressure). We can extract a subsequence of {Xnr}th -
(still denoted like the original sequences), and there exists Xz, € H'(0,T; Q) such that

Xhr = Xen 0 L*(Qr), (6.11)
(VX)) = Vxey in L(Qr), (6.12)
O Xnr — OiXen in L*(Qr). (6.13)

Proof. Let h € R? and Qi ={recQlr+ h € Q}. Using Lemma 4 from [62], for all g, € Q, it
holds that

/Q HCIh(x +h) - Qh(:L‘)H2 dr < Clqull3 7 |7 (!ﬁl + !Q|>
i
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for some C' > 0. Hence, we obtain

T
0 Q;
N

gmwqum)zywwﬁf'

n=1

<W d

Consequently, by Lemma 6.7, X5, satisfies a translation property in space and time wrt. L?(Q7).
We conclude by the Riesz-Frechet-Kolmogorov compactness criterion, cf. Lemma B.10, that there
exists a xe € L*(Qr) satisfying (6.11).

By definition of (V) », and the geometrical identity |Py| = d~!lo|d,, it holds that

s (12
H(VX)hTHm @Qr)

N ‘ N no |?
Xh|w — Xh ‘ Xh
PESIP NI SO N I
n=1 KeT LeN(K IL n=1 oE€ExtNEk oK
:dZTZTUwU(XZ)F
n=1 o€

T 2
Zd/|WmM7ﬁ,
0

which is uniformly bounded by Lemma 6.7. Hence, by the Eberlein-Smulian theorem, cf.
Lemma B.8, there exist a g, € L*(Qr) such that (up to a subsequence)

(VX)) = gy in L*(Qr).

It remains to show that g, = V., in the sense of distributions, i.e.,

T T
/ (gy, ) dt —I—/ (Xen, V- p)ydt =0 for all ¢ € C=(Qr)".
0 0

For that, we follow an argument in [61]. Let ¢ € C®(Qr)?. As

T T
/0<(Vx)h7,<p>dt—>/0 (gy, @) dt, and

T T
/O<Xh’rvv'90>dt_>/o <X5777V'50>dt

for h, 7 — 0, it suffices to show that

T T
/<(Vx)h7,<p>dt+/ (Xne, V - o) dt — 0.
0 0
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By definition of (W) ,, and the construction of 7* with % = Lol

[Ps|
T N tn L
/0 <(VX)hTa‘P>dt:nz::1/t Z/Pa (VX),,, - pdxdt

for all o € &, it holds that

n—1g5cg&
N tn Xn _Xn
. ki, Ry
=S Y a e [ g de
n=1"'"=1 KeT LeN(K) K|L

+§:/tn Z dXZIK/ @ Ny drdt
Py >

d
n=1"7tn-1 0EExtNEK o, K
N tn

:Z/ Z Z ‘U‘ (X;LL|L_XZ|K> ! CP‘TLK‘Ld.det

P
n=1"tn-1 KeT LeN(K) Prizl i,

N ot
n n 1

n=17n-1gef NEx

On the other hand, since ¥y, is constant and hence continuous within each K € 7, it holds that

T
/ (s ¥ - @) dt
0

tn
/ Z/ eV - pdadt
tn—1

N
n=1 o€l Po
N tn
SO AR DI S (Y S R
n=1"t-1 | KeT LeN(K) PrLnK Py ,NL
+ ) XZ|K/ V- pdzx|dt
aGSadﬂSK P%OKT
N tn
=TS S () [ e s
n=1"t—1 | KeT LeN(K) K|L
+ Z XZ|K/<P'na,Kd3 dt.
0C€EextNEK 7

As @ € C®(Qr)? is smooth, there exists a constant C' > 0 such that

11 11
/ — cp-nadxdt—/ /cp-ngdsdt
T tn—1 |P0'| Py T tn—1 |0-‘ o

By abuse of notation, we used n, for both ng|;, and n, k. After all, together with the Cauchy-
Schwarz inequality, it holds that

T T
0 0

N
<ondr (S Y el ] D el

< Ch.

n
Xh|K‘
n=1 KeT LeN(K) 0E€ExtNEK
N 12 , N 1/2
2
<on(3orhiy) (L)
n=1 n=1 o€&
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By Lemma 6.7 and the regularity assumption on 7T, convergence towards 0 follows for h, 7 — 0.
This concludes the proof of (6.12).

The proof of (6.13) is standard and follows mainly from the stability results in Lemma 6.7
and the Eberlein-Smulian theorem, cf. Lemma B.8. This concludes the proof. O

The main purpose of the double regularization has been the aim to get control over the
non-linear coupling terms, and eventually establish convergence.

Lemma 6.12 (Convergence of the coupling terms). We can extract a subsequence of {Xnr}thr
(still denoted like the original sequences) such that

ﬁpore(ihT) - ﬁpore(Xsn) mn LQ(QT)a (6'14)
3w (Xnr) OtV - lpy — 3y (Xen)OV - uey  in L2(Qr). (6.15)

Proof. By the Eberlein-Smulian theorem, cf. Lemma B.8, and Lemma 6.8, we can extract a
subsequence of {\nr}n.- (still denoted {Xnr}n+), and there exists a p € L%(Qr) such that

ﬁpore(XhT) — ﬁ in LQ(QT)

We can identify p = Ppore(Xen) as follows. From Lemma 6.11, we have xpr — Xen a.e. on
Qr for a subsequence (still denoted {Xnr}nr). AS Ppore is continuous by (A3), it holds that
Dpore(Xhr) = Ppore(Xen) a.e. on Q. This concludes (6.14).

The convergence property (6.15) follows from the convergence properties of the single contri-
butions. Let ¢ € L?(Qr); it holds that 8w (Xnr)q — Sw(Xen)q in L?(Qr) (up to a subsequence).
Indeed, by Lemma 6.11, we have X — Xep a-€. on Q7 (up to a subsequence); due to (A2), it holds
that 5w (Xnr)q = Sw(Xen)q a.e. on Q7 and |5y (Xnr)q| < |g| a.e.; hence, by the dominated conver-
gence theorem 8y (Xnr)q — Sw(Xen)q in L2(Qr). In particular, it holds that §y(xey)q € L*(92).
Moreover from Lemma 6.10, we have 8;V - @y, — 0;V - ug, in L*(Qr). Altogether, we obtain

‘(éW(XhT)atV : ,ﬁ’hT - éW(XEn)atV * Uen, q>‘
< |<(§W(>_Ch‘r) - §W(X€n)) OV - Uy, CI>| + ‘<§W(Xsn) (8tv “Upr — OV - Uen) 7Q>’
< ||§W(>Zh'r)q - §W(Xsn)qn ||atV ) ﬁhTH + |<8tV “Upr — OV - Uenp, §w(X€n)Q>| )

which converges towards 0 for h,7 — 0, due to strong and weak convergence of the single
components. [

Lemma 6.13 (Initial conditions for the fluid flow). It holds that
Az — Oiby(xen) in L2(0,T; Q) (6.16)
(up to a subsequence), where (9,5377()(577) € L*(0,T;Q*) is understood in the sense of (W2)¢.

Proof. By definition of the Legendre transformation B and its properties, cf. Lemma B.12, it
holds that

~

|8n($)‘ < 5Bn($) + sup ‘bﬂ(y)’7
ly|<o—1

for all § > 0. Since B, (Xnr) € L>(0,T; L'()) is uniformly bounded by Lemma 6.8, and b,
is continuous by (A1)*, it holds that Hl;n()ZhT)‘|Loo(07T;L1(Q)) is uniformly bounded. Hence, by
the Eberlein-Smulian theorem, cf. Lemma B.8, we can extract a subsequence of {Xpr}, - (still
denoted {Xnr}n.r), and there exists a by, € L>°(0,T; L'(2)) such that

by(Xnr) = by in (0, T; ().
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As b is continuous by (A1), and Xpr — Xep in L?(Qr) (up to a subsequence) by Lemma 6.11,

it holds that l;n()ZhT) — lA)n(XEn) a.e. on Qr (up to a subsequence). We conclude b, = 6n(x5n),
which proves

by (Xnr) = by(xen) in L2(0,T; LY(Q)). (6.17)

By the Eberlein-Smulian theorem, cf. Lemma B.8, and Lemma 6.9, we can extract a subse-
quence of {Ynrtn.- (still denoted {Xns}nr), and there exists a by € L%(0,T;Q*) such that

Ahr — by in L2(0,T; Q).
It remains to show that b, = 8t1377(xm7) in the sense of (W2)¢,. For this, we follow arguments

by [53] as follows. Let ¢ € L?(0,T; Q) with 0;q € L*(0,T; L>=(2)) and ¢(T) = 0. Due to (6.17)
it holds that

~

T
/0 <bn(><2) - bn(XO),atq> dt — 0,
for h,7 — 0. Thus, it suffices to show that
T T, .
/ <)\h7,q> dt —i—/ <bn()2h7) — bn(X2)78tQ> dt — 0,
0 0

for h,7 — 0. By definition of Ay, after applying summation by parts, cf. Lemma B.6, we obtain

T —
/0 <)\h77Q> dt

N . . tn
= <bn(x§i) — by (X, Tt / th>
tn—1

N-1 ¢,
n=1 /t”—l
T

0= [ (bylen) = ba(xa). 010

T

1 ft"“ gdt — =L [I" qat
S - tn tn ~
<b77(Xh) — by (Xh), ! > di

for h,7 — 0, due to the smoothness of ¢ and the convergence properties of I;n()_(hT). This
concludes the proof. O

Lemma 6.14 (Initial conditions for the mechanical displacement). The limit u., € H'(0,T; V)
from Lemma 6.10 satisfies (W3)¢y.

Proof. Let v € H*(0,T; V) with v(T) = 0. We obtain, using the same calculations as in the
proof of Lemma 6.13,

T T T—1
/ a(Oytup,,v)dt = a (’U,}]ZV — u%, 71 / v dt> — / a (ﬁhT — u%, 61513]”) ,
0 0

T—1
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where

. _1 tn—l t _ tn—l 1 tn _1 tn—l
o (l) = 7 / it 4 Lt (0 / o / wdt |, e (bt ta].
tn—2 T t tn—2

n—1

By construction of u?l it holds that u% — ug in L?(0,T; V). Furthermore, by Lemma 6.10, it
holds that @p, — ue, in L%(0,7;V) and dtip, — Opuey in L2(0,T; V) (up to subsequences).
Hence, for h,7 — 0, we obtain

T T
/ a(Osthey,v) dt = —/ a (uey — ug, Ov) ,
0 0
and thereby (W3)¢,. O

6.4 Identifying a weak solution for h,7 — 0

Finally, we show the limit (uey, xcy), introduced in the previous section, is a weak solution of
the doubly regularized unsaturated poroelasticity model, cf. Definition 4.1.

Lemma 6.15 (Limit satisfies (W1)¢,~(W4)¢y,). The limit (wey, Xen) introduced in the previ-
ous section is a weak solution to the doubly regqularized unsaturated poroelasticity model, cf.
Definition 4.1.

Proof. The limit (wey,, xy) satisfies (W1)¢,—(W3)¢, by Lemma 6.10, Lemma 6.11 Lemma 6.12,
and Lemma 6.14. It remains to show (W4)¢,, i.e., that (u.y, xey) satisfies the balance equa-
tions (4.3)—(4.4). We first consider sufficiently smooth test functions and then use a density
argument. Let (v,q) € L*(0,T;V N C®(Q)%) x L?(0,T;Q N C>=(Q)). For given mesh 7, we
define spatial projection and interpolation operators, respectively, by

Iy, : VNC®(Q) = Vp,st. Iy, v,vp) = (v, vp) for all vy, € Vp, (6.18)
g, : QNC™(Q) = Qp, s.t. Ith|K =q(zg) forall K € T. (6.19)

Using those, we define piecewise-constant-in-time interpolants of (v, q)

tn

Opr(t) ==y, t € (th—1,tn], vy, = Iy, v", v = 7'1/ vdt, (6.20)
tn—1
tn

anr(t) == qp, t € (th—1,tn], qn, =2g,q", q" = 7'1/ qdt. (6.21)
tn—1

Similarly, let

fextﬂ'(t) = &t, t e (tn—latnL
h’extﬂ'(t) 1= heg, t € (tn—la tn]'

ext

Combining classical results, based on the assumed regularity (A7), for h,7 — 0 it holds that

0,T;V),
0,75Q),
0,7;V?*),
0,7;Q%).

Opr — v in L?
qhr — 4 in LZ
_ ) 9
fext,T — fext in L

Eext,r — hext in L2

~—~~ ~~ —~
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We choose v, = v}’ and ¢, = ¢} as test functions in (5.3)-(5.4), multiply both equations with 7
and sum over all time steps 1 to N; we obtain

T T
/ |:)\v <atv : 'ﬁ'hra \& '{’h7> + a(ﬂ'hﬂ ﬁhr) -« <ﬁpore(>€h7); \E '{7h7>:| dt = / <.fext,’ra '5h7> dt7
0 0
(6.22)
T —
/ |: <)\h‘ra €7h7> + <§w()zh‘r)atv ’ ﬁ'hTa wa') <VhXh‘ra thhT :| dt = / <hext T Qh7-> dt.
0
(6.23)

For most terms we can apply the fact that the product of weakly and strongly convergent
sequences converge to the product of their limits. The only term needing discussion is the
diffusion term in the flow equation. For this, we follow an argument by [61].

By definition of the continuous extension of the discrete gradient (W) hpe 10 holds that

T
/ (ViXnr, Vianr),,, . dt
0

N

=> 7Y > rp{rastxir (XZL\K - XZ|L) (¢"(zx) — q"(zL))
n=1 KeT LeN(K)
N
+ T Z Ta{ﬁabs}UXZ|K qn(xK)
n=1 o0€ExtNEK
Z Z Z |PK|L‘{“abs}K|L(ViX)thpK‘Lx(tnihtn} "MK ﬁ (¢"(rx) — q"(zL))
n=1 KeT LeEN(K)

N

+ ZT Z |Pg|{l{abs}g(Vix)hﬂPax(tn,l’tn] . (—an) ﬁqn(xK).

n=1 o0EExtNEK

By the mean value theorem, there exists an x|, € Pk, on the line between xj and xp, and an
T, € P, on the line between xx and the closest point of zx on ¢ such that

— ("(zx) — ¢"(x1)) = V" (@k|L) - npk,s

di|L
o0 (2x) = V" (@) - (~N0x) .-

Due to identical alignment of the discrete gradients, it holds that
T
/ (ViXnrs Vanr),,, . dt
0

N
=23 3 Plrasdn (e, V@)

n=1 KcT LeN(K)
N

27 > Pelmansde (Vi) V),

n=1 o0€ExtNEK

We define the piecewise constant functions
(W)m (x,t) =Vq"(xs), (x,t) € Py X (tn—1,tyn], 0 €E,

{KabS}T(x) = {Kabs}m reP,, cek.
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We obtain for h,7 — 0
T
/ (ViXnrs Vidnr),,, dt
0

r _ _ T
= /O /Q{Habs}T (VX)hT ' (Vq)hT d dt — /0 /Q"fabsVXEn -Vqdxdt.

Indeed, due to sufficient regularity, it holds that (W) he — Vg a.e., and also in L?(Qr) by the
dominated convergence theorem. Furthermore, it holds that {kaps}7 — Kapbs in L (Q7), and by
Lemma, 6.11, it holds that (W) he — VXen In L?*(Qr). That suffices to discuss the product.
All in all, together with the convergence properties of the test functions vy,, Gn,, the source
terms fext,T, ﬁexw, and the interpolants for the fully discrete approximations (cf. Lemma 6.10,
Lemma 6.11, Lemma 6.12 and Lemma 6.13), we conclude that (6.22)—(6.23) converges to (4.3)—
(4.4), evaluated in (uey, Xen) and tested with (v, q) € L2(0,T; VNC>=(Q)%) x L2(0,T; QNC>°(2)).
Finally, a density argument yields the final result. O

7 Step 4: Increased regularity in a non-degenerate case

In the following, further stability estimates for the fully-discrete problem are derived, allowing
for showing that the limit (wey, xey) introduced in the previous section also satisfies (W5)¢y,
and (W6)¢y, i.e., we prove Lemma 4.4. For this, non-degeneracy assumptions are required. For

compact presentation throughout the entire section, we assume (A0)—(A9) and (ND1)-(ND2)

hold true, and we define u;l = u%.

7.1 Improved stability estimates for fully-discrete approximation
Lemma 7.1 (Improved stability estimate for the structural velocity). There exists a constant
C’ég) > 0 (independent of h,T), satisfying

N
( sup HT_l(uZ — uz_l)Hz, + ZT_lHuZ — uZ_IH%/
n n=1

N
T N o O Y T e Y VL e
n=1

N
+ Z Tﬁl”ﬁpore(XZ) - ﬁpore(XZ_1)||2
n=1
(6) 2 CND2 ~(2)
S CCU <H8tfextHL2(QT), bxm CCU)’

(2)

where 04727 is the stability constant from Lemma 6.2, Cnp2 comes from the non-degeneracy

condition (ND2), and by m comes from the growth condition (A1%).

Proof. First we observe, that the compatibility condition for the initial conditions (5.2) is
equivalent to the mechanics equation (5.3) for n = 0, since u) — u; ' = 0. This allows for
considering the difference of the mechanics equation (5.3) at time steps n and n — 1, n > 1,

Ca (77 (up, —up ™) = (u ™" — up™®), vn) + alup — up™ va)

n n—1

— Oé<]5pore(XZ> - ﬁpore(XZ_l), V . ’Uh> = (fext — Jext ,’Uh> for all Up c Vh.
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By testing with v, = 771 (ull — uzfl) and using the binomial identity (B.2), we obtain

ﬁ(\\fl(uz—uz* (R O
e T B e e | o B e T %

=1 < R — Sl st =) a1 (pore () — Bpore (0 — ).

Summing over n € {1, ..., N}, yields after applying the Cauchy-Schwarz inequality and Young’s
inequality for the right hand side terms

¢ s 1
Sl — w5 S g —
1 N
D I O T R O i 1| v
=1
1\7 2
T 1erxt ext HV* ZT prore Xh ppore(X 1)” . (7'1)
n=1

Due to (ND2), ppore = Ppore(X) is Lipschitz continuous. Therefore, by Lemma 6.2 it holds that
¢
ZT_lHﬁpore(XZ) _ﬁpore(Xz_lwg < C%D,Qbina
j— X7m
which together with (7.1) concludes the proof. O

Lemma 7.2 (Consequence for the structural acceleration). There exists a constant Cg]) >0
(independent of h,T), such that

N n n—2 |2
up = 2up”! 4wy (7) (2 ~(6)
Z_:lT 72 . <G (C Cen ) '

where Cé?)) is the stability constant from Lemma 7.1.

Proof. Let {v}},, C V4, \ {0} be an arbitrary sequence of test functions. Consider the difference
of (5.3) at n and n — 1, n > 1; it holds that

1 a (uf — 2u) ! +up 2 vp)
<fext oxt ,’vh> —a (uh - uh - 'U;LL) +a <ﬁpore(XZ) - ﬁpore(Xzil)v V. UZ> .
Summing over n € {1, ..., N}, applying the Cauchy-Schwarz inequality and Lemma 7.1, yields

wp ST a2y P g Jo®,
B (S rlopi)

As |- |13 = a(,-), we obtain equivalence of norms, which concludes the proof. O
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7.2 Improved stability estimates for interpolants in time

We define piecewise linear interpolations of the discrete structural velocities and the pore pressure.
For t € (tp—1,tn], n > 1, let

Wl —uw? t—t, up — 2up” L2
G pr (1) 1= 2 h oy - ol Th h (7.2)
T T T
o n—1 t—tn—1 /. n ~ n—1
ppore,hT(t) = ppore(Xh ) + - (ppore(Xh) - ppore(Xh )) . (73)

Note that dytiy, defines the piecewise constant analog of 4 p.. Stability bounds are obtained as
direct consequence of Lemma 7.1 and Lemma 7.2.

Lemma 7.3 (Stability estimate for interpolations of the structural velocity). Let @y, and Uy pr,
as defined by (6.2) and (7.2). For all hy,t >0 and 7 € (0,7), it holds that

~ 6

100t |22 0.7y < Cly (7.4)
T—%

/0 |Onr (t+ 7) — Qptans (1) dt < C3 pCL) 7, (7.5)

~ 6
Hut7hTH%2(O7T;V) < QC'én), (7.6)

) ) CQ 0(7)

e (7.7)

o
10t e 320 ) < % (7.8)

where Cé?]) and C’é;) are the stability constants from Lemma 7.1 and Lemma 7.2, respectively,
and Cq pk 15 the product of the Poincaré and the Korn constants.

Proof. By construction, it holds that

Hatﬁhr||2L2(o,T;V) = ZFI |uh — uj 1HV

Hence, (7.4) follows directly from Lemma 7.1. The time-translation property (7.5) follows from
the fact that 0y, is piecewise constant. Analogous to the proof of Lemma 6.6, one can show

T—1 N
. . . _ _ _ 2
/O 1Ortnr (t + 7) = Otenr (D) dt = 7> || (up —up ™) =77 (up = up )"
n=1
Finally, after using a Poincaré inequality and Korn’s inequality, (7.5) follows from Lemma 7.1.
In order to show (7.6), we expand the integral over the time interval. By definition of 4,
it holds that

||’th hTH%2 (0,T;V)
2

= Z T / (uz_l - u’,:_Q) + t= b1 (upy — 2up~ 1y up 2) dt
tn 1 T \4
o [ [t =1n 2 n—1 n—21|2
szzT L) g
n=2 n—1

N

o3 e [ () g o

N
g 27_1 H“h —uy, 1HV
n=1

W
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Hence, (7.6) follows by Lemma 7.1. In order to show (7.7), we again expand the integral over
the time interval. By definition of 5, and @y, it holds that

Hﬁt ht — 8tﬁh7’H%2(QT)

tn
—Z/ (1_" 1) 72 g — 20

tn 1
_ 1 —1 n ) —2
Hence, after employing a Poincaré inequality and Korn’s inequality, (7.7) follows from Lemma 7.2.

Finally, (7.8) follows directly from Lemma 7.2, since

2
r—2up —I—UZQ

72

Hatﬁt,hT”%%o,T;V) ZT

\'4

O

Lemma 7.4 (Stability result for the interpolation of the pore pressure). For pporenr defined
n (7.3). It holds that

. 2 6
Hatppore,hTHL2(QT) < Cén)’

~ ~ _ 2 6
prore,hr - ppore(XhT)||L2(QT) < Cén)7—2a

where C’ég) is the stability constant from Lemma 7.1.

Proof. By construction, it holds that
Hatﬁpore,hTHi2(QT) = Z 7—_1Hﬁp0r6<X;LL) - ﬁpore(XZ_l)H27 and
n=1

~ ~ = 2 Tia ~ -1
[Ppore,nr — ppore(XhT)HLz(QT) = Z g”ppore(XZ) — Ppore (X}, )%,

n=1
where the second result follows by expanding time integration. Hence, the assertion follows directly
from the stability result for the discrete time derivative of the pore pressure, cf. Lemma 7.1. O
7.3 More relative (weak) compactness for h,7 — 0

The previous stability results allow for analyzing the limit in relation to (e, Xen)-

Lemma 7.5 (Convergence of the structural velocity and acceleration). We can extract subse-
quences of {Upr }h - and {Uy pr}nr (still denoted like the original sequences) such that Ogtbey, Opthey, €
L?(0,T;V) and
Oytupy — Opuey, in L*(0,T;V), (7.9)
0,5’11@}”— — &gtum, m LQ(O, T; V) (710)
Proof. The convergence result (7.9) follows from the stability result (7.4), the Eberlein-Smulian

theorem, cf. Lemma B.8, and the fact that @, — ue, in L?(0,7; V), cf. Lemma 6.10. Further-
more, due to the additional translation property (7.5), by employing a relaxed Aubin-Lions-Simon
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type compactness result for Bochner spaces, cf. Lemma B.9, we can extract a further subsequence
(still denoted the same)

Oty — Opuey, in L*(Qr). (7.11)

Using the stability result (7.8), by the Eberlein-Smulian theorem, cf. Lemma B.8, we can
extract a subsequence (still denoted the same) such that 0yt pr — uy in L?(0,T; V) for some
uy € L*(0,T;V). It holds that uy = Ontey if also Uyp, — Ouey in L?(0,T;V). From
the stability result (7.6), and the Eberlein-Smulian theorem, cf. Lemma B.8, there exists a
uy € L?(0,T; V) such that @y p, — wu, in L2(0,T;V) (up to a subsequence). Employing the
triangle inequality, yields

@t nr — Orttenll2(Qp) < e nr — OctlinrllL2(Qr) + |0ttinr — Orttey || 20 p)-

Hence, due to (7.7) and (7.11), it holds that w; = Oyue,, and consequently wy = Oytey,
concluding the proof. O

Lemma 7.6 (Convergence of the time derivative of the pore pressure). There exists a subsequence
of {Ppore.hr thr (still denoted {Pporenr }n,r) satisfying

atﬁpore,hT - 8tﬁpore(X£n)7 in LQ(QT)

Proof. By Lemma 6.11, we have Y- — Xe in L?(Qr) (up to a subsequence). Hence, also
Ppore(Xnr) = Dpore(Xen) in L2(Qr) (up to a subsequence). From Lemma 7.4, it follows pporenr —
Ppore(Xen) and OiPpore,nr — p¢ for some p; € L*(Qr) (up to a subsequence). Consequently,
Pt = OtPpore(Xen), which concludes the proof. O

7.4 ldentifying a weak solution with increased regularity for h,7 — 0

Finally, we show the limit (w,,X), derived in Section 6.3, also satisfies (W5)¢,—(W6)¢y, i.e.,
(Uen, Xen) 1s a weak solution with increased regularity for the doubly regularized unsaturated
poroelasticity model, cf. Definition 4.1.

Lemma 7.7 (Limit satisfies (W1)¢,,~(W6)¢y,). The limit (wey, Xen), derived in Section 6.3, is a
weak solution with increased regularity for the doubly reqularized unsaturated poroelasticity model,
cf. Definition 4.1.

Proof. The limit (uey, Xey) satisfies (W1)¢,~(W4)¢, by Lemma 9.7. Furthermore, (W5)¢, follows
directly from Lemma 7.5 and Lemma 7.6. In order to show (W6)¢,, let v € L2(0,T; V. NC>(Q)9).
We utilize vy, and v}, as introduced in (6.18) and (6.20), respectively; again it holds that

Opr = v in L2(0,T;V). (7.12)

We consider the difference of the mechanics equation (5.3) at time steps n and n — 1, n > 1,

tested with v, = v}'; we obtain
—1 n n—1 n—2 ., n n n—1 . n
¢t ra(up — 2wy +uy S vp) Fa(uy —up o, v)
n—1

-« <ﬁp0re(XZ) _ﬁpore(Xzil)v A\ 'U;zl> = <fg(t — Jext vviTzL> .

Summing over n € {1,..., N}, and employing the definitions of op,, Ut hr, Upr, and Ppore hr
yields

T T
/ [Ca@tts rB17) + Dty ) — ¢ Oy sir. ¥ - 1) | e = / (01F-. 007 ) dt. (713)
0 0

37



where f, denotes the piecewise linear interpolation of the discrete values {f2tn

A _ t—1th_1 _
.fext,ﬂ'(t) = (;L(tl + % (fe%ct - (Z(tl) ) S (tn—lytn]‘

It holds foxtr — fext in L2(0,T;V*) and also 8; fexsr — O foxs in L2(0,T;V*), for 7 — 0.
Hence, together with the weak convergence properties of -, pr and ppore hr, cf. Lemma 7.5
and Lemma 7.6, and the strong convergence properties of the test function vy, cf. (7.12), we

conclude that

T T
/ [Ca(attusm 'U) + a(atusna ’U) -« <8tﬁpore(X€77)a A\ U)} dt = / <atfexta ’U> dt,
0 0

for all v € L2(0,T; V N C>®(Q)4). A density argument yields the final result. O

8 Step 5: Limit ( — 0

In this section, we prove Lemma 4.5, i.e., the existence of weak solution to the simply regularized
unsaturated poroelasticity model, cf. Definition 4.2. For this we utilize the fact that under
the assumptions of Lemma 4.5, there exists weak solution, (uey, xen), With increased regularity
for the doubly regularized unsaturated poroelasticity model, cf. Definition 4.1. We show that
{(wen, Xen) }¢ has a limit for ¢ — 0, which is a weak solution to the simply regularized unsaturated
poroelasticity model, i.e., it satisfies (W1),,~(W4), for ¢ = 0. For this, we employ compactness
arguments. The central uniform stability bound is derived utilizing (W6)s, and the non-
degeneracy condition (ND3). Throughout the entire section, we assume (A0)—(A9) and (ND1)-
(ND3) hold true.

8.1 Stability estimates independent of (

The key ingredients for the subsequent discussion are stability estimates, which are independent
of . In Section 6.2, some derived stability results are independent of (; they remain true for
weak limits. In particular, there exists a constant C' = C (C(l), 0(4)) > 0 (independent of ¢ > 0
and n > 0), such that

Huennioo(oj;v) + ||pp0re(X577)”i2(QT) <C, (8.1)

where Lemma 6.6 and Lemma 6.10 yield stability for the displacement, and Lemma 6.8 and
Lemma 6.12 yield stability for the pore pressure. Further stability bounds can be obtained
by exploiting the continuous nature of the balance equations and the time derivative of the
mechanics equation. The following stability estimate is the essential step.

Lemma 8.1 (Stability for the primal variables). There ezists a constant C® > 0 (independent
of ¢ and n), such that

2 2 2
el 070 + 10|l o vy + IV Xen oo 0. 7:12(0)

<c® (007 10: Fext 1 22 (0 7v+) Hhextuiﬂ(o,T;Q*D ;

where Cy comes from (A8).

Proof. Consider the flow equation (4.4) and the mechanics equation differentiated in time (4.5),
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tested with ¢ = 0yxey and v = Oyu.y, respectively. Summing both equation yields

T T
C/ a(attuem 6tuan) dt + / </iabsVX€n7 Vathn) dt
0 0

T T
+ HatuanH%Z(QT;V) + /0 <atb77(X8n)a 8tXe77> + a/o <§watX£7] - atﬁporen atv : u577>

T T
- / <at.fexta atusn> dt + / <hext7 8tXE77> dt. (82)
0 0

We discuss the individual terms separately. For the first two terms on the left hand side of (8.2),
we employ the fundamental theorem of calculus

T T
¢ / 0(Drittens Drtter) dt + / Fiabe ¥ Xems Vi) it
0 0

1 (<’£absVX€n(T)v VXEU(T)> - <’€absVX£77(0)’ VX877(O)>) )

¢ 2
=3 Hatuan(T)HB(o,T;V) + 9

where we used that Oyu,(0) = 0, following from the temporal derivative of the mechanics
equations (4.5) and the compatibility condition for the initial conditions (A9).

For the remaining terms on the left hand side of (8.2), we employ the fact that Bn is increasing
with b > ¥/, that a(v,v) > Kq ||V - ||? for all v € V with Kq, = 2 + ), and (ND3). Starting
with a binomial identity, we obtain

T T
Hat,u’ﬂ?”i?(oj;v) + /0 <8tb77(X67’])7 8thn> + 04/0 (éwatXET] - atﬁporcy oV - u€77>
2 (o 2
= [Ostten|[3 20 vy / / ( SwXen) 1) (Bhore(xen))” 00V - ey |? du dt
hore () (o)

T . /2 o ) . /2 2

n / / [(&bnatxm) + 5 (5wBixeq — Oipore) (atbnatxm) atv.ugn] da dt
0 Q

> (1-Cxpy) ||8tu6n”2L2(o,T;V) -

For the first term on the right hand side of (8.2), we apply the Cauchy-Schwarz inequality and
Young’s inequality

T
]. 2 1 - CND73 2
A <8tfexta 8tu577> dt S m ||atfextHL2(0’T;V*) + T HatuE’VZHL%O,T;V) .

For the second term on the right hand side of (8.2), we apply integration by parts, a Cauchy-
Schwarz inequality and Young’s inequality, a Poincaré inequality (introducing the Poincaré
constant Cq p) and a Sobolev embedding (introducing the constant Ct gop), as well as (A6). All
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in all, we obtain

T
/ <hext7 6tX577> dt
0

T
= (hext (T); Xen(T)) = (hext(0), x(0)) — /0 (Othext, X=n) dt

3
< 0P (e ()2 + s O + Ot 2 g
m,abs
Km,ab
s (T (O + e B o)
4C3 ’
3(Cr.sobCap)” 2
< p [1Pext |1 0,77
m,abs

1 T
+ 1 < <HabsVXe77 (T)7 VXsn(T)> + (HabsVXan (0)7 VXen(0)> + / </<vabsVXam VXen> dt)-
0

Altogether, (8.2) becomes

¢ 1 1 —Cnpjs
5 ||atuan(T)||iz(0’T;V) + - <KfabsVX5n(T)7 VXSU(T)> + # ”atuaﬂ”iﬂ(O,T;V)

4
3 1
<3 (Kabs VXzn(0), VXen (0)) + 21— Crns) 10: Fextl 20,727+
3(CrsobCap)’

Km,abs

)

_l’_

1 (T

2

||hext||H1(0,T;Q*) + 4/0 <I€absvxm7, VX577> dt.

Applying a Gronwall inequality proves the assertion under the given assumptions. ]

The last stability estimate allows for deriving further stability estimates.

Lemma 8.2 (Stability for the Legendre transformation of 13,7) There exists a constant C®) > 0
(independent of (,n), such that

Bylxan)| ormray <07 (co.0®),

where C®) is the stability constant from Lemma 8.1, and Cy is the stability constant from (A8*).
Proof. Testing the flow equation (4.4) with ¢ = x.y, yields

T, T )
/ <atb77(X£n)vXen> dt+/ VXenlly,,,. dt =/
0 0 0

For the first term on the left hand side, we apply an identity for Legendre transformations,
cf. [53],

T T
<hexta Xan> dt — a/ <3watv * Uey, X577> dt.
0

L)

/OT <at3n(xen),x5n> dt = HBW(XEW(T))}

By(x0)|

Ly(e)’

where En is the Legendre transformation for l;n. On the right hand side, we apply the Cauchy-
Schwarz inequality, Young’s inequality, a Poincaré inequality (introducing Cqp) and (A6), and
obtain

. 1 /T
Bn(Xm(T))’ LY(Q) + 2/0 ||VX67]||iabs dt
<|B OO (o 2180V - ey ||
= n(XO)‘ L1(Q) + Fornabs (H ext||L2(07T;Q*) + || tV - uEWHLQ(QT)) .

Finally, the thesis follows from Lemma 8.1. O
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Lemma 8.3 (Stability for the temporal change of 677) There exists a constant C(10) > 0
(independent of ¢,n), such that

W (Drbn(xen) a) dt

c10) (c®))
0£qeL2(0,T5Q) 1Vallz20m) ( )

where C®) is the stability constant from Lemma 8.1.

Proof. The proof is analog to the proof of Lemma 6.5. However, this time, we exploit

1007 -ty < —a75 000t S
iV o Uenlire @) S 35 19 8anllr2orvy S 17
Kdr Kdr
by Lemma 8.1. Thus, we drop the dependence on (. O

We will require to show strong convergence of the Kirchhoff pressure. Having that in mind,
we conclude with a stability estimate for 0;x.,. We note, this is the only stability estimate in
this section, requiring the regularizing growth condition (A1*).

Lemma 8.4 (Stability estimate for the temporal change of the Kirchhoff pressure). There exists
a constant Céll) > 0 (independent of (), such that

[90xeallF2qry < O3 (BphaCo, b0

where C®) is the stability constant from Lemma 8.1, by is from (A1%), and Cy is from (A8").

Proof. We repeat parts of the proof of Lemma 8.1. We test the flow equation (4.4) with ¢ = Oz
and apply (A1*) and the Cauchy-Schwarz inequality; we obtain

1
bX,mHatXSnH%?(QT) + 5 <KabsVX€77(T)z VXsn(T)>

T
R 1
< /0 <8tbv7(X€n)7 8thn> dt + 5 <"fabsVXen(T)> VXEW(T)>

1 T .
= 5 (Kabs VXen(0), Vxen(0)) + ((hexts Orxen) — @ (SwOLV - Uey, Dy Xen)) di
2 0
1 1
< 5 (Kabs VXen(0), VXen(0)) + bxim (HhextH%Q(O,T;Q*) + 0‘2”01tV ‘ uen”%%@ﬂ)
b
+ 5 186xen 1 22(r -
After rearranging terms, applying the regularity of the data, and applying from Lemma 8.1, the
assertion follows. O

8.2 Relative (weak) compactness for ( — 0
We utilize the stability results from the previous section to conclude relative compactness.

Lemma 8.5 (Convergence of the primary variables). We can extract subsequences of {tep}¢
and {Xep}c (still denoted like the original sequences), and there exist w, € H'(0,T;V) and
xn € HY(0,T; L2(2)) N L*>®(0,T; Q) such that for ¢ — 0

Uy — Uy, N HY0,T;V),
(Ouey -0 in L*(0,T; V),

Xen = Xn in LQ(QT)v
Xen = Xy in L=(0,T;Q),

atXan - 8tXn in L2(QT)‘

A~~~ N I/~
© o 0 0 ©
N O Ot R~ W
S~ N N N N
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Proof. The proof follows standard arguments based on the Eberlein-Smulian theorem, cf.
Lemma B.8, the Aubin-Lions lemma, cf. Lemma B.9, and the stability results for wu.,, cf.
Lemma 8.1 and (8.1), as well as the stability results for x.,, cf. Lemma 8.1 and Lemma 8.4.
In particular, for (8.4), we employ the uniform stability result from Lemma 8.1; for all fixed
v € L*(0,T; V) it holds that

T
/ Ca(Ortuen, v) dt‘ < CC(S)HU”B(O,T;V) — 0 for ( — 0.
0

Lemma 8.6 (Convergence of the coupling terms). Up to subsequences it holds for { — 0

ﬁpore(Xsn) - ﬁpore(Xn) m L2(QT)a
3w(Xen) OtV - ey — 3w (X)) OtV -y in L*(Qr).

Proof. The proof is analogous to the proof of Lemma 6.12. Essentially, first, one has to utilize
stability estimates together with the Eberlein-Smulian theorem, cf. Lemma B.8; second, continuity
properties of the non-linearities have to be employed together with the convergence of {u.,}¢ and
{Xen}¢, cf. Lemma 8.5. We note that for (8.8) the stability result (8.1) has to be utilized. O

Lemma 8.7 (Initial conditions for the fluid flow). Up to subsequences it holds for ( — 0
Biby(Xen) = Biby(xy) in L*(0,T; QY), (8.10)

where by (xy) € L*(0,T;Q*) is understood in the sense of (W2),.

Proof. The proof is analogous to the proof of Lemma 6.13. By Lemma 8.3 and the Eberlein-
Smulian theorem, cf. Lemma B.8, there exists a b; € L?(0,T; Q*) such that 8#3,7()(5,7) — b in
L%(0,T; Q%) (up to a subsequence). We can identify b = 8;b(x,,) by showing (W2),. For this we
utilize (W2)¢,,. For ¢ € L*(0,T; Q) with 9,q € L'(0,T : L*>°(2)) and ¢(T) = 0, it holds that

T

/OT <8tl377(Xa?7)7 q> dt = /0 <Bn(XO) — Bn(Xan)v 0tq> dt.

The assertion follows immediately if
by(Xen) = by(xy) 10 L°(0,T; L'(Q)) (8.11)

(up to a subsequence). And indeed, by the uniform boundedness of the Legendre transfor-
mation, ||Bn(Xn)||Loo(0’T;LI(Q)), there exists b, € L°°(0,T;L'(£2)) such that l;n(Xsn) — b, in
L>(0,T; L(Q2)). Using the strong convergence of { Xn }n and the dominated convergence theorem,
we can identify b, = by, (xy,), and thus (8.11). O

Lemma 8.8 (Initial conditions of the mechanical displacement). dyu, € L*(0,T;V) satis-
fies (W3),.

Proof. Using the uniform stability bound for {0;u.,}¢ by Lemma 8.1 and the weak convergence
Uey — Uy in L2(0,T; V) (up to a subsequence) by Lemma 8.5, standard compactness arguments
yield dyue, — dyu,, in L?(0,T; V) (up to a subsequence). Hence, ¢ — 0 of (W3),, yields (W3),
immediately. O
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8.3 Identifying a weak solution for ( — 0

Finally, we show the limit (), x5), introduced above, is a weak solution of the simply regularized
unsaturated poroelasticity model.

Lemma 8.9 (Limit satisfies (W1),~(W4),). The limit (u,, xy), derived in Section 8.2, is a weak
solution of the simply reqularized unsaturated poroelasticity model, cf. Definition 4.2.

Proof. The limit (u,, x,,) satisfies (W1),~(W3), by Lemma 8.5, Lemma 8.6, Lemma 8.7, and
Lemma 8.8. It remains to show (W4),, i.e., that (u,, x,) satisfies the balance equations (4.3)-
(4.4) for ¢ = 0. By definition, the sequence (uey, Xey) satisfies (W4)¢, for ¢ > 0, i.e., it holds for
all (v,q) € L?(0,T;V) N L*(0,T;Q)

T T
/0 [Ca(Ortten, v) + a(Uey, v) — & (Ppore(Xen), V - v)] dt = /0 (fext, v) dt,

T T
/0 |:<8tb77(X€77)7 Q> + o (gw(Xsn)atV * Uep, Q> + <"<vabsVXsna VQ>] dt = /0 <hext7 Q> dt.

Utilizing the weak convergence results, cf. Lemma 8.5 and Lemma 8.6, (W4),, follows directly for
¢—0. O

Remark 8.10 (Existence of a weak solution for compressible system). If compressibility is
present either for the fluid or the solid grains, the regularizing property (A1%) is fulfilled for n = 0.
For instance, for b as in (2.6), the equivalent pore pressure and the van Genuchten-Mualem model,
it holds that by m = ¢ocw + %, cf. Appendiz A. Consequently, the limit (u,, x,) in Lemma 8.9 is
also well-defined for n = 0. In particular, it is a weak solution of (2.15)—(2.22), cf. Definition 3.1.

9 Step 6: Limit n» — 0 in the incompressible case

In this section, we show the main result, Theorem 3.2, for the more demanding case of an
incompressible fluid and incompressible solid grains. Otherwise, by Remark 8.10 the main result
of this paper follows already. In the incompressible case, b as in (2.6) is monotone but with V=0
on a part of the domain with non-zero measure. Under the use of regularization with n > 0, it
holds that b, m = 7. In the following, we prove that the limit of {(u,, xy)}, for n — 0 exists,
and that it is a weak solution of (2.15)-(2.22) according to Definition 3.1. Throughout the entire
section, we assume (A0)—(A9) and (ND1)-(ND3) hold true.

9.1 Stability estimates independent of 7

In Section 8, almost all stability bounds have been independent of 7. To summarize, there exists
a constant C' > 0 (independent of 1) such that

||u7l||H1(07T;V) + ||X17||Loo(o7T;Hé(Q)) + ||ﬁp0re(Xn)||L2(QT) (9.1)

+ HB"(X")H L2(0,T;H-1()) s ¢

b
Lo T ‘8t ”(X”)‘

The only bound depending on 7 is the stability of J;x;, cf. Lemma 8.4. We recall, there exists a
constant Cj, > 0, depending on 7, satisfying

HatXnHLz(QT) < Cy. (9.2)

In order to conclude that (w,, x,) converges towards a weak solution of the unsaturated poroe-
lasticity model, it will be sufficient to replace the stability result (9.2) by a uniform stability
estimate. The remaining discussion for n — 0 can be done along the lines of Section 8.2-8.3.

In the following, we prove a uniform stability bound replacing (9.2) in two steps. We show
that the temporal derivative of the mechanics equation, i.e., (W5)¢, for ¢ = 0, is well-defined;
and then we use an inf-sup argument and the uniform stability estimate (9.1).
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Lemma 9.1 (Temporal derivative of the mechanics equation). It holds for all v € L*(0,T; V)

T T T
/ a(Oruy, v) dt — / a (OtPpore(Xn), V - v) dt = / (O fext, v) dt. (9.3)
0 0 0

Proof. First, we argue that the mechanics equation (3.1) holds pointwise on [0,7]. Let v €
L?(0,T; V)N C>=(0,T; V). By Lemma 8.9, it holds that

T T T
| atun vyt = [ lpoei). V- 0pdt = [ {fur0) .
0 0 0
By the fundamental lemma of calculus of variations it follows a.e. on [0, 7]
a(ty, v) — a (Ppore(Xn), V - 0) = (fext,v), forallve V. (9.4)
Applying a standard embedding for Bochner spaces [67], we can assume wlog. that u,, € C(0,T;V)
and Ppore(Xy) € C(0,T; L3(Q)), as dru,y € L*(0,T;V) and dppore(Xy) € L*(Qr) by (9.2) and

assumption (ND2). Hence, (9.4) holds pointwise on [0, 7.
Now we show (9.3). Let v € L?(0,T; V)N C>(0,T; V). By Lemma 8.9, it holds that

T T T
/ a(un, at'v) dt — Oé/ <]§P0re(X77), V. aﬂf) dt = / <.fext, 6tv> dt.
0 0 0

Since dyu, € L?(0,T; V), OtPpore(Xn) € L?(Qr) and Oy fexr € L?(0,T; V*), integration by parts
is well-defined. Together with (9.4), we obtain

T T T
/ a(Ogty, v) dt — a/ (OtPpore(Xn), V -v) dt = / (O fext, v) dt.
0 0 0

The assertion follows after applying a density argument allowing for arbitrary test functions in
L2(0,T;V) in (9.3). O

Lemma 9.2 (Stability estimate for the temporal derivative of the Kirchhoff pressure). There
exists a constant C1%) > 0 (independent of n) such that

HatXﬂ”LZ(QT) <ct?),

Proof. We show that ||O¢ppore(Xn)l|2(@y) i uniformly bounded. The assertion follows then from
assumption (ND2), as

HatXnHm(QT) < Cnpp2 ”8tﬁpore(X77)”L2(QT) .

By Lemma 9.1, the time derivative of the mechanics equations is well-defined, cf. (9.3). Using a
standard inf-sup argument (introducing the constant Cq js), cf. Lemma B.11, it follows from (9.3)
that

||atﬁp0rC(XT]>||L2(QT) S CQ,is (HatuUHLQ((LT;V) + ||8tfcxtHL2(07T;V*)) .

Since ||Oywy || £2(0,7;v) 18 uniformly bounded by (9.1), [|OtDpore(Xn) || L2(@) is uniformly bounded,
which concludes the proof. O

44



9.2 Relative (weak) compactness for n — 0
Using the same line of argumentation used in Section 8.2, we can discuss the limit process n — 0.

Lemma 9.3 (Convergence of the primary variables). We can extract subsequences of {uy}y
and {xn}y (still denoted like the original sequences), and there exist w € H(0,T;V) and
x € HY(0,T; L2(Q)) N L*°(0,T; Q) such that for n — 0

Uy —~u in HI(O,T;V),

Xn = x in L*(Qr),

Yo =X in L¥(0.T5 Q).
Aexn — Orx in L*(Qr).

Proof. The proof is analog to the proofs of Lemma 8.5. 0

Lemma 9.4 (Convergence of the coupling terms). Up to subsequences it holds for n — 0 that

Ppore(Xn) — Dpore(X) in Lz(QT)y
3w(Xn) OV -y — 3y (X)OV - in L*(Qr).

Proof. The proof is analog to the proof of Lemma 8.6. O
Lemma 9.5 (Initial conditions for the fluid flow). Up to subsequences it holds that

Orbn(xn) = 0ub(x) in L*(0,T5Q"),
where d;b(x) € L2(0,T;Q*) is understood in the sense of (W2).

Proof. The proof is analog to the proof of Lemma 8.7. We only stress that due to construction
of by, one can show that if x,, — x in L?(Qr), it also holds

o>

n(X0) = b(xo) in L(0,T; L} (<)),

() = b(x)  in L*(0,T; LY(Q)),

S

for n — 0. Hence, (W2) can be deduced from (W2), for n — 0. O
Lemma 9.6 (Initial conditions of the mechanical displacement). 9,V -u € L%(Qr) satisfies (W3).
Proof. The proof is almost identical to the proof of Lemma 8.8. Standard compactness arguments

and (W3), yield

T T
/ a(Opu, v) dt + / a(u —ug, Ov)dt =0
0 0

for all v € H(0,T; V) with v(T) = 0. Hence, u(0) = ug in V; note that w € C(0,T; V) by a
Sobolev embedding. Therefore also V - u(0) = V - ug in L?(Q2), which yields (W3). O
9.3 Identifying a weak solution for n — 0

Finally, we prove the existence of a weak solution to the unsaturated poroelasticity model.

Lemma 9.7 (Limit satisfies (W1)—(W4)). The limit (u, x) is a weak solution of (2.15)—(2.22),
cf. Definition 3.1.

Proof. The proof follows directly from the convergence results in Lemma 9.5 and Lemma 9.6
together with the validity of the regularized problem (4.3)—(4.4) for ¢ = 0. O

45



A Feasibility of assumptions

The analysis of this paper allows for arbitrary constitutive laws for b, ppore, Sw and kyel, as
long as they satisfy the conditions (A0)-(A4), (ND1)-(ND3) and (A1*). In the following, we
demonstrate the feasibility of those conditions for a prominent choice of models. Let b as derived
by [4]

Pw Pw
) = dusu(pn) x| 5u0) ot 55 [ 5ul0)hors ) .

with ppore chosen as equivalent pore pressure [5]

DPw
pporc(pW) = / Sw(p) dp,
0
and the hydraulic properties sy and k¢ given by the van Genuchten-Mualem relations [63,68]

1+ (~a WG| TIG <0,
e A

orat(53) = v/ [1 - (1 - svt,"iG)mVGr.

where myq € (0,1), nyg = (1 —myg) ™!, and ayg > 0 are constant fitting parameters.

A.1 Checking (AO)

By definition, it holds that sy (py) > 0 for all py, € R and ke (sw) > 0 for all sy, > 0. Hence, (A0)
is satisfied for the van Genuchten-Mualem relations.

A.2 Checking (A1)—(A4) and (A1%)

By definition, it follows directly, that s, is differentiable with a non-negative and uniformly
bounded derivative s, i.e., sy satisfies (A2). Furthermore, p,o.(Pw) = Sw(pw), and hence, pyore
satisfies (A3). We therefore only focus on (A1), (A1*) and (A4).

(A1) Monotonicity of b. The function b = b(y) is non-decreasing since

! _ ‘§W(X) S(N(ﬁW(X)) igw(X)Q
P00 = etz 100 TP TR0 T N Fra ()

> 0. (A1)

(A1*) Regularizing property of 577. As l;,, is essentially equal to b but with enhanced Biot
Modulus, b, essentially satisfies (A1) with

(0. k) (1) W00 g

b%(X) B CW¢0 /%rel(X) ’{rel(X)

—1 1
oo+<N+”>

By I'Hospital’s rule (note 0 < myg < 1) it holds that

K 1(5 ) 2 1 myaq3 1 myg—1
lim <rew) = lim 4 {1 - <1 - SJV”VG> } <1 - 3$VG> sl/mva=l — g,
sw—0 Sw sw—0
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In particular, it holds that

—1
Krel
5%

Krel
Sw

(b(x1) — b(x2), x1 — Xx2) > (Cw% ) Ix1 — x2|*

o0




and

Sw—0 S%V sw—0 3

2/3 4 1 1/3 1\ Mye—1
lim <’“el(3W)> — lim = [1 — (1 — sy )va] <1 _ sv’v"VG) sl/mua=1 _ g

Hence, there exists a generic constant ¢ > 0, such that

Hrel(pw)
Sw(pw) € (070]7 (Az)
Hrel(pw)
s (D)2 € (0, . (A.3)

After all, it follows, for n > 0, i’n satisfies (A1*). Furthermore, in the compressible case
max{ ¢y, %} > 0, also b satisfies (A1*), cf. Remark 8.10.

(A4) Uniform growth of p‘;% For all py, € R, it holds that

_d ([ Ppore) _, _ Ppore (Pw) St (Pw)
dpyw ( ) ! Sw(pw)2
X/(pw) = K'rel(sw(pw)) <1

>1

— )

Sw

Hence, by using the chain rule, ‘ﬁgﬂ satisfies the uniform growth condition (A4) with

i ﬁpore >1
dx \ 5y ) =

We demonstrate, that (ND1)—(ND2) hold assuming Sy, > Spin for some minimal saturation value
Smin > 0. It holds that

W

A.3 Checking (ND1)—-(ND2)

Ppore
- ™~ =
SwX Rrel

for xy — —oo.

Under above assumption, one can assume that Ay > Kmin > 0, such that (ND1) holds. Further-
more,

~

Sw

Rrel

ﬁ;)ore (X) =

By (A.2), Ppore(x) is bounded from below by a constant independent of x. Assuming sy > Smin
for some minimal saturation value, also an upper bound is given. After all, (ND2) holds.

A.4 Discussion of (ND3)
The condition (ND3) is equivalent with

A -2 71 2
( jW(X) _ 1> - V'(x) 5 > 4?{ for all x € R. (A.4)
ppore(X) (piaore(X)) dr

First, we note that in the fully saturated regime condition, (ND3) is fulfilled since

Sw(x)

- =1, forall x >0.
ppore(X)
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For the combination of the specific choices of b, sy, and ke condition (A.4) becomes

_ Krel (Sw Krel (Sw 1 a?
(’{rel(sw) - 1) 2 <¢OCW reSE,V ) + ¢OS<NTESEQN) + Nﬁrel(sw)> > 4Kdr for all Sw < 1.

1

We consider the more demanding case, the incompressible case with ¢y, = & = 0. The expression

% is increasing in py, see Figure 2 for two examples. Hence, there exists a minimal
w Lt~ Rrel(Sw

saturation value sy such that (A.4) holds in the regime sy € [Smin, 1]. This value will depend
on ¢g, aya, Nvag, o and Kg,.. Assuming ¢g = 0.1 and o = 1, we compute sy, for a set of realistic
parameters, see Table 1. We observe, that the range of admissible saturation values becomes
larger, the stiffer the system. Furthermore, for all parameters, sy, is relatively small. Hence, we

can expect (ND3) to hold for geotechnical applications, for which Ky, is typically large.

n=1.5, a=0.1 n=2.5, a=2
0 : r 10 . r
5|

“i 5 “i 0

i”,g &g
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) 2 15t

= =

\Vf -15 e 33 20

) — “ sl

_ms - _w;

= 20 5 80

9 k<) —
35 -

-25
-1000

L . . .
-800 -600 -400 -200 0
P

w

(a) nva = 1.5, avg = 0.1

Figure 2: Increasing behavior of
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> in the unsaturated regime.

Table 1: Minimal allowed saturation values for a set of realistic model parameters, assuming

a=1.

v | MG || Smin for Kgr = 10° | smin for Kg, = 10% | spin for Kg, = 1011
01 | 15 0.26 0.10 0.04
2 1.5 0.17 0.07 0.03
0.1 2 0.08 0.02 0.004
2 2 0.04 0.009 0.002
0.1 | 25 0.03 0.004 0.0006
2 2.5 0.01 0.002 0.0003

B Useful results from literature

Lemma B.1 (Discrete Poincaré inequality [62]). Let T be an admissible mesh, cf. Definition 5.1,
and u a piecewise constant function. Then there exists a constant Cqpp € (0, diam(2)] such that

lull2 (@) < Cappllulli,T,

where || - ||1.7 denotes the discrete HE(Q) norm, cf. Definition 5.5.
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Lemma B.2 (Discrete trace inequality [64]). Let T be an admissible mesh, cf. Definition 5.1,
and u a piecewise constant function. Let «y(u) denote the trace of u, defined by v(u) = ug on
0 €& NEK, K €T. Then there exists a constant Cy > 0 such that

Iy (W)l 200) < Cor (lulli7 + lullL2@)) »

where || - |17 denotes the discrete H}(Q) norm, cf. Definition 5.3.

Lemma B.3 (Stability of discrete gradients [62]). Let T be an admissible mesh of some domain
Q, cf. Definition 5.1, and u € H}(Q). Define a piecewise constant function @ by

1
u(x) = / u(z)de, xz€KeT.
K| Jk
Then there exists a constant C > 0 (independent of h for reqular meshes) such that
lallrr < Cllullgr ).

Lemma B.4 (Corollary of Brouwer’s fixed point theorem [69]). Let (-,-) denote the standard R?
scalar product and let F : R* — R? be a continuous function, satisfying

(F(z),z) >0 (B.1)

for all € R? with (x,x) > M for some fired M € Ry. Then there exists a x* € R? with
(x*,x*) < M and F(x*) = 0.

Lemma B.5 (Binomial identity). For a,b € R it holds that
1
ala —b) =5 (a* + (a —b)* — b?). (B.2)

Lemma B.6 (Summation by parts). Given two sequences (ay)ken,, (bk)ken, C R, for all N € N
it holds that

N N-1
Zan(bn —bp—1) = anby — a1by — Z br(ant1 — an).
n=1 n=1

Lemma B.7 (Discrete Gronwall inequality [70]). Let (apn)n C Ry, (An)n C Ry, B > 0. Assume
for allm € N it holds that

n—1

an < B+ Z ALG.
k=0

Then it follows

n—1

an < B H(l + \p).
k=0

In particular, if A\ = )‘WT for all k € N for some \,T € Ry and N € N, it holds that

any < Bexp(AT).

Lemma B.8 (Eberlein-Smulian theorem [69]). Assume that B is a reflexive Banach space and
let {xy}n, C B be a bounded sequence in B. Then there exists a subsequence {xy, }i that converges
weakly in B.
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Lemma B.9 (Relaxed Aubin-Lions lemma [71]). Let {f.}» C LP(0,T;B), 1 <p < o0, B a
Banach space. { fn}n is relatively compact in LP(0,T; B) if the following two are fulfilled:

o {fn}n is uniformly bounded in LP(0,T;X), for X C B with compact embedding.
o [N falt) = fult = )| dt < O(7), as T — 0.
For the second property it is sufficient that {0y fn}n is uniformly bounded in LP(0,T; B).

Lemma B.10 (Riesz-Frechet-Kolmogorov compactness criterion [72]). Let F' be a bounded set
in LP(RN) with 1 < p < 0o, N € N. Assume that

lim |[[f(-+h) = fC)llpony =0 uniformly in f € F.
|h|—0

Then the closure of Flg := {f:Q — R| f € F} is compact for any measurable set Q@ C RN with
finite measure.

Lemma B.11 (Standard inf-sup argument [66]). Let V and Q be Hilbert spaces, and let B be a
linear continuous operator from V to Q'. Denote by B! the transposed operator of B. Then, the
following two statements are equivalent:

e B! is bounding, i.e., there exists a v > 0 such that Hth| v = ||qHQ for all g € Q.

1
o There exists a L € L(Q', V) such that B (Lp (£)) = £ for all £ € Q" with || Ly|| = S =:
CQ,is-

Lemma B.12 (Properties of the Legendre transformation [53]). Given b: R — R continuous
and non-decreasing , we define its Legendre transformation

B(2) = /Oz(b(z) —b(s))ds > 0.

It holds for all x,y € R and for all § >0

0 < B(x),
B(z) — B(y) < (b(z) — b(y)) =,
b(z)| <6 B(x) +| Tuf b(y)|
y|<o—t
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