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Abstract

In this paper, we consider unsaturated poroelasticity, i.e., coupled hydro-mechanical
processes in unsaturated porous media, modeled by a non-linear extension of Biot’s quasi-
static consolidation model. The coupled, elliptic-parabolic system of partial differential
equations is a simplified version of the general model for multi-phase flow in deformable
porous media obtained under similar assumptions as usually considered for Richards’ equation.
In this work, the existence of a weak solution is established using regularization techniques, the
Galerkin method, and compactness arguments. The final result holds under non-degeneracy
conditions and natural continuity properties for the non-linearities. The assumptions are
demonstrated to be reasonable in view of geotechnical applications.

1 Introduction

Strongly coupled hydro-mechanical processes in porous media are occurring in various applica-
tions of societal relevance within, e.g., geotechnical, structural, and biomechanical engineering.
Examples for instance are soil subsidence due to groundwater withdrawal, geothermal energy
storage in fractured rocks, swelling and drying shrinkage of concrete, and deformation of soft,
biological tissue components.

In the field of porous media, such microscopically complex processes are typically modeled
by a continuum mechanics approach [1]. The multi-phasic solid-fluid mixture is considered a
homogenized continuum, and both geometry, skeleton, and fluid properties are averaged over
representative elementary volumes, consisting of a mixture of solid and fluid particles. Ultimately,
the microscopic interaction of the different constituents is described by macroscopic, effective
equations. The simplest, macroscopic model accounting for the coupling of single-phase flow and
elastic deformation in a porous medium is Biot’s linear, quasi-static consolidation model. Its
phenomenological derivation dates back to the seminal works by Terzaghi [2] and Biot [3]. In the
course of the last century, many more advanced models have been developed, accounting, e.g.,
for the presence of different interacting fluids, thermal effects, or chemical reactions. We refer to
the textbooks [4, 5] for an introduction and their derivation.

In this paper, we consider a non-linear, coupled system of partial differential equations,
modelling the quasi-static consolidation of variably saturated porous media, also called unsaturated
poroelasticity – in particular relevant in soil mechanics. The model can be obtained by simplifying
the more general model for two-phase flow in deformable porous media, founded on macroscopic
momentum and mass balances combined with constitutive relations [4]. It is assumed that one
fluid phase can be simply neglected. This is a common practice for fluids with high viscosity
ratios if the negligible fluid phase is continuous and connected to the atmosphere, i.e., the same
hypotheses as for Richards’ equation [6, 7]. Finally, the resulting model generalizes Biot’s quasi-
static, linear consolidation model, combining Richards’ equation and linear elasticity equations
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with non-linear coupling. It is highly non-linear, potentially strongly coupled, and potentially
degenerate, which makes its analysis complicated.

Regarding the mathematical theory of poroelasticity, in particular Biot’s quasi-static, linear
consolidation model has been well-studied. Well-posedness including the existence, uniqueness,
and regularity of solutions, has been established [8–10]; recent advances in the numerical analysis
include, e.g., stable finite discretizations [11–18], efficient numerical iterative solvers [19–24], and
a posteriori error estimates [25–27]. Lately, linear and non-linear extensions have become of
increased interest. Well-posedness and the efficient numerical solution have been analyzed for the
dynamic Biot-Allard system [28], Biot-Stokes systems [29–31], the Biot model with deformation
dependent permeability [32,33], poroelasticity in fractured media [34–37], poroelasticity with non-
linear solid and fluid compressibility [38,39], general non-linear single-phase poroelasticity [40],
poro-visco-elasticity [33, 38], thermoporoelasticity [38, 41–44], poroelasticity from a gradient flow
perspective [38], and multiple-permeability poroelasticity systems [45–47], among others. In all
problems, the coupling is linear.

Despite the large interest, rather few theoretical results have been established for unsaturated
or multi-phase poroelasticity. We highlight [48], in which the first ever mathematical analysis of the
consolidation of a variably saturated, porous medium has been presented. In the aforementioned
work, the existence of a weak solution is established under two strict model assumptions: (i)
the coupling term in the fluid flow equation is linear; and (ii) after introducing a new pressure
variable by applying the Kirchhoff transformation the coupling and the diffusion terms in the
mass balance simultaneously become linear. The second assumption implies a specific, artificial
form of the so-called pore pressure, a non-linearity arising in the linear momentum balance.
Ultimately, the result does not apply to the general model for unsaturated poroelasticity. On the
other hand, the analysis accounts for non-linearly variable densities and porosities, and allows
for degenerate situations. In addition, we mention efforts on studying the efficient numerical
solution for unsaturated poroelasticity [49] and multi-phase poroelasticity [50–52].

In this paper, the existence of weak solutions for the general model of unsaturated poroelastic-
ity is established. In order to deal with the non-linear character, the problem is first transformed
utilizing the Kirchhoff transformation, a technique commonly used for the analysis of non-linear
diffusion problems [53]. By this, the diffusion component of the mass balance becomes linear –
a fully non-linear coupling and a non-linear storage coefficient are still present. The analysis
then employs regularization techniques and compactness arguments in six steps and goes as
follows. First, a physically motivated double regularization is introduced, adding a non-degenerate
parabolic character to both balance equations. Regularization is required in order to allow the
discussion of the non-linear coupling terms. Ultimately, the regularized model accounts for
primary and secondary consolidation of variably saturated, porous media with compressible
grains. Second, the problem is discretized combining an implicit time stepping, the finite element
method (FEM) for the mechanics equation, and the finite volume method involving a two-point
flux approximation (TPFA) for the flow equation. The motivation for the chosen discretization
is two-fold: (i) it is a common discretization in the field of poroelasticity [13, 54], also closely
related to mixed finite element discretizations [11]; moreover, finite volume methods [55–58] and
mixed finite element methods [59,60] are widely used for discretizing Richards’ equation. Even
more importantly, (ii) the specific choice of the discretization becomes crucial for the subsequent
step of the proof, allowing for straightforward cancelling of the coupling terms. In the third
step of the proof, stability of the discrete solution is showed, and compactness arguments are
utilized for deriving a weak solution of the doubly regularized problem. For this, on the one
hand the Legendre transformation is exploited as in [53] and specific finite volume techniques are
employed for discussing the limit of the spatial discretization parameters, inspired by [61, 62].
Fourth, improved regularity is showed for the weak solution of the doubly regularized problem.
Fifth and finally sixth, the limit of vanishing regularization in the momentum and mass balances
are discussed, respectively.
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Difficulties arise in the last steps of the proof due to a possible degenerate character of the
problem for vanishing saturation. Our analysis requires an overall parabolic character of the
coupled problem and natural continuity properties for the non-linearities. Those are ensured
under specific material assumptions and a non-vanishing, minimal amount of fluid saturation. In
the appendix, the assumptions are demonstrated to be satisfied for constitutive relations typically
utilized in real-life applications. Furthermore, for simplicity, the porous material is assumed to
be isotropic, gravity has been neglected and homogeneous, essential boundary conditions have
been considered. The focus of this work is on the involved, non-linear, coupled character of the
governing equations.

The rest of the paper is organized as follows. In Section 2, the model is introduced as derived
in the engineering literature, and the model is transformed using the Kirchhoff transformation.
In Section 3, the notion of a weak solution to the transformed problem is introduced, and the
main result is stated: existence of a weak solution to the transformed problem under certain
model assumptions and non-degeneracy conditions. The idea of the proof, consisting of six steps,
is presented. The details of those six steps are the subject of the remaining Sections 4–9. In the
appendix, the feasibility of the required assumptions for the main result are discussed for widely
used constitutive models from the literature. In addition, technical results from the literature
used in the proof of the main result are recalled for a comprehensive presentation.

2 Mathematical model for unsaturated poroelasticity

We consider a continuum mechanics model for unsaturated poroelasticity, a particular simplifi-
cation of general multi-phase poroelasticity [4,5]. It is based on the fundamental principles of
momentum and mass balance combined with constitutive relations. The model is valid under the
assumptions of infinitesimal strains and the presence of two fluid phases, an active and a passive
phase; the displacement of the passive phase does not impede the advance of the active phase
and can be therefore neglected. Finally, the model couples non-linearly the Richards equation
and the linear elasticity equations utilizing an effective stress approach.

In the following, we recall the mathematical model employing the mechanical displacement
and fluid pressure as primary variables. Additionally, the problem is transformed by the Kirchhoff
transformation, a standard tool for the analysis of non-linear diffusion problems, cf., e.g., [53].
The latter will be subject of the subsequent analysis.

2.1 The original formulation

We consider a poroelastic medium occupying the open, connected, and bounded domain Ω ⊂ Rd,
d ∈ {1, 2, 3}. Let T > 0 denote the final time and (0, T ) denote the time interval of interest. Let
QT := Ω× (0, T ) denote the space-time domain.

The balance equations as derived in [4] (note, we use an arbitrary pore pressure, whereas the
specific average pore pressure has been used in the aforementioned work) reads on QT :

−∇ · [2µε(u) + λ∇ · uI− αppore(pw)I] = f , (2.1)

φ∂tsw(pw) + φcw∂tpw +
1

N
sw(pw)∂tppore(pw) + αsw(pw)∂t∇ · u+ ∇ · q = h, (2.2)

where u is the mechanical displacement and pw is the fluid pressure (of the active phase).
Furthermore, q is the volumetric flux described by the generalized Darcy law

q = −κabs κrel(sw(pw)) (∇pw − ρwg) . (2.3)

Constitutive laws are given for the pore pressure ppore, the fluid saturation sw and the relative
permeability κrel; the latter two are assumed to be homogeneous, i.e., they do not vary explicitly
in space. Furthermore, f and h are external load and source terms; µ, λ are the Lamé parameters;
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α ∈ [0, 1] is the Biot constant; cw ∈ [0,∞) is the storage coefficient associated to fluid compress-
ibility; N ∈ (0,∞] is the Biot modulus associated to the compressibility of solid grains; κabs is
the absolute permeability; ρw is a reference fluid density and g is the gravitational acceleration.
Finally, φ is the porosity. Under the hypothesis of small perturbations of the porosity [5], often
applied along with the assumptions of linear elasticity, we can assume that the porosity φ acting
as weight is constant in time, equal to some reference porosity field φ0.

From now on, we consider a compact form of (2.1)–(2.3). Specifically, we seek (u, pw) such
that on QT

−∇ · [2µε(u) + λ∇ · uI− αppore(pw)I] = f , (2.4)

∂tb(pw) + αsw(pw)∂t∇ · u−∇ · (κabsκrel(sw(pw)) (∇pw − ρwg)) = h, (2.5)

where the function b is defined as

b(pw) = φ0sw(pw) + cwφ0

∫ pw

0
sw(p) dp+

1

N

∫ pw

0
sw(p)p′pore(p) dp. (2.6)

We note that the subsequent analysis is not dependent on specific choices for b, sw, ppore and κrel.
In order to close the system (2.4)–(2.5), we impose: boundary conditions

u = uD on Γm
D × (0, T ), (2.7)

(2µε(u) + λ∇ · uI− αppore(pw)I)n = σN on Γm
N × (0, T ), (2.8)

pw = pw,D on Γf
D × (0, T ), (2.9)

−κabs κrel(sw (pw)) (∇pw − ρwg) · n = qN on Γf
N × (0, T ), (2.10)

for the partitions {Γm
D ,Γ

m
N} and {Γf

D,Γ
f
N} of the boundary ∂Ω, where Γm

D and Γf
D have positive

measure; as well as initial conditions

u = u0 in Ω× {0}, (2.11)

pw = pw,0, in Ω× {0}. (2.12)

Putting the focus on the non-linear and coupled character of the balance equations, in the
subsequent, mathematical analysis, we consider a simplified setting. We neglect gravity and
non-homogeneous, essential boundary conditions, which in particular simplifies notation.

2.2 The mathematical model under the Kirchhoff transformation

The Kirchhoff transformation defines a new pressure-like variable

χ(pw) =

∫ pw

0
κrel(sw(p̃)) dp̃. (2.13)

Assuming the constitutive laws satisfy κrel(sw(p)) > 0, for all p ∈ R, (2.13) can be inverted. We
redefine all functions in pw as functions in χ

p̂w := χ−1, b̂ := b ◦ χ−1, ŝw := sw ◦ χ−1, p̂pore := ppore ◦ χ−1, κ̂rel := κrel ◦ ŝw. (2.14)

Then under the assumption of a homogeneous relative permeability and saturation, the non-linear
Biot equations (2.4)–(2.5) reduces to finding (u, χ), satisfying

−∇ · (2µε(u) + λ∇ · uI− αp̂pore(χ)I) = f , (2.15)

∂tb̂(χ) + αŝw(χ)∂t∇ · u−∇ · (κabs∇χ) = h, (2.16)
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on QT , and subject to the adapted boundary conditions

u = 0 on Γm
D × (0, T ), (2.17)

(2µε(u) + λ∇ · uI− αp̂pore(χ)I)n = σN on Γm
N × (0, T ), (2.18)

χ = 0 on Γf
D × (0, T ), (2.19)

−κabs∇χ · n = wN on Γf
N × (0, T ), (2.20)

and the initial conditions

u = u0 in Ω× {0}, (2.21)

χ = χ0, in Ω× {0}. (2.22)

3 Main result – existence of a weak solution for the unsaturated
poroelasticity model

The main result of this work is the existence result of a weak solution for the unsaturated
poroelasticity model under the Kirchhoff transformation, cf. Section 2.2. In this section, we state
the main result. This includes the notion of a weak solution, required assumptions and the idea
of the proof. The details of the proof are the subject of the remainder of this paper.

3.1 Definition of a weak solution

Let QT := Ω × (0, T ) denote the space-time domain. We use the standard notation for Lp,
Sobolev and Bochner spaces, together with their inherent norms and scalar products. Let 〈·, ·〉
denote the standard L2(Ω) scalar product for scalars, vectors and tensors. For shorter notation,
we use ‖ · ‖ := ‖ · ‖L2(Ω). Let

V =
{
v ∈ H1(Ω)d

∣∣∣v|Γm
D

= 0
}
,

Q =
{
q ∈ H1(Ω)

∣∣∣ q|Γf
D

= 0
}
,

denote the function spaces corresponding to mechanical displacement and fluid pressure, respec-
tively, incorporating essential boundary conditions. We abbreviate the bilinear form associated
to linear elasticity

a(u,v) = 2µ

∫
Ω
ε(u) : ε(u) dx+ λ

∫
Ω
∇ · u∇ · v dx, u,v ∈ V ,

and define ‖ · ‖V := a(·, ·)1/2, which induces a norm on V due to Korn’s inequality. Moreover,
we combine the external body and surface sources as elements in V ? and Q?, the duals of V and
Q, respectively. Let fext = (f ,σN) and hext = (h,wN) be defined by

〈fext,v〉 =

∫
Ω
f · v dx+

∫
Γm
N

σN · v ds, v ∈ V ,

〈hext, q〉 =

∫
Ω
h q dx+

∫
Γf
N

wN q ds, q ∈ Q.

Definition 3.1 (Weak solution of the unsaturated poroelasticity model). A weak solution
to (2.15)–(2.22) is a pair (u, χ) ∈ L2(0, T ;V )× L2(0, T ;Q) satisfying the following:

(W1) p̂pore(χ) ∈ L2(QT ), ŝw(χ) ∈ L∞(QT ).
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(W2) b̂(χ) ∈ L∞(0, T ;L1(Ω)) and ∂tb̂(χ) ∈ L2(0, T ;Q?) such that∫ T

0

〈
∂tb̂(χ), q

〉
dt+

∫ T

0

〈
b̂(χ)− b̂(χ0), ∂tq

〉
dt = 0,

for all q ∈ L2(0, T ;Q) with ∂tq ∈ L1(0, T ;L∞(Ω)) and q(T ) = 0.

(W3) ∂t∇ · u ∈ L2(QT ) such that∫ T

0
〈∂t∇ · u, q〉 dt+

∫ T

0
〈∇ · u−∇ · u0, ∂tq〉 dt = 0,

for all q ∈ H1(0, T ;L2(Ω)) with q(T ) = 0.

(W4) (u, χ) satisfies the variational equations∫ T

0
[a(u,v)− α 〈p̂pore(χ),∇ · v〉] dt =

∫ T

0
〈fext,v〉 dt, (3.1)∫ T

0

[〈
∂tb̂(χ), q

〉
+ α 〈ŝw(χ)∂t∇ · u, q〉+ 〈κabs∇χ,∇q〉

]
dt =

∫ T

0
〈hext, q〉 dt, (3.2)

for all (v, q) ∈ L2(0, T ;V )× L2(0, T ;Q).

We note that the weak formulation of the initial conditions (W3) of the mechanical displace-
ment immediately allow for a stronger formulation. See Lemma 9.6 for more information.

3.2 Assumptions on model and data

For proving the existence of a weak solution, we require several assumptions on the model,
including the constitutive laws, model parameters, source terms and initial conditions:

(A0) sw : R→ [0, 1] and κrel : [0, 1]→ [0, 1] such that κrel(sw(p)) > 0, for all p ∈ R allowing for
defining p̂w, b̂, ŝw, p̂pore, and κ̂rel as in (2.14).

(A1) b̂ : R→ R is continuous and non-decreasing, and it holds that b̂(0) = 0.

(A2) ŝw : R→ (0, 1] continuous and differentiable a.e., and ŝw(χ) = 1 for χ ≥ 0.

(A3) p̂pore : R→ R is continuously differentiable, non-decreasing, and it holds that p̂pore(0) = 0.

(A4)
p̂pore
ŝw

: R→ R is invertible and uniformly increasing, i.e., there exists a constant cp̂pore/ŝw > 0

satisfying
(
p̂pore
ŝw

)′
(x) ≥ cp̂pore/ŝw for all x ∈ R.

Assumptions (A0)–(A4) are valid for standard constitutive laws, cf. Appendix A. The assumptions
on the model parameters read:

(A5) µ > 0, λ ≥ 0, α ≥ 0 are constant, and define the bulk modulus Kdr := 2µ
d + λ.

(A6) κabs is uniformly bounded from below and above, such that there exist constants 0 <
κm,abs ≤ κM,abs <∞ with κabs ∈ [κm,abs, κM,abs] on Ω.

We note, (A5) is stated only for simplicity. The assumptions on the external load and source
terms read:
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(A7) fext ∈ H1(0, T ;V ?) ∩ C(0, T ;V ?) and hext ∈ H1(0, T ;Q?) ∩ C(0, T ;Q?), where

‖fext‖2Lp(0,T ;V ?) := ‖f‖2Lp(0,T ;V ?) + ‖σN‖2Lp(0,T ;V ?), p ∈ {2,∞},

‖hext‖2Lp(0,T ;Q?) := ‖h‖2Lp(0,T ;L2(Ω)) + ‖wN‖2Lp(0,T ;L2(Γf
N))
, p ∈ {2,∞},

and analogously ‖fext‖V ? , ‖∂tfext‖L2(0,T ;V ?), ‖fext‖H1(0,T ;V ?), and ‖hext‖Q? , ‖∂thext‖L2(0,T ;Q?),
‖hext‖H1(0,T ;Q?).

The assumptions on the initial data read:

(A8) The initial data (u0, χ0) ∈ V ×Q is sufficient regular such that there exists a constant C0

satisfying

‖u0‖2V + ‖∇χ0‖2 +
∥∥∥b̂ (χ0)

∥∥∥
L1(Ω)

+
∥∥∥B̂ (χ0))

∥∥∥
L1(Ω)

+

∥∥∥∥B̄( p̂pore(χ0)

ŝw(χ0)

)∥∥∥∥
L1(Ω)

+ ‖p̂pore(χ0)‖2 ≤ C0,

where B̂ and B̄ are the Legendre transformations of b̂ and b̄ := b̂ ◦
(
p̂pore
ŝw

)−1
, respectively:

B̂(z) :=

∫ z

0
(b̂(z)− b̂(s)) ds ≥ 0, (3.3)

B̄(z) :=

∫ z

0
(b̄(z)− b̄(s)) ds ≥ 0. (3.4)

(A9) The initial data (u0, χ0) satisfies the compatibility condition: p̂pore(χ0) ∈ Q and

a(u0,v)− α 〈p̂pore(χ0),∇ · v〉 = 〈fext(0),v〉 , for all v ∈ V ,

i.e., the mechanics equation at initial time.

Additionally, the following non-degeneracy conditions are required:

(ND1) There exists a constant CND,1 > 0 such that∣∣∣∣ p̂pore(χ)

ŝw(χ)χ

∣∣∣∣ ≤ CND,1, for all χ ∈ R.

(ND2) There exists a constant CND,2 > 0 such that

C−1
ND,2 ≤ p̂

′
pore(χ) ≤ CND,2, for all χ ∈ R.

(ND3) There exists a constant CND,3 ∈ (0, 1) such that

Kdr −
α2

4

(
ŝw(χ)

p̂′pore(χ)
− 1

)2
(
p̂′pore(χ)

)2
b̂′(χ)

≥ CND,3Kdr, for all χ ∈ R.

In Appendix A, it is demonstrated that for the van Genuchten model for sw and κrel [63], and
the equivalent pore pressure model for ppore [5], (ND1) and (ND2) follow if the saturation takes
values above a residual saturation. Thus, (ND1) and (ND2) may be implicitly satisfied assuming
(ND3) holds true. Furthermore, the calculations in Appendix A illustrate that for materials
typically present in geotechnical application, the condition (ND3) is satisfied in saturation regimes
above 1 to 10 percent (depending on the material parameters). Thereby, the practical saturation
regime is covered for a wide range of applications. After all, (ND3) is the most restrictive
assumption of all assumptions. It essentially requires the mechanical system to be sufficiently
stiff in relation to the saturation profile. The lower the minimal saturation value, the stiffer the
system has to be.
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3.3 Existence of solutions for the unsaturated poroelasticity model

This section is presenting the main result together with the main steps of the proof.

Theorem 3.2 (Existence of a weak solution to the unsaturated poroelasticity model). Under
the model assumptions (A0)–(A9) and the non-degeneracy conditions (ND1)–(ND3), there exists
a weak solution of (2.15)–(2.22) in the sense of Definition 3.1.

The main idea of the proof of Theorem 3.2 is to use the Galerkin method in combination
with compactness arguments. The main difficulty here is the control over the non-linear coupling
terms. For this a regularization approach is used. After all, the proof consists of six steps. In the
following, we present the idea of each step. Details are subject of the remainder of the article
and will be presented in the six, subsequent sections.

Step 1: Double physical regularization. Applying the Galerkin method along with com-
pactness arguments for the original problem (3.1)–(3.2) is challenging due to the coupling terms.
A simple way to control the term ∂t∇ ·u is to add a suitable regularization term in the mechanics
equation (3.1). As the coupling terms also involve non-linearities in the Kirchhoff pressure, strong
compactness is required. Therefore, we add a coercive term in the flow equation, which allows
for controlling the term ∂tχ. In this way, one can control the coupling terms, and eventually
leading to convergence.

From a physical point of view, the regularized model accounts for secondary consolidation and
compressible solid grains. In mathematical terms, it reads as follows. For given regularization
parameters ζ, η > 0, find (uεη, χεη) to be the solution to the variational equations∫ T

0

[
ζa(∂tuεη,v) + a(uεη,v)− α 〈p̂pore(χεη),∇ · v〉

]
dt =

∫ T

0
〈fext,v〉 dt, (3.5)∫ T

0

[〈
∂tb̂η(χεη), q

〉
+ α 〈ŝw(χεη)∂t∇ · uεη, q〉+ 〈κabs∇χεη,∇q〉

]
dt =

∫ T

0
〈hext, q〉 dt, (3.6)

for all (v, q) ∈ L2(0, T ;V )× L2(0, T ;Q), where b̂η is a strictly increasing regularization of b̂ (see
(A1?) for further properties). The next two steps prove that the regularized problem has a weak
solution in an analogous sense to Definition 3.1.

Step 2: Discretization in space and time. We employ the implicit Euler scheme and a
Galerkin method based on an inf-sup stable finite element/finite volume method to obtain a
fully discrete counterpart of (3.5)–(3.6). In particular, the pressure variables are discretized
by piecewise constant elements, and for the diffusion term a discrete gradient ∇h is employed
corresponding to a two-point flux approximation of the volumetric fluxes [62,64].

Given an admissible mesh T , cf. Definition 5.1, the conforming and non-conforming, discrete
spaces Vh ⊂ V and Qh 6⊂ Q, respectively, and a partition {tn}n of the interval (0, T ), the
discretization for time steps n reads: given the solution at the previous time step (un−1

h , χn−1
h ) ∈

Vh ×Qh, find (unh, χ
n
h) ∈ Vh ×Qh satisfying for all (vh, qh) ∈ Vh ×Qh
ζτ−1a(unh − un−1

h ,vh) + a(unh,vh)− α〈p̂pore(χ
n
h),∇ · vh〉 = 〈fnext,vh〉,

(3.7)

〈b̂η(χnh)− b̂η(χn−1
h ), qh〉+ α〈ŝw(χnh)∇ · (unh − un−1

h ), qh〉+ τ〈∇hχ
n
h,∇hqh〉κabs = τ〈hnext, qh〉.

(3.8)

The reason for this particular choice of a discretization is two-fold: (i) the piecewise constant
approximation of the pressure allows for the simple handling of non-linearities; (ii) the discrete
gradients ∇h retain the local character of the differential operator. This together allows for
simultaneously cancelling the coupling terms and utilizing the coercivity of the diffusion term.
This is required, e.g., for proving the existence of a discrete solution employing a corollary of
Brouwer’s fixed point theorem, or in Step 3.
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Step 3: Existence of a weak solution to the regularized model. Based on the discrete
values {(unh, χnh)}n, we define suitable interpolations in time, (uhτ , χhτ ), yielding approximations
of (uεη, χεη). We remark that various interpolations are in fact introduced in the course of step 3
and 4. To avoid an excess in notations and for the ease of the presentation, we use the same
notation, (uhτ , χhτ ), for all interpolations.

The goal is to show convergence (in a certain sense) of {(uhτ , χhτ )}h,τ along a monotonically
decreasing sequence of pairs (h, τ)→ (0, 0) (from now on denoted h, τ → 0) towards a solution
of (3.5)–(3.6). This is achieved using compactness arguments; however, given the coupled and
non-linear nature of (3.5)–(3.6), several terms require careful discussion:

• Non-linearities as p̂pore(χεη) or products of independent variables as ŝw(χεη)∂t∇ · uεη
require partially strong convergence.

• Since b̂η is not necessarily Lipschitz continuous, it is not sufficient to show uniform stability

for {∂tχhτ} to conclude weak convergence of {∂tb̂η(χhτ )}h,τ towards ∂tb̂η(χεη). Instead,

we apply techniques by [53] utilizing the Legendre transformation, B̂η, of b̂η, analogously
defined as in (3.3).

• The diffusion term is discretized using discrete gradients. Thus, weak convergence ∇hχhτ →
∇χεη is not an obvious consequence of uniform stability for {∇hχh,τ}h,τ . For this, we
apply techniques from finite volume literature [61,62].

Motivated by that, we first derive stability estimates that are uniform wrt. the discretization
parameters

‖uhτ‖H1(0,T ;V ) + ess sup
t∈(0,T )

‖χhτ (t)‖1,T + ‖p̂pore(χhτ )‖L2(QT )

+
∥∥∥B̂η(χhτ )

∥∥∥
L∞(0,T ;L1(Ω))

+
∥∥∥∂tb̂η(χhτ )

∥∥∥
L2(0,T ;H−1(Ω))

+ ‖∂tχhτ‖L2(QT ) ≤ Cζη

for some constant Cζη > 0 independent of h, τ . Therefore, one obtains weak convergence for
subsequences (denoted the same as before) for h, τ → 0

uhτ ⇀ uεη in L2(0, T ;V ),

∂tuhτ ⇀ ∂tuεη in L2(0, T ;V ),

p̂pore(χhτ ) ⇀ p̂pore(χεη) in L2(QT ),

∂tb̂η(χhτ ) ⇀ ∂tb̂η(χεη) in L2(0, T ;Q?),

ŝw(χhτ )∂t∇ · uhτ ⇀ ŝw(χεη)∂t∇ · uεη in L2(QT ),

∇hχhτ ⇀∇χεη in L2(QT ).

Moreover, by employing finite volume techniques the following convergence of the discrete
diffusion term can be showed∫ T

0
〈∇hχhτ ,∇hqh〉κabs dt→

∫ T

0
〈∇χεη,∇q〉κabs dt,

for arbitrary discrete test functions qh, which strongly converge towards continuous functions q.
Finally, the limit, (uεη, χεη), can be identified as weak solution of the regularized problem (3.5)–
(3.6).

Step 4: Increased regularity for the weak solution of the regularized model. When
discussing the limit ζ → 0 in step 5, it will be beneficial to have access to the derivative in time
of the mechanics equation (3.5) . Under the additional non-degeneracy condition (ND2), i.e.,
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that p̂pore is Lipschitz continuous, an increased regularity can be showed for the weak solution of
the regularized model, (uεη, χεη). For instance, for all v ∈ L2(0, T ;V ) it holds that∫ T

0
[ζa(∂ttuεη,v) + a(∂tuεη,v)− α 〈∂tp̂pore(χεη),∇ · v〉] dt =

∫ T

0
〈∂tfext,v〉 dt. (3.9)

The proof follows the same line of argumentation as step 3. First a fully discrete counterpart
of (3.9) is constructed by considering differences of (3.7) between subsequent time steps

ζτ−1a(unh − 2un−1
h + un−2

h ,vh) + a(unh − un−1
h ,vh)

− α
〈
p̂pore(χ

n
h)− p̂pore(χ

n−1
h ),∇ · vh

〉
=
〈
fnext − fn−1

ext ,vh
〉

for all vh ∈ Vh.

In addition, suitable interpolations ût,hτ and p̂pore,hτ of the discrete values {τ−1(unh − u
n−1
h )}n

and {p̂pore(χ
n
h)}n, respectively, define approximations of ∂tuεη and p̂pore(χεη). The uniform

stability estimate

‖∂tût,hτ‖2L2(0,T ;V ) + ‖∂tuhτ‖2L2(0,T ;V ) + ‖∂tp̂pore,hτ‖2L2(QT ) ≤ Cζη

guarantee the weak convergences

∂tût,hτ ⇀ ∂ttuεη, in L2(0, T ;V ),

∂tuhτ ⇀ ∂tuεη, in L2(0, T ;V ),

∂tp̂pore(χ)hτ ⇀ ∂tp̂pore(χεη), in L2(QT )

up to subsequences, for h, τ → 0. Finally, one can identify (3.9) in the limit.

Step 5: Vanishing regularization in the mechanics equation. For each ζ, η > 0, there
exists a solution (uεη, χεη) to (3.5)–(3.6). For the limit ζ → 0, we employ compactness arguments
similar to step 3. However, now the stability estimates ought to be independent of ζ. We show

‖uεη‖2H1(0,T ;V ) + ‖χεη‖2L∞(0,T ;Q) + ‖ppore(χεη)‖2L2(QT ) (3.10)

+
∥∥∥B̂η(χεη)∥∥∥

L∞(0,T ;L1(Ω))
+
∥∥∥∂tb̂η(χεη)∥∥∥

L2(0,T ;H−1(Ω))
≤ C,

and

‖∂tχεη‖2L2(QT ) ≤ Cη. (3.11)

For (3.10), one can use v = ∂tuεη and q = ∂tχεη as test functions in (3.6) and (3.9). The coupling
terms obviously do not match; but by using a binomial identity and the non-degeneracy condition
(ND3), one can show that

‖∂tuεη‖2L2(0,T ;V ) +

∫ T

0

〈
∂tb̂η(χεη), ∂tχεη

〉
+ α

∫ T

0
〈ŝw∂tχεη − ∂tp̂pore, ∂t∇ · uεη〉 ≥ 0, (3.12)

which effectively allows for dropping the coupling terms. With this, letting ζ → 0, one obtains
for subsequences (denoted the same as before)

uεη ⇀ uη in L2(0, T ;V ),

∂tuεη ⇀ ∂tuη in L2(0, T ;V ),

ζ∂tuεη → 0 in L2(0, T ;V ),

χεη ⇀ χη in L∞(0, T ;Q),

p̂pore(χεη) ⇀ p̂pore(χη) in L2(QT ),

ŝw(χεη)∂t∇ · uεη ⇀ ŝw(χη)∂t∇ · uη in L2(QT ),

∂tb̂η(χεη) ⇀ ∂tb̂η(χη) in L2(0, T ;Q?).
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Finally, it is straightforward to see that the limit (uη, χη) is weak solution of (3.5)–(3.6) for
ζ = 0.

We underline, that for showing (3.12), the time-continuous character of the variational
problem is required. It is not obvious how to use a similar strategy on time-discrete level.
Therefore, step 5 has been performed separately from step 3 and 4.

Step 6: Vanishing regularization in the flow equation. In the presence of fluid or solid
grain compressibility in the original formulation, i.e., cw > 0 or 1

N > 0, respectively, this final
step is obsolete. Otherwise, we consider the limit process η → 0 for the sequence of solutions
{(uη, χη)}η, derived in step 5. The overall idea is the same as in step 5, namely to obtain
estimates that are uniform wrt. η and to use compactness arguments. Referring to (3.10), the
following estimate is uniform in η

‖uη‖H1(0,T ;V ) + ‖χη‖L∞(0,T ;H1
0 (Ω)) + ‖p̂pore(χη)‖L2(QT ) (3.13)

+
∥∥∥B̂η(χη)∥∥∥

L∞(0,T ;L1(Ω))
+
∥∥∥∂tb̂η(χη)∥∥∥

L2(0,T ;H−1(Ω))
≤ C.

For estimating ∂tχη, we first show that the time derivative of the mechanics equation (3.7) is
well-defined for ζ = 0, i.e., it holds for all v ∈ L2(0, T ;V ) that∫ T

0
a(∂tuη,v) dt−

∫ T

0
α 〈∂tp̂pore(χη),∇ · v〉 dt =

∫ T

0
〈∂tfext,v〉 dt. (3.14)

Since ‖∂tχη‖ . ‖∂tp̂pore(χη)‖, the uniform stability for ∂tχη follows by an inf-sup argument, (3.14),
and the stability bound (3.13). Due to the lack of a suitable bound on ∂ttuεη in step 5,
this approach only works for ζ = 0. Standard compactness arguments allow for extracting
subsequences (again denotes as before) such that for η → 0 it holds that

uη ⇀ u in L2(0, T ;V ),

χη ⇀ χ in L∞(0, T ;Q),

p̂pore(χη) ⇀ p̂pore(χ) in L2(QT ),

ŝw(χη)∂t∇ · uη ⇀ ŝw(χ)∂t∇ · u in L2(QT ),

∂tb̂η(χη) ⇀ ∂tb̂(χ) in L2(0, T ;Q?).

Ultimately, (u, χ) can be identified as a weak solution to the unsaturated poroelasticity model in
the sense of Definition 3.1. This finishes the proof of Theorem 3.2.

4 Step 1: Physical regularization – secondary consolidation and
enhanced grain compressibility

We introduce a physical regularization of the weak formulation (3.1)–(3.2) by enhancing both
the mechanics and the flow equations. We allow for secondary consolidation, which effectively
incorporates a linear visco-elasticity contribution in the mechanics equations of the form a(∂tu,v).
Additionally, we assume non-vanishing grain compressibility by regularizing b̂. Specifically, we
let ζ > 0 and η > 0 be two regularization parameters and analyze the behavior of the solution
when passing them to zero.

Motivated by the physical example (2.6), for η > 0, define the regularization b̂η of b̂ by

b̂η(χ) := b̂(χ) + η

∫ p̂w(χ)

0
sw(p)p′pore(p) dp,

i.e., b̂η has the same structure as b̂, but with 1
N + η replacing 1

N . Refering to Section 3.2, the

function b̂η still satisfies (A1). Additionally, a uniform growth condition holds
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(A1?) There exists a b̂χ,m > 0 s.t. b̂χ,m‖χ1 − χ2‖2 ≤
〈
b̂η(χ1)− b̂η(χ2), χ1 − χ2

〉
for all χ1, χ2 ∈

L2(QT ),

cf. also Section A. In the subsequent discussion, a growth condition for b̂η (or b̂) of type (A1?)
will be required in order to to utilize strong compactness arguments. If min

{
cw,

1
N

}
> 0 in (2.6)

holds, the growth condition (A1?) is fulfilled even for η = 0, and the regularization of the
flow equation actually is not necessary, cf. Step 6 in Section 9. In this context, we emphasize
that (ND3) also holds for b̂η as b̂′η ≥ b̂′.

Also (A8) can be adapted for the regularization b̂η. With b̄η := b̂η ◦
(
p̂pore
ŝw

)−1
, we let B̂η and

B̄η be the Legendre transformations of b̂η and b̄η, respectively, defined by

B̂η(z) :=

∫ z

0
(b̂η(z)− b̂η(s)) ds ≥ 0, (4.1)

B̄η(z) :=

∫ z

0
(b̄η(z)− b̄η(s)) ds ≥ 0. (4.2)

(A8?) There exists a η0 > 0 and C0 > 0, not depending on η0, such that

‖u0‖2V + ‖∇χ0‖2 +
∥∥∥B̂η (χ0))

∥∥∥
L1(Ω)

+

∥∥∥∥B̄η ( p̂pore(χ0)

ŝw(χ0)

)∥∥∥∥
L1(Ω)

≤ C0

for all η ∈ (0, η0). Without loss of generality, we assume C0 in (A8) and (A8?) to be the
same.

For a non-degenerate initial condition χ0, the additional terms in B̂η and B̄η can be essentially
bounded by η‖χ0‖2, which itself is bounded by (A8).

We introduce the notion of a weak solution of the doubly regularized unsaturated poroelasticity
model.

Definition 4.1 (Weak solution of the doubly regularized model). For ζ > 0 and η > 0, we
call (uεη, χεη) ∈ L2(0, T ;V )× L2(0, T ;Q) a weak solution of the doubly regularized unsaturated
poroelasticity model if it satisfies:

(W1)ζη p̂pore(χεη) ∈ L2(QT ), ŝw(χεη) ∈ L∞(QT ).

(W2)ζη b̂η(χεη) ∈ L∞(0, T ;L1(Ω)) and ∂tb̂η(χεη) ∈ L2(0, T ;Q?) such that∫ T

0

〈
∂tb̂η(χεη), q

〉
dt+

∫ T

0

〈
b̂η(χεη)− b̂η(χ0), ∂tq

〉
dt = 0,

for all q ∈ L2(0, T ;Q) with ∂tq ∈ L1(0, T ;L∞(Ω)) and q(T ) = 0.

(W3)ζη ∂tuεη ∈ L2(0, T ;V ) such that∫ T

0
a(∂tuεη,v) dt+

∫ T

0
a(uεη − u0, ∂tv) dt = 0,

for all v ∈ H1(0, T ;V ) with v(T ) = 0.

(W4)ζη (uεη, χεη) satisfies the variational equations∫ T

0

[
ζa(∂tuεη,v) + a(uεη,v)− α 〈p̂pore(χεη),∇ · v〉

]
dt =

∫ T

0
〈fext,v〉 dt,

(4.3)∫ T

0

[〈
∂tb̂η(χεη), q

〉
+ α 〈ŝw(χεη)∂t∇ · uεη, q〉+ 〈κabs∇χεη,∇q〉

]
dt =

∫ T

0
〈hext, q〉 dt,

(4.4)

for all (v, q) ∈ L2(0, T ;V )× L2(0, T ;Q).

12



Furthermore, we call (uεη, χεη) a weak solution with increased regularity for the doubly regularized
unsaturated poroelasticity model if it satisfies (W1)ζη–(W4)ζη and:

(W5)ζη uεη ∈ H2(0, T ;V ) and ∂tp̂pore(χεη) ∈ L2(QT ).

(W6)ζη It holds∫ T

0

[
ζa(∂ttuεη,v) + a(∂tuεη,v)− α 〈∂tp̂pore(χεη),∇ · v〉

]
dt =

∫ T

0
〈∂tfext,v〉 dt, (4.5)

for all v ∈ L2(0, T ;V ), given that fext ∈ H1(0, T ;V ?).

We will later separately consider ζ → 0 and η → 0. Therefore, we give the definition of a weak
solution for the simply regularized unsaturated poroelasticity model, obtained for η > 0 and
ζ = 0.

Definition 4.2 (Weak solution of the simply regularized model). For η > 0, we call (uη, χη)
a weak solution of the simply regularized unsaturated poroelasticity model if it satisfies (W1)ζη–
(W4)ζη for ζ = 0.

To distinguish between the equations satisfied by the weak solution of a doubly regularized
model and the one of the simply regularized one, where εv = 0, we use the notations (W1)η–(W4)η.

Lemma 4.3 (Existence of a weak solution to the doubly regularized model). Let ζ > 0 and
η > 0 be given. Under the assumptions (A0)–(A9) and (ND1) there exists a weak solution to the
doubly regularized unsaturated poroelasticity model, in the sense of Definition 4.1.

Proof. The assertion follows from steps 2–3.

Lemma 4.4 (Existence of a weak solution with increased regularity for the doubly regularized
model). Let ζ > 0 and η > 0 be given. Under the assumptions (A0)–(A9) and the non-degeneracy
conditions (ND1)–(ND2), the doubly regularized unsaturated poroelasticity model has a weak
solution with increased regularity, in the sense of Definition 4.1.

Proof. The assertion follows from steps 2–4.

Lemma 4.5 (Existence of a weak solution for the simply regularized model). Let η > 0 be given.
Under the assumptions (A0)–(A9) and the non-degeneracy conditions (ND1)–(ND3), the doubly
regularized unsaturated poroelasticity model has a weak solution with increased regularity, in the
sense of Definition 4.2.

Proof. The assertion follows from step 5.

5 Step 2: Implicit Euler non-linear FEM-TPFA discretization

The next two sections, identified with steps 2 and 3, are providing the proof of Lemma 4.3. To this
aim, we employ the implicit Euler time stepping method, whereas for the spatial discretization of
the mechanics equation (4.3) a conforming Galerkin finite element method is used. For the flow
equation (4.4), the spatial discretization can be interpreted in various ways. It can be viewed
as cell-centered finite volume method utilizing a two point flux approximation (TPFA), the
simplest approximation one can consider, but it can also be interpreted as lowest order mixed
finite element method with inexact quadrature allowing for lumping [65]. In this section, we
show the existence of a fully discrete solution. We start with introducing the notations used in
the discretization.
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5.1 Finite volume and finite element notation

We use standard notations in the finite volume literature, see e.g. [61, 62]. In particular, we
introduce notation for elements, faces, their measures, transmissibilities etc. We assume that
the domain Ω is polygonal such that it can be discretized by an admissible mesh, as introduced
by [64].

Definition 5.1 (Admissible mesh T ). Let T be a regular mesh of Ω with mesh size h, consisting of
simplices in 2D or 3D, or convex quadrilaterals in 2D and convex hexahedrals in 3D. Furthermore,
we introduce the following terminology:

• K ∈ T denotes a single element.

• N (K) :=
{
L ∈ T |L 6= K, L̄ ∩ K̄ 6= ∅

}
denotes the set of neighboring elements of K ∈ T .

• E denotes the set of all faces, i.e., boundaries of all elements; let EK denote the faces of a
single element K ∈ T ; let Eext denote the faces lying on the boundary ∂Ω.

• K|L ∈ E denotes the face between two neighboring elements K,L ∈ T .

• {xK}K∈T is such that for all K ∈ T , L ∈ N (K) the connecting line between xK and xL is
perpendicular to K|L .

• dK,σ denotes the distance between center of K and σ ∈ EK ;

dσ =

{
dK,σ + dL,σ, K ∈ T , L ∈ N (K), σ = K|L,
dK,σ, σ ∈ Eext ∩ EK .

• τσ = |σ|/dσ denotes the transmissibility through σ ∈ E.

Assume there holds the regularity property: there exists a constant C > 0 such that∑
L∈N (K)
σ=K|L

|σ|dσ ≤ C|K| for all K ∈ T .

We introduce a dual grid T ? with diamonds as elements. It will be used for the approximation
of heterogeneous permeability fields. Additionally, it will be utilized within the proof.

Definition 5.2 (Dual grid to T ). Let T be an admissible mesh, cf. Definition 5.1. For each face
K|L ∈ E, K ∈ T , L ∈ N (K), define a prism PK|L ⊂ Ω with xK , xL and the vertices of K|L as
vertices. For all σ ∈ Eext ∩ EK , K ∈ T define Pσ ⊂ Ω to be the prism with xK and the vertices
of σ as vertices. By construction, T ? := {Pσ}σ∈E defines a partition of Ω.

Figure 1 displays a two-dimensional, admissible mesh and its auxiliary, dual grid.
The final discrete scheme is written in variational form. Given an admissible mesh T , we

introduce the discrete function spaces and implicitly their bases

Vh = span {vh,i}i∈{1,...,dV},
Qh = span {qh,j}j∈{1,...,dQ},

providing spaces for the discrete displacement and pressure, respectively. For the analysis below,
we assume that the discrete function spaces to satisfy the following conditions:

(D1) Qh is the space of all piecewise constant functions (P0) on T and the basis {qh,j}j is equal
to the indicator functions of all single elements. Note Qh 6⊂ Q.
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diamond ∈ T ?

element ∈ T

xK

K

xL

L

PK|L
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σ ∈ Eext

M

xM

Pσ

Figure 1: Admissible mesh T (consisting of elements) in two dimensions, together with the
corresponding dual grid T ? (consisting of diamonds).

(D2) Vh ⊂ V such that Vh ×Qh is inf-sup stable regarding the bilinear form

Vh ×Qh → R, (vh, qh) 7→ 〈qh,∇ · vh〉.

In more detail, there exists a constant γis = C−1
Ω,is > 0 (independent of h), such that

inf
06=qh∈Qh

sup
vh∈Vh

〈qh,∇ · vh〉
‖qh‖ ‖vh‖V

≥ γis. (5.1)

In the analysis, (D1) will allow for intuitively handling non-linearities in the pressure variable
easily. Assumption (D2) will allow for using standard inf-sup arguments. In two dimensions,
one can use piecewise quadratic elements for Vh. In three dimensions, a practical choice is less
trivial, cf. [66] for a thorough discussion.

In the analysis, we require the notion of a discrete H1(Ω) norm for piecewise constant
functions in Qh, see also [62].

Definition 5.3 (Discrete H1(Ω) norms on Qh). Let qh ∈ Qh. We define

‖qh‖1,T :=

(∑
σ∈E

τσ δσ(qh)2

)1
2

,

where

δσqh :=


∣∣∣qh|K − qh|L∣∣∣ , K ∈ T , L ∈ N (K), σ = K|L,∣∣∣qh|K∣∣∣ , σ ∈ Eext ∩ EK .

In the same sense, given a uniformly positive field ω ∈ C(Ω), a scaled inner product of discrete
gradients is defined by

〈∇hχh,∇hqh〉ω :=
∑
K∈T

∑
L∈N (K)

τK|L {ω}K|L δK|L(χh) δK|L(qh) +
∑

σ∈Eext∩EK

τK,σ {ω}σ χh|K qh|K .
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where the the weight ω evaluated at faces is approximated as weighted average incorporating the
neighboring elements, i.e., utilizing the dual mesh T ? to T it is

{ω}σ :=
1

|Pσ|

∫
Pσ

ω(x) dx, σ ∈ E .

A norm ‖ · ‖1,T ,ω := 〈∇h·,∇h·〉1/2ω is naturally induced.

A discrete Poincaré inequality can be showed for ‖ · ‖1,T , introducing a discrete Poincaré
constant CΩ,DP > 0 such that

‖qh‖ ≤ CΩ,DP‖qh‖1,T for all qh ∈ Qh,

cf. Lemma B.1; similarly also for ‖ · ‖1,T ,ω.

5.2 Approximation of source terms and initial conditions

Let 0 = t0 < t1 < ... < tN = T define a partition of the time interval (0, T ) with constant time
step size τ = tn − tn−1 = T/N , n,N ∈ N. We interpolate the source terms at discrete time steps.
Let

fnext :=
1

τ

∫ tn

tn−1

fext(t) dt,

hnext :=
1

τ

∫ tn

tn−1

hext(t) dt.

Discrete initial conditions are chosen to imitate the compatibility assumption (A9). Let χ0
h ∈ Qh

be defined by the piecewise constant projection of χ0, i.e., on K ∈ T , we define

χ0
h|K

:=
1

|K|

∫
K
χ0 dx.

As χ0 ∈ L2(Ω), cf. (A8?), it follows by classical approximation theory for h→ 0

χ0
h → χ0 in L2(Ω),

and it holds that ‖χ0
h‖1,T ,κabs ≤ C‖χ0‖1 for some constant C > 0, cf., e.g., [64]. Furthermore,

since p̂pore ∈ C(R), cf. (A3), and p̂pore(χ0) ∈ L2(Ω), cf. (A8?), it follows for h→ 0

p̂pore(χ
0
h)→ p̂pore(χ0) in L2(Ω),

similarly for {B̂η
(
χ0
h

)
}h and

{
B̄η

(
p̂pore(χ0

h)

ŝw(χ0
h)

)}
h
. Then in order to satisfy (A9) in a discrete sense,

we define u0
h ∈ Vh to be the unique element in Vh, satisfying

a(u0
h,vh)− α

〈
p̂pore(χ

0
h),∇ · vh

〉
= 〈fext(0),vh〉 , for all vh ∈ Vh. (5.2)

Using standard finite element techniques and (A9), it holds that

‖u0 − u0
h‖V ≤ 2 inf

vh∈Vh
‖u0 − vh‖V +

α

Kdr
‖p̂pore(χ0)− p̂pore(χ

0
h)‖.

Hence, by classical approximation theory and the imposed regularity (A8?) it follows for h→ 0

u0
h → u0 in V .

All in all, due to the convergence, (A8?) also applies on discrete level.

(A8?)h For bounded η > 0, there exists a constant C0 > 0 (wlog. the same as in (A8)) such that

‖u0
h‖2V +

∥∥χ0
h

∥∥2

1,T ,κabs
+
∥∥∥B̂η (χ0

h

)∥∥∥
L1(Ω)

+

∥∥∥∥B̄η ( p̂pore(χ
0
h)

ŝw(χ0
h)

)∥∥∥∥
L1(Ω)

. ≤ C0
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5.3 Approximation of the evolutionary problem

The discretization of (4.3)–(4.4) is defined by the Galerkin method combined with the standard
implicit Euler time discretization: for n ≥ 1, given (un−1

h , χn−1
h ) ∈ Vh × Qh, find (unh, χ

n
h) ∈

Vh ×Qh satisfying for all (vh, qh) ∈ Vh ×Qh

ζτ−1a(unh − un−1
h ,vh) + a(unh,vh)− α〈p̂pore(χ

n
h),∇ · vh〉 = 〈fnext,vh〉, (5.3)

〈b̂η(χnh)− b̂η(χn−1
h ), qh〉+ α〈ŝw(χnh)∇ · (unh − un−1

h ), qh〉 (5.4)

+ τ〈∇hχ
n
h,∇hqh〉κabs = τ〈hnext, qh〉.

Lemma 5.4 (Existence of a discrete solution). Let n ≥ 1. (A0)–(A9), (ND1), and (D1)–(D2)
hold true. Then there exists a discrete solution (unh, χ

n
h) ∈ Vh ×Qh satisfying (5.3)–(5.4), and∥∥∥∥∥B̄η

(
p̂pore(χ

n
h)

ŝw

(
χnh
) )∥∥∥∥∥

L1(Ω)

+ ‖unh‖
2
V <∞ for all n ≥ 1. (5.5)

Proof. The proof is by induction. We present only the general step, since the proof for n = 1 is
similar. We employ a corollary of Brouwer’s fixed point theorem, cf. Lemma B.4, to show the
existence of a solution of a non-linear algebraic system, which is equivalent to (5.3)–(5.4).

Introduction of a pressure-reduced algebraic problem. We introduce an isomorphism
between the discrete function space corresponding to the fluid pressure χ and a suitable coefficient
vector space

χh : RdQ → Qh, β 7→
∑
j

(
p̂pore
ŝw

)−1
(βj) qh,j .

Due to (A4), χh is well-defined. Similarly, let

uh : RdV → Vh, α 7→
∑
i

αivh,i.

For given β ∈ RdQ , define α = α(β) ∈ RdV to be the unique solution to: find α ∈ RdV such that

ζτ−1a(uh(α)− un−1
h ,vh) + a(uh(α),vh)

= 〈fn,vh〉+ α 〈p̂pore(χh(β)),∇ · vh〉 , for all vh ∈ Vh.

Finally, we define F : RdQ → RdQ by

Fj(β) =
〈
b̂η(χh(β))− b̂η(χn−1

h ), qh,j

〉
+ α

〈
ŝw(χh(β))∇ · (uh(α(β))− un−1

h ), qh,j
〉

+ τ 〈∇hχh(β),∇hqh,j〉κabs − τ 〈h
n
ext, qh,j〉 , j ∈ {1, ..., dQ}.

We note, the existence of a discrete solution of Eq. (5.3)–(5.4) is equivalent to the existence of
β ∈ RdQ , satisfying F (β) = 0. To prove the existence of a zero of F , we employ Lemma B.4; we
consider the expression

〈F (β),β〉 =

〈
b̂η(χh(β))− b̂η(χn−1

h ),
p̂pore(χh(β))

ŝw(χh(β))

〉
(5.6)

+ α
〈
∇ · (uh(α)− un−1

h ), p̂pore(χh(β))
〉

+ τ
〈
∇hχ(β),∇h

p̂pore(χh(β))
ŝw(χh(β))

〉
− τ

〈
hnext,

p̂pore(χh(β))
ŝw(χh(β))

〉
=: T1 + T2 + T3 + T4.
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where we used

dQ∑
j=1

βjqh,j =
p̂pore(χh(β))

ŝw(χh(β))
.

and dropped the explicit dependence of α on β. We discuss the terms T1, ..., T4 separately.

Discussion of T1. Using (A4), we define b̄η := b̂η ◦
(
p̂pore
ŝw

)−1
: R → R and its Legendre

transformation, cf. (4.2). Finally, using standard properties of the Legendre transformation of
non-decreasing functions, cf. Lemma B.12, we obtain for term T1

T1 ≥
∥∥∥∥B̄η ( p̂pore(χh(β))

ŝw(χh(β))

)∥∥∥∥
L1(Ω)

−
∥∥∥∥B̄η ( p̂pore(χh(βn−1))

ŝw(χh(βn−1))

)∥∥∥∥
L1(Ω)

,

where βn−1 ∈ RdQ such that χn−1
h = χh(βn−1).

Discussion of T2. From the definition of α, under the use of a binomial identity, the Cauchy-
Schwarz inequality and Young’s inequality, the coupling term T2 becomes

T2 = α
〈
∇ · (uh(α)− un−1

h ), p̂pore(χh(β))
〉

= ζτ−1
∥∥uh(α)− un−1

h

∥∥2

V
+ 1

2 ‖uh(α)‖2V + 1
2

∥∥uh(α)− un−1
h

∥∥2

V

− 1
2

∥∥un−1
h

∥∥2

V
−
〈
fn,uh(α)− un−1

h

〉
≥ ζτ−1

∥∥uh(α)− un−1
h

∥∥2

V
+ 1

2 ‖uh(α)‖2V + 1
4

∥∥uh(α)− un−1
h

∥∥2

V

− 1
2

∥∥un−1
h

∥∥2

V
− ‖fn‖2V ? .

Discussion of T3. By the mean value theorem and (A4), the diffusion term T3 can be estimated
from below

T3 ≥ cp̂pore/ŝwτ‖χh(β)‖21,T ,κabs .

Discussion of T4. Employing the definition of hext = (h,wN), the non-degeneracy condition
(ND1), a discrete trace inequality, cf. Lemma B.2, together with a discrete Poincaré inequality
(introducing CΩ,DP), cf. Lemma B.1, we obtain〈

hnext,
p̂pore(χh(β))
ŝw(χh(β))

〉
≤
∥∥∥ p̂pore(χh(β))
ŝw(χh(β))χh(β)

∥∥∥
∞

(
‖hn‖ ‖χh(β)‖+ ‖wnN‖L2(Γf

N) ‖χh(β)‖L2(Γf
N)

)
≤ C (CND,1, Ctr, CΩ,DP) ‖hnext‖L2(Ω)×L2(Γf

N) ‖χh(β)‖1,T

for a constant C (CND,1, Ctr, CΩ,DP) > 0 Hence, by (A6) and Young’s inequality, for the term T4

it holds that

T4 ≤
C (CND,1, Ctr, CΩ,DP)2

2cp̂pore/ŝwκm,abs
τ ‖hnext‖

2
L2(Ω)×L2(Γf

N) +
cp̂pore/ŝw

2
τ‖χh(β)‖21,T ,κabs .
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Combination of all results. By inserting the estimates for T1, T2, T3, and T4, (5.6) becomes

〈F (β),β〉 ≥

(∥∥∥∥B̄η ( p̂pore(χh(β))

ŝw(χh(β))

)∥∥∥∥
L1(Ω)

+
cp̂pore/ŝw

2 τ‖χh(β)‖21,T ,κabs (5.7)

+
1

4
‖uh(α)‖2V +

1

2
ζτ−1

∥∥uh(α)− un−1
h

∥∥2

V
+

1

4

∥∥uh(α)− un−1
h

∥∥2

V

)

−

(∥∥∥∥∥B̄η
(
p̂pore(χ

n−1
h )

ŝw(χn−1
h )

)∥∥∥∥∥
L1(Ω)

+
1

2

∥∥un−1
h

∥∥2

V
+

5

4
‖fn‖2V ?

+
C (CND,1, Ctr, CΩ,DP)2

2cp̂pore/ŝwκm,abs
τ ‖hnext‖L2(Ω)×L2(Γf

N)

)
.

Finally, since ‖ · ‖1,T ,κabs defines a norm on Qh and (5.5) holds by induction for n− 1 if n ≥ 2 or
from (A8?) for n = 1, by a corollary of Brouwer’s fixed point theorem, cf. Lemma B.4, there
exists a β ∈ RdQ such that F (β) = 0, which implies existence of a solution. The bound (5.5) for
n follows immediately from (5.7).

6 Step 3: Limit h, τ → 0

In the following, we show that the fully-discrete FEM-TPFA discretization, introduced in the
previous section, converges to a weak solution of the doubly regularized unsaturated poroelasticity
model, i.e., we prove Lemma 4.3. The proof follows the steps: 1) derive stability results for the
fully discrete approximation; 2) define suitable approximations a.e. in time using interpolation;
3) deduce stability for those as well; 4) relative compactness arguments are performed yielding
a well-defined limit for h, τ → 0; 5) the limit is showed to be a weak solution of the doubly
regularized model. Throughout the entire section, we assume (A0)–(A9) and (ND1) hold true.

6.1 Stability estimates for the fully-discrete approximation

Lemma 6.1 (Stability estimate for the primary variables). Let τ < 1
8 . There exists a constant

C(1) > 0 (independent of h, τ, ζ, η), such that

ζ
∑
n

τ−1
∥∥unh − un−1

h

∥∥2

V
+ sup

n
‖unh‖2V +

∑
n

‖unh − un−1
h ‖2V +

N∑
n=1

τ‖χnh‖21,T

≤ C(1)

(
C0, CND,1‖hext‖L2(0,T ;Q?), ‖fext‖H1(0,T ;V ?)

)
,

where C0 and CND,1 are defined in (A8?)h and (ND1), respectively.

Proof. The proof follows essentially the same steps as in the proof of Lemma 5.4. Therefore, we
are quick on similar steps. We consider the reduced displacement-pressure formulation (5.3)–(5.4).

We choose vh = unh − u
n−1
h and qh =

p̂pore(χnh)

ŝw(χnh) as test functions and sum the two equations; note

that the second is well-defined as ŝw(χ) > 0 for all χ ∈ R, by (A2). We obtain

ζτ−1
∥∥unh − un−1

h

∥∥2

V
+ a(unh,u

n
h − un−1

h )

+

〈
b̂η(χ

n
h)− b̂η(χn−1

h ),
p̂pore(χ

n
h)

ŝw(χnh)

〉
+ τ

〈
∇hχ

n
h,∇h

p̂pore(χ
n
h)

ŝw(χnh)

〉
κabs

=
〈
fnext,u

n
h − un−1

h

〉
+ τ

〈
hnext,

p̂pore(χ
n
h)

ŝw(χnh)

〉
.
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On the left hand side, we employ the binomial identity (B.2), the Legendre transformation, B̄η,

of b̄η = b̂η ◦
(
p̂pore
ŝw

)−1
, cf. (4.2) and Lemma B.12, and the uniform increase of

p̂pore
ŝw

, cf., (A4). It

holds that

ζτ−1
∥∥unh − un−1

h

∥∥2

V
+

1

2

(
‖unh‖2V − ‖un−1

h ‖2V + ‖unh − un−1
h ‖2V

)
+

∥∥∥∥B̄η ( p̂pore(χ
n
h)

ŝw(χnh)

)∥∥∥∥
L1(Ω)

−

∥∥∥∥∥B̄η
(
p̂pore(χ

n−1
h )

ŝw(χn−1
h )

)∥∥∥∥∥
L1(Ω)

+ cp̂pore/ŝwτ‖χ
n
h‖21,T ,κabs

≤
〈
fnext,u

n
h − un−1

h

〉
+

〈
hnext,

p̂pore(χ
n
h)

ŝw(χnh)

〉
.

Summing over the time steps 1 to N and rearranging terms, yields

ζ
∑
n

τ−1
∥∥unh − un−1

h

∥∥2

V
+

1

2
‖uNh ‖2V +

1

2

N∑
n=1

‖unh − un−1
h ‖2V

+

∥∥∥∥B̄η ( p̂pore(χ
N
h )

ŝw(χNh )

)∥∥∥∥
L1(Ω)

+ cp̂pore/ŝw

N∑
n=1

τ‖χnh‖21,T ,κabs

≤ 1

2
‖u0

h‖2V +

∥∥∥∥B̄η ( p̂pore(χ
0
h)

ŝw(χ0
h)

)∥∥∥∥
L1(Ω)

+

N∑
n=1

〈
fnext,u

n
h − un−1

h

〉
+

N∑
n=1

τ

〈
hnext,

p̂pore(χ
n
h)

ŝw(χnh)

〉
.

It remains to discuss the last two terms on the right hand side. For the first of them, we employ
summation by parts, cf. Lemma B.6, as well as the Cauchy-Schwarz inequality and Young’s
inequality:

N∑
n=1

〈
fnext,u

n
h − un−1

h

〉
=
〈
fNext,u

N
h

〉
−
〈
f1

ext,u
0
h

〉
−
N−1∑
n=1

〈
fn+1

ext − fnext,u
n
h

〉
≤ ‖fNext‖2V ? +

1

4
‖uNh ‖2V +

1

2
‖f1

ext‖2V ? +
1

2
‖u0

h‖2V +

N∑
n=1

τ−1
∥∥fnext − fn−1

ext

∥∥2

V ? +

N∑
n=1

τ‖unh‖2V .

The second term is estimated as in the discussion of T4 within the proof of Lemma 5.4. We
obtain

N∑
n=1

τ

〈
hnext,

p̂pore(χ
n
h)

ŝw(χnh)

〉

≤
C (CND,1, Ctr, CΩ,DP)2

2cp̂pore/ŝwκm,abs

N∑
n=1

τ ‖hnext‖L2(Ω)2×L2(Γf
N) +

cp̂pore/ŝw
2

N∑
n=1

τ‖χnh‖21,T ,κabs .
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Altogether, after rearranging terms, we obtain

ζ

2

∑
n

τ−1
∥∥unh − un−1

h

∥∥2

V
+

1

4
‖uNh ‖2V +

1

4

N∑
n=1

‖unh − un−1
h ‖2V

+

∥∥∥∥B̄η ( p̂pore(χ
N
h )

ŝw(χNh )

)∥∥∥∥
L1(Ω)

+
cp̂pore/ŝw

2

N∑
n=1

τ‖χnh‖21,T ,κabs

≤ ‖u0
h‖2V +

∥∥∥∥B̄η ( p̂pore(χ
0
h)

ŝw(χ0
h)

)∥∥∥∥
L1(Ω)

+
C (CND,1, Ctr, CΩ,DP)2

2cp̂pore/ŝwκm,abs

N∑
n=1

τ ‖hnext‖
2
L2(Ω)×L2(Γf

N)

+ ‖fNext‖2V ? + ‖f1
ext‖2V ? +

N∑
n=1

τ−1
∥∥fnext − fn−1

ext

∥∥2

V ? +
N∑
n=1

τ‖fnext‖2V ? + 2
N∑
n=1

τ‖unh‖2V .

Finally, the last term on the right hand side can be controlled after applying a discrete Grönwall
inequality, cf. Lemma B.7, using that 2τ < 1

4 . The thesis follows from the assumptions on the
regularity of the source terms (A7) (together with a Sobolev embedding) and initial data (A8?).

Lemma 6.2 (Stability for the Kirchhoff pressure). There exists a constant C
(2)
ζη > 0 (independent

of h, τ) such that

bχ,m

N∑
n=1

τ−1
∥∥χnh − χn−1

h

∥∥2
+
∥∥χNh ∥∥2

1,T +
N∑
n=1

∥∥χnh − χn−1
h

∥∥2

1,T ≤ C
(2)
ζη

(
C0,

1 + ζ−1

bχ,m
C(1)

)
,

where C(1) is the stability constant from Lemma 6.1, bχ,m is from the growing condition (A1?),
and C0 is the bound in (A8?)h.

Proof. We choose qh = χnh −χ
n−1
h in (5.4). By using the binomial identity (B.2) for the diffusion

term, we obtain〈
b̂η(χ

n
h)− b̂η(χn−1

h ), χnh − χn−1
h

〉
+ α

〈
ŝw(χnh)∇ · (unh − un−1

h ), χnh − χn−1
h

〉
+
τ

2

(
‖χnh‖

2
1,T ,κabs −

∥∥χn−1
h

∥∥2

1,T ,κabs
+
∥∥χnh − χn−1

h

∥∥2

1,T ,κabs

)
= τ

〈
hnext, χ

n
h − χn−1

h

〉
.

Dividing by τ and summing over time steps 1 to N , yields

N∑
n=1

τ−1
〈
b̂η(χ

n
h)− b̂η(χn−1

h ), χnh − χn−1
h

〉
+

1

2

∥∥χNh ∥∥2

1,T ,κabs
+

1

2

N∑
n=1

∥∥χnh − χn−1
h

∥∥2

1,T ,κabs
(6.1)

=
1

2

∥∥χ0
h

∥∥2

1,T ,κabs
+

N∑
n=1

〈
hnext, χ

n
h − χn−1

h

〉
− α

N∑
n=1

τ−1
〈
ŝw(χnh)∇ · (unh − un−1

h ), χnh − χn−1
h

〉
.

We discuss some of the terms above separately. Employing the growth condition (A1?), yields
for the first term on the left hand side of (6.1)

N∑
n=1

τ−1
〈
b̂η(χ

n
h)− b̂η(χn−1

h ), χnh − χn−1
h

〉
≥ bχ,m

N∑
n=1

τ−1
∥∥χnh − χn−1

h

∥∥2
.

By employing the Cauchy-Schwarz inequality and Young’s inequality, we get for the second term
on the right hand side of (6.1)

N∑
n=1

〈
hnext, χ

n
h − χn−1

h

〉
≤ bχ,m

2

N∑
n=1

τ−1
∥∥χnh − χn−1

h

∥∥2
+

1

2bχ,m

N∑
n=1

τ ‖hnext‖
2
Q? .
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Similarly, for the last term on the right hand side of (6.1), we get

α
N∑
n=1

τ−1〈ŝw(χnh)∇ · (unh − un−1
h ), χnh − χn−1

h 〉

≤ bχ,m
4

N∑
n=1

τ−1‖χnh − χn−1
h ‖2 +

α2

bχ,m

N∑
n=1

τ−1‖∇ · (unh − un−1
h )‖2.

All in all, (6.1) becomes

bχ,m
4

N∑
n=1

τ−1‖χnh − χn−1
h ‖2 +

1

2
‖χNh ‖21,T ,κabs +

1

2

N∑
n=1

‖χnh − χn−1
h ‖21,T ,κabs

≤ 1

2
‖χ0

h‖21,T ,κabs +
1

2bχ,m

N∑
n=1

τ‖hnext‖2Q? +
α2

bχ,m

N∑
n=1

τ−1‖∇ · (unh − un−1
h )‖2.

Finally, the first term on the right hand side is bounded by (A8?)h, whereas the last term can be
bounded by employing Lemma 6.1. On the left hand side, we employ (A6).

Lemma 6.3 (Stability for the Legendre transformation B̂η of b̂η). Let B̂η(z) denote the Legendre

transformation of b̂, cf. (4.1). There exists a constant C
(3)
ζ > 0 (independent of h, τ, η), such that

sup
n

∥∥∥B̂η(χnh)
∥∥∥
L1(Ω)

≤ C(3)
ζ

(
C0, C

(1)
(
1 + ζ−1

))
,

where C(1) is the stability constant from Lemma 6.1, and C0 is the bound in (A8?)h.

Proof. Testing (5.4) with qh = χnh and employing the properties of the Legendre transformation

B̂η, cf. Lemma B.12, yields for all n∥∥∥B̂η(χnh)
∥∥∥
L1(Ω)

−
∥∥∥B̂η(χn−1

h )
∥∥∥
L1(Ω)

+ τ ‖χnh‖
2
1,T ,κabs

≤ τ 〈hnext, χ
n
h〉 − α

〈
ŝw(χnh)∇ · (unh − un−1

h ), χnh
〉
.

For the first term on the right hand side, we employ a similar bound as in the discussion of T4

within the proof of Lemma 5.4; for the second term, we employ the Cauchy-Schwarz inequality, a
discrete Poincaré inequality (introducing CΩ,DP), and (A6). We obtain∥∥∥B̂η(χnh)

∥∥∥
L1(Ω)

−
∥∥∥B̂η(χn−1

h )
∥∥∥
L1(Ω)

+
τ

2
‖χnh‖21,T ,κabs

≤
C (CND,1, Ctr, CΩ,DP)2

κm,abs
τ‖hnext‖2Q? +

CΩ,DP

κm,abs

α2

Kdr
τ−1

∥∥unh − un−1
h

∥∥2

V
.

Finally, summing over time steps 1 to N and employing Lemma 6.1 and (A7) proves the
assertion.

Lemma 6.4 (Stability for the pore pressure). There exists a constant C(4) > 0 (independent of
h, τ, ζ, η), such that

N∑
n=1

τ‖p̂pore(χ
n
h)‖2 ≤ C(4)

(
C(1)

)
,

where C(1) is the stability constant from Lemma 6.1.
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Proof. We utilize a standard inf-sup argument (introducing CΩ,is), cf. Lemma B.11. Due to (D2),
there exists a vh ∈ Vh such that

‖p̂pore(χh(β))‖2 = α 〈p̂pore(χh(β)),∇ · vh〉 , ‖vh‖V ≤ CΩ,is‖p̂pore(χh(β))‖,

Employing the mechanics equation (4.3), we obtain

‖p̂pore(χh(β))‖ ≤ CΩ,is

(
ζτ−1

∥∥unh − un−1
h

∥∥
V

+ ‖unh‖V + ‖fnext‖V ?

)
,

and hence,

N∑
n=1

τ‖p̂pore(χ
n
h)‖2 ≤ 3C2

Ω,is

(
ζ2

N∑
n=1

τ−1
∥∥unh − un−1

h

∥∥2

V
+

N∑
n=1

τ‖unh‖2V +

N∑
n=1

τ‖fnext‖2V ?

)
.

Finally, the assertion follows from Lemma 6.1, assuming wlog. ζ is bounded from above.

Lemma 6.5 (Stability for the temporal change of b̂). There exists a constant C
(5)
ζ > 0 (indepen-

dent of h, τ, η), such that

sup
{qnh}n⊂Qh\{0}

∑N
n=1 τ

〈
b̂η(χnh)−b̂η(χn−1

h )

τ , qnh

〉
(∑N

n=1 τ‖qnh‖21,T
)1/2

≤ C(5)
ζ

(
C(1)

(
1 + ζ−1

))
,

where C(1) is the stability constant from Lemma 6.1.

Proof. Let {qnh}n ⊂ Qh \ {0} be an arbitrary sequence of test functions. Employ qnh as test
function for (5.4). Summing over time steps 1 to N and applying the Cauchy-Schwarz inequality,
yields

N∑
n=1

τ

〈
b̂η(χ

n
h)− b̂η(χn−1

h )

τ
, qnh

〉

≤

(
α2

Kdr

N∑
n=1

τ−1
∥∥unh − un−1

h

∥∥2

V

)1/2( N∑
n=1

τ‖qnh‖2
)1/2

+

(
N∑
n=1

τ‖χnh‖21,T ,κabs

)1/2( N∑
n=1

τ‖qnh‖21,T ,κabs

)1/2

+ (1 + Ctr)CΩ,DP

(
N∑
n=1

τ‖hnext‖2Q?

)1/2( N∑
n=1

τ‖qnh‖21,T

)1/2

.

For the last term, we employed a discrete trace inequality, cf. Lemma B.2, and a discrete
Poincaré inequality, cf. Lemma B.1. Finally, utilizing a discrete Poincaré inequality for the
first term on the right hand side, (A6), and employing Lemma 6.1, we prove the assertion with

C
(5)
ζ := 3

√
C(1)

(
CΩ,DP

α

ζ1/2K
1/2
dr

+ κ
1/2
M,abs + (1 + Ctr)CΩ,DP

)
.

6.2 Stability estimates for interpolants in time

Utilizing the discrete-in-time approximations (unh, χ
n
h)n, defined by (5.3)–(5.4), we define continuous-

in-time approximations on (0, T ] by piecewise constant interpolation

ūhτ (t) := unh, t ∈ (tn−1, tn],

χ̄hτ (t) := χnh, t ∈ (tn−1, tn],
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and by piecewise linear interpolation

ûhτ (t) := un−1
h +

t− tn−1

τ
(unh − un−1

h ), t ∈ (tn−1, tn], (6.2)

χ̂hτ (t) := χn−1
h +

t− tn−1

τ
(χnh − χn−1

h ), t ∈ (tn−1, tn]. (6.3)

We deduce stability for the interpolants from the stability of the fully discrete approximation.

Lemma 6.6 (Stability estimate for time interpolants of the mechanical displacement). For all
h, τ > 0 and τ̂ ∈ [0, τ) it holds that

ζ

∫ T

0
‖∂tûhτ‖2V dt+ ‖ūhτ‖2L∞(0,T ;V ) ≤ C

(1), (6.4)∫ T−τ̂

0
‖ūhτ (t+ τ̂)− ūhτ (t)‖2V dt ≤ C(1)τ̂ , (6.5)

‖ūhτ − ûhτ‖2L2(QT ) ≤ C
(1)τ, (6.6)

where C(1) is the stability constant from Lemma 6.1.

Proof. The assertion (6.4) follows directly from Lemma 6.1 by definition of the interpolants.
Similarly, by definition of the piecewise constant in time interpolation, it holds that∫ T−τ̂

0
‖ūhτ (t+ τ̂)− ūhτ (t)‖2V dt

=

N−1∑
n=1

∫ tn

tn−1

‖ūhτ (t+ τ̂)− ūhτ (t)‖2V dt+

∫ tN−τ̂

tN−1

‖ūhτ (t+ τ̂)− ūhτ (t)‖2V dt

=

N−1∑
n=1

∫ tn

tn−τ̂
‖un+1

h − unh‖2V dt

= τ̂
N∑
n=1

‖un+1
h − unh‖2V .

We obtain (6.5) from Lemma 6.1. By definition of the piecewise constant and piecewise linear
interpolation, it holds that

‖ūhτ − ûhτ‖2L2(QT ) =

N∑
n=1

∫ tn

tn−1

∥∥∥unh − un−1
h − t−tn−1

τ

(
unh − un−1

h

)∥∥∥2

=
1

3
τ

N∑
n=1

∥∥unh − un−1
h

∥∥2
.

We conclude (6.6).

Analogously, we conclude stability for the interpolants of the Kirchhoff pressure.

Lemma 6.7 (Stability estimate for time interpolants of the Kirchhoff pressure). For all h, τ > 0
and τ̂ ∈ [0, τ) it holds that ∫ T

0
‖χ̄hτ (t)‖21,T dt ≤ C(1),

bχ,m‖∂tχ̂hτ‖2L2(QT ) + ‖χ̄hτ‖2L∞(0,T ;L2(Ω)) ≤ C
(2)
ζη ,∫ T−τ̂

0
‖χ̄hτ (t+ τ̂)− χ̄hτ (t)‖2 dt ≤ C2

Ω,DPC
(2)
ζη τ̂ ,

‖χ̄hτ − χ̂hτ‖2L2(QT ) ≤ C
2
Ω,DPC

(2)
ζη τ,
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where C(1) and C
(2)
ζη are the stability constants from Lemma 6.1 and Lemma 6.2, respectively,

and CΩ,DP is the discrete Poincaré constant, cf. Lemma B.1.

Proof. The proof is analogous to the proof Lemma 6.6. For the last two estimates in the assertion,
a discrete Poincaré inequality, cf. Lemma B.1, has to be applied before utilizing the stability
bound on

∑N
n=1 ‖χnh − χ

n−1
h ‖21,T from Lemma 6.2.

Similarly, by definition of the piecewise constant interpolation, we deduce stability for some
of the non-linearities used in the model.

Lemma 6.8 (Stability estimates for non-linearities evaluated in interpolants). It holds that∥∥∥B̂η(χ̄hτ )
∥∥∥
L∞(0,T ;L1(Ω))

≤ C(3)
ζ ,

‖p̂pore(χ̄hτ )‖2L2(QT ) ≤ C
(4),

where C
(3)
ζ and C(4) are the stability constants from Lemma 6.3 and Lemma 6.4, respectively.

Lemma 6.9 (Stability estimate for the temporal change of b̂). For

λ̄hτ (t) :=
b̂η(χ

n
h)− b̂η(χn−1

h )

τ
t ∈ (tn−1, tn]

it holds that

‖λ̄hτ‖L2(0,T ;H−1(Ω) ≤ C
1/2
Ω,PC

(5)
ζ ,

where C
(5)
ζ is the stability constant from Lemma 6.5, and CΩ,P is a Poincaré constant.

Proof. Let q ∈ L2(0, T ;Q). We define a piecewise constant interpolation in both space and time,
and only time by

qnh(x, t) := 1
τ

∫ tn

tn−1

1

|K|

∫
K
q dx dt, (x, t) ∈ K × (tn−1, tn], K ∈ T ,

qn(x, t) := 1
τ

∫ tn

tn−1

q dt, (x, t) ∈ Ω× (tn−1, tn].

Then by Lemma 6.5 it holds that∫ T

0

〈
λ̄hτ , q

〉
=

N∑
n=1

τ

〈
b̂η(χ

n
h)− b̂η(χn−1

h )

τ
, qnh

〉
≤ C(5)

ζ

(
N∑
n=1

τ‖qnh‖21,T

)1/2

.

By Lemma B.3, a (continuous) Poincaré inequality (introducing CΩ,P), analogous to Lemma B.1,
the triangle inequality and the Cauchy-Schwarz inequality, it holds that

N∑
n=1

τ‖qnh‖21,T ≤ CΩ,P

N∑
n=1

τ‖∇qn‖2

= CΩ,P

N∑
n=1

τ

∥∥∥∥∥τ−1

∫ tn

tn−1

∇q dt

∥∥∥∥∥
2

≤ CΩ,P

N∑
n=1

τ−1

(∫ tn

tn−1

‖∇q‖ dt

)2

≤ CΩ,P

N∑
n=1

∫ tn

tn−1

‖∇q‖2 dt

= CΩ,P‖q‖2L2(0,T ;H1
0 (Ω)),

which concludes the proof.
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6.3 Relative (weak) compactness for the limit h, τ → 0

We utilize the stability results from the previous section to conclude relative compactness. We
deduce limits for the interpolants which eventually converge towards a weak solution of the
doubly regularized unsaturated poroelasticity model, i.e., it fulfils (W1)ζη–(W4)ζη.

Lemma 6.10 (Convergence of the mechanical displacement). We can extract subsequences
of {ūhτ}h,τ and {ûhτ}h,τ (still denoted like the original sequences), and there exists uεη ∈
L∞(0, T ;V ) with ∂tuεη ∈ L2(0, T ;V ) such that for h, τ → 0

ūhτ ⇀ uεη in L∞(0, T ;V ), (6.7)

ūhτ → uεη in L2(QT ), (6.8)

ûhτ ⇀ uεη in L2(0, T ;V ), (6.9)

∂tûhτ ⇀ ∂tuεη in L2(0, T ;V ). (6.10)

Proof. By the Eberlein-Šmulian theorem, cf. Lemma B.8, and Lemma 6.6, we obtain directly (6.7).
For (6.8), we employ a relaxed Aubin-Lions-Simon type compactness result for Bochner spaces,
cf. Lemma B.9, together with Lemma 6.6. Furthermore, by the Eberlein-Šmulian theorem, cf.
Lemma B.8, and Lemma 6.6, there exists a û ∈ L2(0, T,V ) such that up to a subsequence

ûhτ ⇀ û in L2(0, T ;V ),

∂tûhτ ⇀ ∂tû in L2(0, T ;V ).

We can identify û = uεη as follows. Employing the triangle inequality and Lemma 6.6, yields

‖ûhτ − uεη‖L2(QT ) ≤ ‖ûhτ − ūhτ‖L2(QT ) + ‖ūhτ − uεη‖L2(QT )

≤ C(1)τ + ‖ūhτ − uεη‖L2(QT ),

which converges to zero for h, τ → 0. This concludes the proof.

In order to discuss the limit of the pressure, we utilize techniques employed in the finite
volume literature [61]. We define a piecewise constant discrete gradient of χ̄hτ utilizing the dual
grid T ?, cf. Definition 5.2,

(
∇χ

)
hτ

:=

 d
χnh |L

−χnh |K
dK|L

nK|L, (x, t) ∈ Pσ × (tn−1, tn], K ∈ T , L ∈ N (L), σ = K|L,

d
χnh |K
dσ,K

nσ,K , (x, t) ∈ Pσ × (tn−1, tn], σ ∈ Eext ∩ EK ,

where nK|L denotes the outward normal on K|L ∈ E , pointing towards L; and nσ,K denotes the
outward normal on σ ∈ Eext ∩ EK , pointing towards K.

Lemma 6.11 (Convergence of the Kirchhoff pressure). We can extract a subsequence of {χ̄hτ}h,τ
(still denoted like the original sequences), and there exists χεη ∈ H1(0, T ;Q) such that

χ̄hτ → χεη in L2(QT ), (6.11)(
∇χ

)
hτ
⇀∇χεη in L2(QT ), (6.12)

∂tχ̂hτ ⇀ ∂tχεη in L2(QT ). (6.13)

Proof. Let ĥ ∈ Rd and Ωĥ := {x ∈ Ω |x+ ĥ ∈ Ω}. Using Lemma 4 from [62], for all qh ∈ Qh it
holds that ∫

Ωĥ

∥∥∥qh(x+ ĥ)− qh(x)
∥∥∥2

dx ≤ C ‖qh‖21,T |ĥ|
(
|ĥ|+ |Ω|

)
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for some C > 0. Hence, we obtain∫ T

0

∫
Ωĥ

∥∥∥χ̄hτ (x+ ĥ)− χ̄hτ (x)
∥∥∥2

dx dt =
N∑
n=1

τ

∫
Ωĥ

∥∥∥χnh(x+ ĥ)− χnh(x)
∥∥∥2

dx

≤ |ĥ|
(
|ĥ|+ |Ω|

) N∑
n=1

τ ‖χnh‖
2
1,T .

Consequently, by Lemma 6.7, χ̄hτ satisfies a translation property in space and time wrt. L2(QT ).
We conclude by the Riesz-Frechet-Kolmogorov compactness criterion, cf. Lemma B.10, that there
exists a χεη ∈ L2(QT ) satisfying (6.11).

By definition of
(
∇χ

)
hτ

and the geometrical identity |Pσ| = d−1|σ|dσ, it holds that∥∥(∇χ
)
hτ

∥∥2

L2(QT )

=
N∑
n=1

τ
∑
σ∈E

∫
Pσ

∣∣(∇χ
)
hτ

∣∣2 dx
=

N∑
n=1

τ
∑
K∈T

∑
L∈N (K)

|PK|L|d2

∣∣∣χnh |K − χnh |L∣∣∣2
d2
K|L

+
N∑
n=1

τ
∑

σ∈Eext∩EK

|Pσ|d2

∣∣∣χnh |K∣∣∣2
d2
σ,K

= d

N∑
n=1

τ
∑
σ∈E

τσ |δσ(χnh)|2

= d

∫ T

0
‖χ̄hτ‖21,T dt,

which is uniformly bounded by Lemma 6.7. Hence, by the Eberlein-Šmulian theorem, cf.
Lemma B.8, there exist a gχ ∈ L2(QT ) such that (up to a subsequence)(

∇χ
)
hτ
⇀ gχ in L2(QT ).

It remains to show that gχ = ∇χεη in the sense of distributions, i.e.,∫ T

0
〈gχ,ϕ〉 dt+

∫ T

0
〈χεη,∇ ·ϕ〉 dt = 0 for all ϕ ∈ C∞(QT )d.

For that, we follow an argument in [61]. Let ϕ ∈ C∞(QT )d. As∫ T

0
〈
(
∇χ

)
hτ
,ϕ〉 dt→

∫ T

0
〈gχ,ϕ〉 dt, and∫ T

0
〈χ̄hτ ,∇ ·ϕ〉 dt→

∫ T

0
〈χεη,∇ ·ϕ〉 dt

for h, τ → 0, it suffices to show that∫ T

0
〈
(
∇χ

)
hτ
,ϕ〉 dt+

∫ T

0
〈χ̄hτ ,∇ ·ϕ〉 dt→ 0.
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By definition of
(
∇χ

)
hτ

and the construction of T ? with d
dσ

= |σ|
|Pσ | for all σ ∈ E , it holds that

∫ T

0
〈
(
∇χ

)
hτ
,ϕ〉 dt =

N∑
n=1

∫ tn

tn−1

∑
σ∈E

∫
Pσ

(
∇χ

)
hτ
·ϕ dx dt

=

N∑
n=1

∫ tn

tn−1

∑
K∈T

∑
L∈N (K)

d
χnh |L

− χnh |K
dK|L

∫
PK|L

ϕ · nK|L dx dt

+

N∑
n=1

∫ tn

tn−1

∑
σ∈Eext∩EK

d
χnh |K
dσ,K

∫
Pσ

ϕ · nσ,K dx dt

=
N∑
n=1

∫ tn

tn−1

∑
K∈T

∑
L∈N (K)

|σ|
(
χnh |L

− χnh |K
) 1

|PK|L|

∫
PK|L

ϕ · nK|L dx dt

+
N∑
n=1

∫ tn

tn−1

∑
σ∈Eext∩EK

|σ|χnh |K
1

|Pσ|

∫
Pσ

ϕ · nσ,K dx dt.

On the other hand, since χ̄hτ is constant and hence continuous within each K ∈ T , it holds that∫ T

0
〈χ̄hτ ,∇ ·ϕ〉 dt

=

N∑
n=1

∫ tn

tn−1

∑
σ∈E

∫
Pσ

χ̄hτ∇ ·ϕ dx dt

=

N∑
n=1

∫ tn

tn−1

[ ∑
K∈T

∑
L∈N (K)

(
χnh |K

∫
PK|L∩K

∇ ·ϕ dx+ χnh |L

∫
PK|L∩L

∇ ·ϕ dx
)

+
∑

σ∈Eext∩EK

χnh |K

∫
Pσ∩K

∇ ·ϕ dx
]
dt

= −
N∑
n=1

∫ tn

tn−1

[ ∑
K∈T

∑
L∈N (K)

(
χnh |L

− χnh |K
)∫

K|L
ϕ · nK|L ds

+
∑

σ∈Eext∩EK

χnh |K

∫
σ
ϕ · nσ,K ds

]
dt.

As ϕ ∈ C∞(QT )d is smooth, there exists a constant C > 0 such that∣∣∣∣∣1τ
∫ tn

tn−1

1

|Pσ|

∫
Pσ

ϕ · nσ dx dt−
1

τ

∫ tn

tn−1

1

|σ|

∫
σ
ϕ · nσ ds dt

∣∣∣∣∣ ≤ Ch.
By abuse of notation, we used nσ for both nK|L and nσ,K . After all, together with the Cauchy-
Schwarz inequality, it holds that∣∣∣∣∫ T

0
〈
(
∇χ

)
hτ
,ϕ〉 dt+

∫ T

0

∫
Ω
χ̄hτ∇ ·ϕ dx dt

∣∣∣∣
≤ Ch

N∑
n=1

τ

∑
K∈T

∑
L∈N (K)

|σ|
∣∣∣χnh |L − χnh |K∣∣∣+

∑
σ∈Eext∩EK

|σ|
∣∣∣χnh |K∣∣∣


≤ Ch

(
N∑
n=1

τ ‖χnh‖
2
1,T

)1/2( N∑
n=1

τ
∑
σ∈E
|σ|dσ

)1/2

.
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By Lemma 6.7 and the regularity assumption on T , convergence towards 0 follows for h, τ → 0.
This concludes the proof of (6.12).

The proof of (6.13) is standard and follows mainly from the stability results in Lemma 6.7
and the Eberlein-Šmulian theorem, cf. Lemma B.8. This concludes the proof.

The main purpose of the double regularization has been the aim to get control over the
non-linear coupling terms, and eventually establish convergence.

Lemma 6.12 (Convergence of the coupling terms). We can extract a subsequence of {χ̄hτ}h,τ
(still denoted like the original sequences) such that

p̂pore(χ̄hτ ) ⇀ p̂pore(χεη) in L2(QT ), (6.14)

ŝw(χ̄hτ )∂t∇ · ûhτ ⇀ ŝw(χεη)∂t∇ · uεη in L2(QT ). (6.15)

Proof. By the Eberlein-Šmulian theorem, cf. Lemma B.8, and Lemma 6.8, we can extract a
subsequence of {χ̄hτ}h,τ (still denoted {χ̄hτ}h,τ ), and there exists a p̂ ∈ L2(QT ) such that

p̂pore(χ̄hτ ) ⇀ p̂ in L2(QT ).

We can identify p̂ = p̂pore(χεη) as follows. From Lemma 6.11, we have χ̄hτ → χεη a.e. on
QT for a subsequence (still denoted {χ̄hτ}h,τ ). As p̂pore is continuous by (A3), it holds that
p̂pore(χ̄hτ )→ p̂pore(χεη) a.e. on QT . This concludes (6.14).

The convergence property (6.15) follows from the convergence properties of the single contri-
butions. Let q ∈ L2(QT ); it holds that ŝw(χ̄hτ )q → ŝw(χεη)q in L2(QT ) (up to a subsequence).
Indeed, by Lemma 6.11, we have χ̄hτ → χεη a.e. on QT (up to a subsequence); due to (A2), it holds
that ŝw(χ̄hτ )q → ŝw(χεη)q a.e. on QT and |ŝw(χ̄hτ )q| ≤ |q| a.e.; hence, by the dominated conver-
gence theorem ŝw(χ̄hτ )q → ŝw(χεη)q in L2(QT ). In particular, it holds that ŝw(χεη)q ∈ L2(Ω).
Moreover from Lemma 6.10, we have ∂t∇ · ûhτ ⇀ ∂t∇ · uεη in L2(QT ). Altogether, we obtain

|〈ŝw(χ̄hτ )∂t∇ · ûhτ − ŝw(χεη)∂t∇ · uεη, q〉|
≤ |〈(ŝw(χ̄hτ )− ŝw(χεη)) ∂t∇ · ûhτ , q〉|+ |〈ŝw(χεη) (∂t∇ · ûhτ − ∂t∇ · uεη) , q〉|
≤ ‖ŝw(χ̄hτ )q − ŝw(χεη)q‖ ‖∂t∇ · ûhτ‖+ |〈∂t∇ · ûhτ − ∂t∇ · uεη, ŝw(χεη)q〉| ,

which converges towards 0 for h, τ → 0, due to strong and weak convergence of the single
components.

Lemma 6.13 (Initial conditions for the fluid flow). It holds that

λ̄hτ ⇀ ∂tb̂η(χεη) in L2(0, T ;Q?) (6.16)

(up to a subsequence), where ∂tb̂η(χεη) ∈ L2(0, T ;Q?) is understood in the sense of (W2)ζη.

Proof. By definition of the Legendre transformation B̂ and its properties, cf. Lemma B.12, it
holds that

|b̂η(x)| ≤ δB̂η(x) + sup
|y|≤δ−1

|b̂η(y)|,

for all δ > 0. Since B̂η(χ̄hτ ) ∈ L∞(0, T ;L1(Ω)) is uniformly bounded by Lemma 6.8, and b̂η
is continuous by (A1)?, it holds that ‖b̂η(χ̄hτ )‖L∞(0,T ;L1(Ω)) is uniformly bounded. Hence, by

the Eberlein-Šmulian theorem, cf. Lemma B.8, we can extract a subsequence of {χ̄hτ}h,τ (still

denoted {χ̄hτ}h,τ ), and there exists a b̂χ ∈ L∞(0, T ;L1(Ω)) such that

b̂η(χ̄hτ ) ⇀ b̂χ in L∞(0, T ;L1(Ω)).
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As b̂ is continuous by (A1), and χ̄hτ → χεη in L2(QT ) (up to a subsequence) by Lemma 6.11,

it holds that b̂η(χ̄hτ ) → b̂η(χεη) a.e. on QT (up to a subsequence). We conclude b̂χ = b̂η(χεη),
which proves

b̂η(χ̄hτ ) ⇀ b̂η(χεη) in L∞(0, T ;L1(Ω)). (6.17)

By the Eberlein-Šmulian theorem, cf. Lemma B.8, and Lemma 6.9, we can extract a subse-
quence of {χ̄hτ}h,τ (still denoted {χ̄hτ}h,τ ), and there exists a b̂t ∈ L2(0, T ;Q?) such that

λ̄hτ ⇀ b̂t in L2(0, T ;Q?).

It remains to show that b̂t = ∂tb̂η(χεη) in the sense of (W2)ζη. For this, we follow arguments
by [53] as follows. Let q ∈ L2(0, T ;Q) with ∂tq ∈ L1(0, T ;L∞(Ω)) and q(T ) = 0. Due to (6.17)
it holds that ∫ T

0

〈
b̂η(χ

0
h)− b̂η(χ0), ∂tq

〉
dt→ 0,

for h, τ → 0. Thus, it suffices to show that∫ T

0

〈
λ̄hτ , q

〉
dt+

∫ T

0

〈
b̂η(χ̄hτ )− b̂η(χ0

h), ∂tq
〉
dt→ 0,

for h, τ → 0. By definition of λ̄hτ , after applying summation by parts, cf. Lemma B.6, we obtain∫ T

0

〈
λ̄hτ , q

〉
dt

=

N∑
n=1

〈
b̂η(χ

n
h)− b̂η(χn−1

h ), τ−1

∫ tn

tn−1

q dt

〉

=

〈
b̂η(χ

N
h ), τ−1

∫ T

T−τ
q dt

〉
−
〈
b̂η(χ

0
h), τ−1

∫ τ

0
q dt

〉
−
N−1∑
n=1

〈
b̂η(χ

n
h), τ−1

∫ tn+1

tn

q dt− τ−1

∫ tn

tn−1

q dt

〉

=

〈
b̂η(χ

N
h )− b̂η(χ0

h), τ−1

∫ T

T−τ
q dt

〉
−
N−1∑
n=1

∫ tn

tn−1

〈
b̂η(χ

n
h)− b̂η(χ0

h),
τ−1

∫ tn+1

tn
q dt− τ−1

∫ tn
tn−1

q dt

τ

〉
dt̃

→ 0−
∫ T

0

〈
b̂η(χεη)− b̂η(χ0), ∂tq

〉
dt,

for h, τ → 0, due to the smoothness of q and the convergence properties of b̂η(χ̄hτ ). This
concludes the proof.

Lemma 6.14 (Initial conditions for the mechanical displacement). The limit uεη ∈ H1(0, T ;V )
from Lemma 6.10 satisfies (W3)ζη.

Proof. Let v ∈ H1(0, T ;V ) with v(T ) = 0. We obtain, using the same calculations as in the
proof of Lemma 6.13,∫ T

0
a(∂tûhτ ,v) dt = a

(
uNh − u0

h, τ
−1

∫ T

T−τ
v dt

)
−
∫ T−τ

0
a
(
ūhτ − u0

h, ∂tv̂hτ
)
,
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where

v̂hτ (t) = τ−1

∫ tn−1

tn−2

v dt+
t− tn−1

τ

(
τ−1

∫ tn

tn−1

v dt− τ−1

∫ tn−1

tn−2

v dt

)
, t ∈ (tn−1, tn].

By construction of u0
h it holds that u0

h ⇀ u0 in L2(0, T ;V ). Furthermore, by Lemma 6.10, it
holds that ūhτ ⇀ uεη in L2(0, T ;V ) and ∂tûhτ ⇀ ∂tuεη in L2(0, T ;V ) (up to subsequences).
Hence, for h, τ → 0, we obtain∫ T

0
a(∂tuεη,v) dt = −

∫ T

0
a (uεη − u0, ∂tv) ,

and thereby (W3)ζη.

6.4 Identifying a weak solution for h, τ → 0

Finally, we show the limit (uεη, χεη), introduced in the previous section, is a weak solution of
the doubly regularized unsaturated poroelasticity model, cf. Definition 4.1.

Lemma 6.15 (Limit satisfies (W1)ζη–(W4)ζη). The limit (uεη, χεη) introduced in the previ-
ous section is a weak solution to the doubly regularized unsaturated poroelasticity model, cf.
Definition 4.1.

Proof. The limit (uεη, χεη) satisfies (W1)ζη–(W3)ζη by Lemma 6.10, Lemma 6.11 Lemma 6.12,
and Lemma 6.14. It remains to show (W4)ζη, i.e., that (uεη, χεη) satisfies the balance equa-
tions (4.3)–(4.4). We first consider sufficiently smooth test functions and then use a density
argument. Let (v, q) ∈ L2(0, T ;V ∩ C∞(Ω)d) × L2(0, T ;Q ∩ C∞(Ω)). For given mesh T , we
define spatial projection and interpolation operators, respectively, by

ΠVh : V ∩ C∞(Ω)→ Vh, s.t. 〈ΠVhv,vh〉 = 〈v,vh〉 for all vh ∈ Vh, (6.18)

IQh : Q ∩ C∞(Ω)→ Qh, s.t. IQhq|K = q(xK) for all K ∈ T . (6.19)

Using those, we define piecewise-constant-in-time interpolants of (v, q)

v̄hτ (t) := vnh , t ∈ (tn−1, tn], vnh := ΠVhv
n, vn := τ−1

∫ tn

tn−1

v dt, (6.20)

q̄hτ (t) := qnh , t ∈ (tn−1, tn], qnh := IQhq
n, qn := τ−1

∫ tn

tn−1

q dt. (6.21)

Similarly, let

f̄ext,τ (t) := fnext, t ∈ (tn−1, tn],

h̄ext,τ (t) := hnext, t ∈ (tn−1, tn].

Combining classical results, based on the assumed regularity (A7), for h, τ → 0 it holds that

v̄hτ → v in L2(0, T ;V ),

q̄hτ → q in L2(0, T ;Q),

f̄ext,τ → fext in L2(0, T ;V ?),

h̄ext,τ → hext in L2(0, T ;Q?).
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We choose vh = vnh and qh = qnh as test functions in (5.3)–(5.4), multiply both equations with τ
and sum over all time steps 1 to N ; we obtain∫ T

0

[
λv 〈∂t∇ · ûhτ ,∇ · v̄hτ 〉+ a(ūhτ , v̄hτ )− α 〈p̂pore(χ̄hτ ),∇ · v̄hτ 〉

]
dt =

∫ T

0

〈
f̄ext,τ , v̄hτ

〉
dt,

(6.22)∫ T

0

[ 〈
λ̄hτ , q̄hτ

〉
+ α 〈ŝw(χ̄hτ )∂t∇ · ûhτ , q̄hτ 〉+ 〈∇hχ̄hτ ,∇hq̄hτ 〉κabs

]
dt =

∫ T

0

〈
h̄ext,τ , q̄hτ

〉
dt.

(6.23)

For most terms we can apply the fact that the product of weakly and strongly convergent
sequences converge to the product of their limits. The only term needing discussion is the
diffusion term in the flow equation. For this, we follow an argument by [61].

By definition of the continuous extension of the discrete gradient
(
∇χ

)
hτ

, it holds that∫ T

0
〈∇hχ̄hτ ,∇hq̄hτ 〉κabs dt

=
N∑
n=1

τ
∑
K∈T

∑
L∈N (K)

τK|L{κabs}K|L
(
χnh |K

− χnh |L
)

(qn(xK)− qn(xL))

+
N∑
n=1

τ
∑

σ∈Eext∩EK

τσ{κabs}σχnh |K q
n(xK)

=
N∑
n=1

τ
∑
K∈T

∑
L∈N (K)

|PK|L|{κabs}K|L
(
∇χ

)
hτ |PK|L×(tn−1,tn]

· nL|K 1
dK|L

(qn(xK)− qn(xL))

+
N∑
n=1

τ
∑

σ∈Eext∩EK

|Pσ|{κabs}σ
(
∇χ

)
hτ |Pσ×(tn−1,tn]

· (−nσ,K) 1
dσ,K

qn(xK).

By the mean value theorem, there exists an xK|L ∈ PK|L on the line between xK and xL, and an
xσ ∈ Pσ on the line between xK and the closest point of xK on σ such that

1
dK|L

(qn(xK)− qn(xL)) = ∇qn(xK|L) · nL|K ,
1

dσ,K
qn(xK) = ∇qn(xσ) · (−nσ,K) .

Due to identical alignment of the discrete gradients, it holds that∫ T

0
〈∇hχ̄hτ ,∇hq̄hτ 〉κabs dt

=

N∑
n=1

τ
∑
K∈T

∑
L∈N (K)

|PK|L|{κabs}K|L
(
∇χ

)
hτ |PK|L×(tn−1,tn]

·∇qn(xK|L)

+

N∑
n=1

τ
∑

σ∈Eext∩EK

|Pσ|{κabs}σ
(
∇χ

)
hτ |Pσ×(tn−1,tn]

·∇q(xσ).

We define the piecewise constant functions(
∇q
)
hτ

(x, t) = ∇qn(xσ), (x, t) ∈ Pσ × (tn−1, tn], σ ∈ E ,

{κabs}T (x) = {κabs}σ, x ∈ Pσ, σ ∈ E .
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We obtain for h, τ → 0∫ T

0
〈∇hχ̄hτ ,∇hq̄hτ 〉κabs dt

=

∫ T

0

∫
Ω
{κabs}T

(
∇χ

)
hτ
·
(
∇q
)
hτ
dx dt→

∫ T

0

∫
Ω
κabs∇χεη ·∇q dx dt.

Indeed, due to sufficient regularity, it holds that
(
∇q
)
hτ
→∇q a.e., and also in L2(QT ) by the

dominated convergence theorem. Furthermore, it holds that {κabs}T → κabs in L∞(QT ), and by
Lemma 6.11, it holds that

(
∇χ

)
hτ
⇀∇χεη in L2(QT ). That suffices to discuss the product.

All in all, together with the convergence properties of the test functions v̄hτ , q̄hτ , the source
terms f̄ext,τ , h̄ext,τ , and the interpolants for the fully discrete approximations (cf. Lemma 6.10,
Lemma 6.11, Lemma 6.12 and Lemma 6.13), we conclude that (6.22)–(6.23) converges to (4.3)–
(4.4), evaluated in (uεη, χεη) and tested with (v, q) ∈ L2(0, T ;V ∩C∞(Ω)d)×L2(0, T ;Q∩C∞(Ω)).
Finally, a density argument yields the final result.

7 Step 4: Increased regularity in a non-degenerate case

In the following, further stability estimates for the fully-discrete problem are derived, allowing
for showing that the limit (uεη, χεη) introduced in the previous section also satisfies (W5)ζη
and (W6)ζη, i.e., we prove Lemma 4.4. For this, non-degeneracy assumptions are required. For
compact presentation throughout the entire section, we assume (A0)–(A9) and (ND1)–(ND2)
hold true, and we define u−1

h := u0
h.

7.1 Improved stability estimates for fully-discrete approximation

Lemma 7.1 (Improved stability estimate for the structural velocity). There exists a constant

C
(6)
ζη > 0 (independent of h, τ), satisfying

ζ sup
n

∥∥τ−1(unh − un−1
h )

∥∥2

V
+

N∑
n=1

τ−1‖unh − un−1
h ‖2V

+ ζ
N∑
n=1

∥∥τ−1(unh − un−1
h )− τ−1(un−1

h − un−2
h )

∥∥2

V

+
N∑
n=1

τ−1‖p̂pore(χ
n
h)− p̂pore(χ

n−1
h )‖2

≤ C(6)
ζη

(
‖∂tfext‖2L2(QT ),

CND,2

bχ,m
C

(2)
ζη

)
,

where C
(2)
ζη is the stability constant from Lemma 6.2, CND,2 comes from the non-degeneracy

condition (ND2), and bχ,m comes from the growth condition (A1?).

Proof. First we observe, that the compatibility condition for the initial conditions (5.2) is
equivalent to the mechanics equation (5.3) for n = 0, since u0

h − u
−1
h = 0. This allows for

considering the difference of the mechanics equation (5.3) at time steps n and n− 1, n ≥ 1,

ζa
(
τ−1(unh − un−1

h )− (un−1
h − un−2

h ),vh
)

+ a(unh − un−1
h ,vh)

− α〈p̂pore(χ
n
h)− p̂pore(χ

n−1
h ),∇ · vh〉 = 〈fnext − fn−1

ext ,vh〉 for all vh ∈ Vh.
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By testing with vh = τ−1(unh − u
n−1
h ) and using the binomial identity (B.2), we obtain

ζ

2

(∥∥τ−1(unh − un−1
h )

∥∥2

V
−
∥∥τ−1(un−1

h − un−2
h )

∥∥2

V

+
∥∥τ−1(unh − un−1

h )− τ−1(un−1
h − un−2

h )
∥∥2

V

)
+ τ−1‖unh − un−1

h ‖2V
= τ−1

〈
fnext − fn−1

ext ,u
n
h − un−1

h

〉
+ ατ−1

〈
p̂pore(χ

n
h)− p̂pore(χ

n−1
h ),unh − un−1

h

〉
.

Summing over n ∈ {1, ..., N}, yields after applying the Cauchy-Schwarz inequality and Young’s
inequality for the right hand side terms

ζ

2

∥∥τ−1(unh − un−1
h )

∥∥2

V
+

1

2

N∑
n=1

τ−1‖unh − un−1
h ‖2V

+
1

2

N∑
n=1

∥∥τ−1(unh − un−1
h )− τ−1(un−1

h − un−2
h )

∥∥2

V

≤
N∑
n=1

τ−1
∥∥fnext − fn−1

ext

∥∥2

V ? +
α2

Kdr

N∑
n=1

τ−1
∥∥p̂pore(χ

n
h)− p̂pore(χ

n−1
h )

∥∥2
. (7.1)

Due to (ND2), p̂pore = p̂pore(χ) is Lipschitz continuous. Therefore, by Lemma 6.2 it holds that

N∑
n=1

τ−1‖p̂pore(χ
n
h)− p̂pore(χ

n−1
h )‖2 ≤ C2

ND,2

C
(2)
ζη

bχ,m
,

which together with (7.1) concludes the proof.

Lemma 7.2 (Consequence for the structural acceleration). There exists a constant C
(7)
ζη > 0

(independent of h, τ), such that

N∑
n=1

τ

∥∥∥∥∥unh − 2un−1
h + un−2

h

τ2

∥∥∥∥∥
2

V

≤ C(7)
ζη

(
ζ−2C

(6)
ζη

)
,

where C
(6)
ζη is the stability constant from Lemma 7.1.

Proof. Let {vnh}n ⊂ Vh \ {0} be an arbitrary sequence of test functions. Consider the difference
of (5.3) at n and n− 1, n ≥ 1; it holds that

τ−1 ζa
(
unh − 2un−1

h + un−2
h ,vnh

)
=
〈
fnext − fn−1

ext ,v
n
h

〉
− a

(
unh − un−1

h ,vnh
)

+ α
〈
p̂pore(χ

n
h)− p̂pore(χ

n−1
h ),∇ · vnh

〉
.

Summing over n ∈ {1, ..., N}, applying the Cauchy-Schwarz inequality and Lemma 7.1, yields

sup
{vnh}n⊂Vh\{0}

ζ
∑N

n=1 τ
−1a(unh − 2un−1

h + un−2
h ,vnh)(∑N

n=1 τ‖vnh‖2V
)1/2

≤ 3

√
C

(6)
ζη .

As ‖ · ‖2V = a(·, ·), we obtain equivalence of norms, which concludes the proof.
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7.2 Improved stability estimates for interpolants in time

We define piecewise linear interpolations of the discrete structural velocities and the pore pressure.
For t ∈ (tn−1, tn], n ≥ 1, let

ût,hτ (t) :=
un−1
h − un−2

h

τ
+
t− tn−1

τ

unh − 2un−1
h + un−2

h

τ
, (7.2)

p̂pore,hτ (t) := p̂pore(χ
n−1
h ) +

t− tn−1

τ

(
p̂pore(χ

n
h)− p̂pore(χ

n−1
h )

)
. (7.3)

Note that ∂tûhτ defines the piecewise constant analog of ût,hτ . Stability bounds are obtained as
direct consequence of Lemma 7.1 and Lemma 7.2.

Lemma 7.3 (Stability estimate for interpolations of the structural velocity). Let ûhτ and ût,hτ ,
as defined by (6.2) and (7.2). For all h, τ > 0 and τ̂ ∈ (0, τ), it holds that

‖∂tûhτ‖2L2(0,T ;V ) ≤ C
(6)
ζη , (7.4)∫ T−τ̂

0
‖∂tûhτ (t+ τ̂)− ∂tûhτ (t)‖2 dt ≤ C2

Ω,PKC
(6)
ζη τ̂ , (7.5)

‖ût,hτ‖2L2(0,T ;V ) ≤ 2C
(6)
ζη , (7.6)

‖ût,hτ − ∂tûhτ‖2L2(QT ) ≤
C2

Ω,PKC
(7)
ζη

ζ
τ2, (7.7)

‖∂tût,hτ‖2L2(0,T ;V ) ≤
C

(7)
ζη

ζ
, (7.8)

where C
(6)
ζη and C

(7)
ζη are the stability constants from Lemma 7.1 and Lemma 7.2, respectively,

and CΩ,PK is the product of the Poincaré and the Korn constants.

Proof. By construction, it holds that

‖∂tûhτ‖2L2(0,T ;V ) =
N∑
n=1

τ−1
∥∥unh − un−1

h

∥∥2

V
.

Hence, (7.4) follows directly from Lemma 7.1. The time-translation property (7.5) follows from
the fact that ∂tûhτ is piecewise constant. Analogous to the proof of Lemma 6.6, one can show∫ T−τ

0
‖∂tûhτ (t+ τ)− ∂tûhτ (t)‖2 dt = τ̂

N∑
n=1

∥∥τ−1
(
unh − un−1

h

)
− τ−1

(
un−1
h − un−2

h

)∥∥2
.

Finally, after using a Poincaré inequality and Korn’s inequality, (7.5) follows from Lemma 7.1.
In order to show (7.6), we expand the integral over the time interval. By definition of ût,hτ ,

it holds that

‖ût,hτ‖2L2(0,T ;V )

=
N∑
n=1

τ−2

∫ tn

tn−1

∥∥∥∥(un−1
h − un−2

h

)
+
t− tn−1

τ

(
unh − 2un−1

h + un−2
h

)∥∥∥∥2

V

dt

≤ 2
N∑
n=2

τ−2

∫ tn

tn−1

(
t− tn
τ

)2 ∥∥un−1
h − un−2

h

∥∥2

V
dt

+ 2
N∑
n=2

τ−2

∫ tn

tn−1

(
t− tn−1

τ

)2 ∥∥unh − un−1
h

∥∥2

V
dt

≤ 4

3

N∑
n=1

τ−1
∥∥unh − un−1

h

∥∥2

V
.
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Hence, (7.6) follows by Lemma 7.1. In order to show (7.7), we again expand the integral over
the time interval. By definition of ût,hτ and ûhτ , it holds that

‖ût,hτ − ∂tûhτ‖2L2(QT )

=
N∑

1=2

∫ tn

tn−1

(
1− t− tn−1

τ

)2

τ−2
∥∥unh − 2un−1

h + un−2
h

∥∥2
dt

=
1

3

N∑
n=1

τ−1
∥∥unh − 2un−1

h + un−2
h

∥∥2
.

Hence, after employing a Poincaré inequality and Korn’s inequality, (7.7) follows from Lemma 7.2.
Finally, (7.8) follows directly from Lemma 7.2, since

‖∂tût,hτ‖2L2(0,T ;V ) =
N∑
n=1

τ

∥∥∥∥∥unh − 2un−1
h + un−2

h

τ2

∥∥∥∥∥
2

V

.

Lemma 7.4 (Stability result for the interpolation of the pore pressure). For p̂pore,hτ defined
in (7.3). It holds that

‖∂tp̂pore,hτ‖2L2(QT ) ≤ C
(6)
ζη ,

‖p̂pore,hτ − p̂pore(χ̄hτ )‖2L2(QT ) ≤ C
(6)
ζη τ

2,

where C
(6)
ζη is the stability constant from Lemma 7.1.

Proof. By construction, it holds that

‖∂tp̂pore,hτ‖2L2(QT ) =

N∑
n=1

τ−1‖p̂pore(χ
n
h)− p̂pore(χ

n−1
h )‖2, and

‖p̂pore,hτ − p̂pore(χ̄hτ )‖2L2(QT ) =

N∑
n=1

τ

3
‖p̂pore(χ

n
h)− p̂pore(χ

n−1
h )‖2,

where the second result follows by expanding time integration. Hence, the assertion follows directly
from the stability result for the discrete time derivative of the pore pressure, cf. Lemma 7.1.

7.3 More relative (weak) compactness for h, τ → 0

The previous stability results allow for analyzing the limit in relation to (uεη, χεη).

Lemma 7.5 (Convergence of the structural velocity and acceleration). We can extract subse-
quences of {ûhτ}h,τ and {ût,hτ}h,τ (still denoted like the original sequences) such that ∂tuεη, ∂ttuεη ∈
L2(0, T ;V ) and

∂tûhτ ⇀ ∂tuεη, in L2(0, T ;V ), (7.9)

∂tût,hτ ⇀ ∂ttuεη, in L2(0, T ;V ). (7.10)

Proof. The convergence result (7.9) follows from the stability result (7.4), the Eberlein-Šmulian
theorem, cf. Lemma B.8, and the fact that ûhτ ⇀ uεη in L2(0, T ;V ), cf. Lemma 6.10. Further-
more, due to the additional translation property (7.5), by employing a relaxed Aubin-Lions-Simon
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type compactness result for Bochner spaces, cf. Lemma B.9, we can extract a further subsequence
(still denoted the same)

∂tûhτ → ∂tuεη, in L2(QT ). (7.11)

Using the stability result (7.8), by the Eberlein-Šmulian theorem, cf. Lemma B.8, we can
extract a subsequence (still denoted the same) such that ∂tût,hτ ⇀ utt in L2(0, T ;V ) for some
utt ∈ L2(0, T ;V ). It holds that utt = ∂ttuεη if also ût,hτ ⇀ ∂tuεη in L2(0, T ;V ). From
the stability result (7.6), and the Eberlein-Šmulian theorem, cf. Lemma B.8, there exists a
ut ∈ L2(0, T ;V ) such that ût,hτ ⇀ ut in L2(0, T ;V ) (up to a subsequence). Employing the
triangle inequality, yields

‖ût,hτ − ∂tuεη‖L2(QT ) ≤ ‖ût,hτ − ∂tûhτ‖L2(QT ) + ‖∂tûhτ − ∂tuεη‖L2(QT ).

Hence, due to (7.7) and (7.11), it holds that ut = ∂tuεη, and consequently utt = ∂ttuεη,
concluding the proof.

Lemma 7.6 (Convergence of the time derivative of the pore pressure). There exists a subsequence
of {p̂pore,hτ}h,τ (still denoted {p̂pore,hτ}h,τ ) satisfying

∂tp̂pore,hτ ⇀ ∂tp̂pore(χεη), in L2(QT ).

Proof. By Lemma 6.11, we have χ̄hτ → χεη in L2(QT ) (up to a subsequence). Hence, also
p̂pore(χ̄hτ )→ p̂pore(χεη) in L2(QT ) (up to a subsequence). From Lemma 7.4, it follows p̂pore,hτ →
p̂pore(χεη) and ∂tp̂pore,hτ ⇀ pt for some pt ∈ L2(QT ) (up to a subsequence). Consequently,
pt = ∂tp̂pore(χεη), which concludes the proof.

7.4 Identifying a weak solution with increased regularity for h, τ → 0

Finally, we show the limit (uεη, χ), derived in Section 6.3, also satisfies (W5)ζη–(W6)ζη, i.e.,
(uεη, χεη) is a weak solution with increased regularity for the doubly regularized unsaturated
poroelasticity model, cf. Definition 4.1.

Lemma 7.7 (Limit satisfies (W1)ζη–(W6)ζη). The limit (uεη, χεη), derived in Section 6.3, is a
weak solution with increased regularity for the doubly regularized unsaturated poroelasticity model,
cf. Definition 4.1.

Proof. The limit (uεη, χεη) satisfies (W1)ζη–(W4)ζη by Lemma 9.7. Furthermore, (W5)ζη follows
directly from Lemma 7.5 and Lemma 7.6. In order to show (W6)ζη, let v ∈ L2(0, T ;V ∩C∞(Ω)d).
We utilize v̄hτ and vnh , as introduced in (6.18) and (6.20), respectively; again it holds that

v̄hτ → v in L2(0, T ;V ). (7.12)

We consider the difference of the mechanics equation (5.3) at time steps n and n − 1, n ≥ 1,
tested with vh = vnh ; we obtain

ζτ−1a(unh − 2un−1
h + un−2

h ,vnh) + a(unh − un−1
h ,vnh)

− α
〈
p̂pore(χ

n
h)− p̂pore(χ

n−1
h ),∇ · vnh

〉
=
〈
fnext − fn−1

ext ,v
n
h

〉
.

Summing over n ∈ {1, ..., N}, and employing the definitions of v̄hτ , ût,hτ , ûhτ , and p̂pore,hτ ,
yields∫ T

0

[
ζa(∂tût,hτ , v̄hτ ) + a(∂tûhτ , v̄hτ )− α 〈∂tp̂pore,hτ ,∇ · v̄hτ 〉

]
dt =

∫ T

0

〈
∂tf̂τ , v̄hτ

〉
dt, (7.13)
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where f̂τ denotes the piecewise linear interpolation of the discrete values {fnext}n

f̂ext,τ (t) := fn−1
ext +

t− tn−1

τ

(
fnext − fn−1

ext

)
, t ∈ (tn−1, tn].

It holds f̂ext,τ → fext in L2(0, T ;V ?) and also ∂tf̂ext,τ ⇀ ∂tfext in L2(0, T ;V ?), for τ → 0.
Hence, together with the weak convergence properties of ût,hτ , ûhτ and p̂pore,hτ , cf. Lemma 7.5
and Lemma 7.6, and the strong convergence properties of the test function v̄hτ , cf. (7.12), we
conclude that∫ T

0

[
ζa(∂ttuεη,v) + a(∂tuεη,v)− α 〈∂tp̂pore(χεη),∇ · v〉

]
dt =

∫ T

0
〈∂tfext,v〉 dt,

for all v ∈ L2(0, T ;V ∩ C∞(Ω)d). A density argument yields the final result.

8 Step 5: Limit ζ → 0

In this section, we prove Lemma 4.5, i.e., the existence of weak solution to the simply regularized
unsaturated poroelasticity model, cf. Definition 4.2. For this we utilize the fact that under
the assumptions of Lemma 4.5, there exists weak solution, (uεη, χεη), with increased regularity
for the doubly regularized unsaturated poroelasticity model, cf. Definition 4.1. We show that
{(uεη, χεη)}ζ has a limit for ζ → 0, which is a weak solution to the simply regularized unsaturated
poroelasticity model, i.e., it satisfies (W1)η–(W4)η for ζ = 0. For this, we employ compactness
arguments. The central uniform stability bound is derived utilizing (W6)ζη and the non-
degeneracy condition (ND3). Throughout the entire section, we assume (A0)–(A9) and (ND1)–
(ND3) hold true.

8.1 Stability estimates independent of ζ

The key ingredients for the subsequent discussion are stability estimates, which are independent
of ζ. In Section 6.2, some derived stability results are independent of ζ; they remain true for
weak limits. In particular, there exists a constant C = C

(
C(1), C(4)

)
> 0 (independent of ζ > 0

and η > 0), such that

‖uεη‖2L∞(0,T ;V ) + ‖ppore(χεη)‖2L2(QT ) ≤ C, (8.1)

where Lemma 6.6 and Lemma 6.10 yield stability for the displacement, and Lemma 6.8 and
Lemma 6.12 yield stability for the pore pressure. Further stability bounds can be obtained
by exploiting the continuous nature of the balance equations and the time derivative of the
mechanics equation. The following stability estimate is the essential step.

Lemma 8.1 (Stability for the primal variables). There exists a constant C(8) > 0 (independent
of ζ and η), such that

ζ ‖∂tuεη‖2L∞(0,T ;V ) + ‖∂tuεη‖2L2(0,T ;V ) + ‖∇χεη‖2L∞(0,T ;L2(Ω))

≤ C(8)
(
C0, ‖∂tfext‖2L2(0,T ;V ?) , ‖hext‖2H1(0,T ;Q?)

)
,

where C0 comes from (A8?).

Proof. Consider the flow equation (4.4) and the mechanics equation differentiated in time (4.5),
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tested with q = ∂tχεη and v = ∂tuεη, respectively. Summing both equation yields

ζ

∫ T

0
a(∂ttuεη, ∂tuεη) dt+

∫ T

0
〈κabs∇χεη,∇∂tχεη〉 dt

+ ‖∂tuεη‖2L2(0,T ;V ) +

∫ T

0

〈
∂tb̂η(χεη), ∂tχεη

〉
+ α

∫ T

0
〈ŝw∂tχεη − ∂tp̂pore, ∂t∇ · uεη〉

=

∫ T

0
〈∂tfext, ∂tuεη〉 dt+

∫ T

0
〈hext, ∂tχεη〉 dt. (8.2)

We discuss the individual terms separately. For the first two terms on the left hand side of (8.2),
we employ the fundamental theorem of calculus

ζ

∫ T

0
a(∂ttuεη, ∂tuεη) dt+

∫ T

0
〈κabs∇χεη,∇∂tχεη〉 dt

=
ζ

2
‖∂tuεη(T )‖2L2(0,T ;V ) +

1

2
(〈κabs∇χεη(T ),∇χεη(T )〉 − 〈κabs∇χεη(0),∇χεη(0)〉) ,

where we used that ∂tuεη(0) = 0, following from the temporal derivative of the mechanics
equations (4.5) and the compatibility condition for the initial conditions (A9).

For the remaining terms on the left hand side of (8.2), we employ the fact that b̂η is increasing

with b̂′η ≥ b̂′, that a(v,v) ≥ Kdr‖∇ · v‖2 for all v ∈ V with Kdr = 2µ
d + λ, and (ND3). Starting

with a binomial identity, we obtain

‖∂tuεη‖2L2(0,T ;V ) +

∫ T

0

〈
∂tb̂η(χεη), ∂tχεη

〉
+ α

∫ T

0
〈ŝw∂tχεη − ∂tp̂pore, ∂t∇ · uεη〉

= ‖∂tuεη‖2L2(0,T ;V ) −
α2

4

∫ T

0

∫
Ω

(
sw(χεη)

p̂′pore(χεη)
− 1

)2
(
p̂′pore(χεη)

)2
b̂′η(χεη)

|∂t∇ · uεη|2 dx dt

+

∫ T

0

∫
Ω

[(
∂tb̂η∂tχεη

)1/2
+
α

2
(ŝw∂tχεη − ∂tp̂pore)

(
∂tb̂η∂tχεη

)−1/2
∂t∇ · uεη

]2

dx dt

≥ (1− CND,3) ‖∂tuεη‖2L2(0,T ;V ) .

For the first term on the right hand side of (8.2), we apply the Cauchy-Schwarz inequality and
Young’s inequality∫ T

0
〈∂tfext, ∂tuεη〉 dt ≤

1

2(1− CND,3)
‖∂tfext‖2L2(0,T ;V ?) +

1− CND,3

2
‖∂tuεη‖2L2(0,T ;V ) .

For the second term on the right hand side of (8.2), we apply integration by parts, a Cauchy-
Schwarz inequality and Young’s inequality, a Poincaré inequality (introducing the Poincaré
constant CΩ,P) and a Sobolev embedding (introducing the constant CT,Sob), as well as (A6). All
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in all, we obtain∫ T

0
〈hext, ∂tχεη〉 dt

= 〈hext(T ), χεη(T )〉 − 〈hext(0), χ(0)〉 −
∫ T

0
〈∂thext, χεη〉 dt

≤
C2

Ω,P

κm,abs

(
‖hext(T )‖2 + ‖hext(0)‖2 + ‖∂thext‖2L2(QT )

)
+
κm,abs

4C2
Ω,P

(
‖χεη(T )‖2 + ‖χεη(0)‖2 + ‖χεη‖2L2(QT )

)
≤

3 (CT,SobCΩ,P)2

κm,abs
‖hext‖2H1(0,T ;Q?)

+
1

4

(
〈κabs∇χεη(T ),∇χεη(T )〉+ 〈κabs∇χεη(0),∇χεη(0)〉+

∫ T

0
〈κabs∇χεη,∇χεη〉 dt

)
.

Altogether, (8.2) becomes

ζ

2
‖∂tuεη(T )‖2L2(0,T ;V ) +

1

4
〈κabs∇χεη(T ),∇χεη(T )〉+

1− CND,3

2
‖∂tuεη‖2L2(0,T ;V )

≤ 3

4
〈κabs∇χεη(0),∇χεη(0)〉+

1

2(1− CND,3)
‖∂tfext‖2L2(0,T ;V ?)

+
3 (CT,SobCΩ,P)2

κm,abs
‖hext‖2H1(0,T ;Q?) +

1

4

∫ T

0
〈κabs∇χεη,∇χεη〉 dt.

Applying a Grönwall inequality proves the assertion under the given assumptions.

The last stability estimate allows for deriving further stability estimates.

Lemma 8.2 (Stability for the Legendre transformation of b̂η). There exists a constant C(9) > 0
(independent of ζ, η), such that∥∥∥B̂η(χεη)∥∥∥

L∞(0,T ;L1(Ω))
≤ C(9)

(
C0, C

(8)
)
,

where C(8) is the stability constant from Lemma 8.1, and C0 is the stability constant from (A8?).

Proof. Testing the flow equation (4.4) with q = χεη, yields∫ T

0

〈
∂tb̂η(χεη), χεη

〉
dt+

∫ T

0
‖∇χεη‖2κabs dt =

∫ T

0
〈hext, χεη〉 dt− α

∫ T

0
〈sw∂t∇ · uεη, χεη〉 dt.

For the first term on the left hand side, we apply an identity for Legendre transformations,
cf. [53], ∫ T

0

〈
∂tb̂η(χεη), χεη

〉
dt =

∥∥∥B̂η(χεη(T ))
∥∥∥
L1(Ω)

−
∥∥∥B̂η(χ0)

∥∥∥
L1(Ω)

,

where B̂η is the Legendre transformation for b̂η. On the right hand side, we apply the Cauchy-
Schwarz inequality, Young’s inequality, a Poincaré inequality (introducing CΩ,P) and (A6), and
obtain ∥∥∥B̂η(χεη(T ))

∥∥∥
L1(Ω)

+
1

2

∫ T

0
‖∇χεη‖2κabs dt

≤
∥∥∥B̂η(χ0)

∥∥∥
L1(Ω)

+
C2

Ω,P

κm,abs

(
‖hext‖2L2(0,T ;Q?) + α2 ‖∂t∇ · uεη‖2L2(QT )

)
.

Finally, the thesis follows from Lemma 8.1.
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Lemma 8.3 (Stability for the temporal change of b̂η). There exists a constant C(10) > 0
(independent of ζ, η), such that

sup
06=q∈L2(0,T ;Q)

∫ T
0

〈
∂tb̂η(χεη), q

〉
dt

‖∇q‖L2(QT )
≤ C(10)

(
C(8)

)
,

where C(8) is the stability constant from Lemma 8.1.

Proof. The proof is analog to the proof of Lemma 6.5. However, this time, we exploit

‖∂t∇ · uεη‖L2(QT ) ≤
1

K
1/2
dr

‖∂tuεη‖L2(0,T ;V ) ≤
C(8)

K
1/2
dr

by Lemma 8.1. Thus, we drop the dependence on ζ.

We will require to show strong convergence of the Kirchhoff pressure. Having that in mind,
we conclude with a stability estimate for ∂tχεη. We note, this is the only stability estimate in
this section, requiring the regularizing growth condition (A1?).

Lemma 8.4 (Stability estimate for the temporal change of the Kirchhoff pressure). There exists

a constant C
(11)
η > 0 (independent of ζ), such that

‖∂tχεη‖2L2(QT ) ≤ C
(11)
η

(
b−1
χ,mC0, b

−2
χ,mC

(8)
)
,

where C(8) is the stability constant from Lemma 8.1, bχ,m is from (A1?), and C0 is from (A8?).

Proof. We repeat parts of the proof of Lemma 8.1. We test the flow equation (4.4) with q = ∂tχεη
and apply (A1?) and the Cauchy-Schwarz inequality; we obtain

bχ,m‖∂tχεη‖2L2(QT ) +
1

2
〈κabs∇χεη(T ),∇χεη(T )〉

≤
∫ T

0

〈
∂tb̂η(χεη), ∂tχεη

〉
dt+

1

2
〈κabs∇χεη(T ),∇χεη(T )〉

=
1

2
〈κabs∇χεη(0),∇χεη(0)〉+

∫ T

0
(〈hext, ∂tχεη〉 − α 〈ŝw∂t∇ · uεη, ∂tχεη〉) dt

≤ 1

2
〈κabs∇χεη(0),∇χεη(0)〉+

1

bχ,m

(
‖hext‖2L2(0,T ;Q?) + α2‖∂t∇ · uεη‖2L2(QT )

)
+
bχ,m

2
‖∂tχεη‖2L2(QT ).

After rearranging terms, applying the regularity of the data, and applying from Lemma 8.1, the
assertion follows.

8.2 Relative (weak) compactness for ζ → 0

We utilize the stability results from the previous section to conclude relative compactness.

Lemma 8.5 (Convergence of the primary variables). We can extract subsequences of {uεη}ζ
and {χεη}ζ (still denoted like the original sequences), and there exist uη ∈ H1(0, T ;V ) and
χη ∈ H1(0, T ;L2(Ω)) ∩ L∞(0, T ;Q) such that for ζ → 0

uεη ⇀ uη in H1(0, T ;V ), (8.3)

ζ∂tuεη → 0 in L2(0, T ;V ), (8.4)

χεη → χη in L2(QT ), (8.5)

χεη ⇀ χη in L∞(0, T ;Q), (8.6)

∂tχεη ⇀ ∂tχη in L2(QT ). (8.7)
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Proof. The proof follows standard arguments based on the Eberlein-Šmulian theorem, cf.
Lemma B.8, the Aubin-Lions lemma, cf. Lemma B.9, and the stability results for uεη, cf.
Lemma 8.1 and (8.1), as well as the stability results for χεη, cf. Lemma 8.1 and Lemma 8.4.
In particular, for (8.4), we employ the uniform stability result from Lemma 8.1; for all fixed
v ∈ L2(0, T ;V ) it holds that∣∣∣∣∫ T

0
ζa(∂tuεη,v) dt

∣∣∣∣ ≤ ζC(8)‖v‖L2(0,T ;V ) → 0 for ζ → 0.

Lemma 8.6 (Convergence of the coupling terms). Up to subsequences it holds for ζ → 0

p̂pore(χεη) ⇀ p̂pore(χη) in L2(QT ), (8.8)

ŝw(χεη)∂t∇ · uεη ⇀ ŝw(χη)∂t∇ · uη in L2(QT ). (8.9)

Proof. The proof is analogous to the proof of Lemma 6.12. Essentially, first, one has to utilize
stability estimates together with the Eberlein-Šmulian theorem, cf. Lemma B.8; second, continuity
properties of the non-linearities have to be employed together with the convergence of {uεη}ζ and
{χεη}ζ , cf. Lemma 8.5. We note that for (8.8) the stability result (8.1) has to be utilized.

Lemma 8.7 (Initial conditions for the fluid flow). Up to subsequences it holds for ζ → 0

∂tb̂η(χεη) ⇀ ∂tb̂η(χη) in L2(0, T ;Q?), (8.10)

where ∂tb̂η(χη) ∈ L2(0, T ;Q?) is understood in the sense of (W2)η.

Proof. The proof is analogous to the proof of Lemma 6.13. By Lemma 8.3 and the Eberlein-
Šmulian theorem, cf. Lemma B.8, there exists a bt ∈ L2(0, T ;Q?) such that ∂tb̂η(χεη) ⇀ bt in
L2(0, T ;Q?) (up to a subsequence). We can identify bt = ∂tb(χη) by showing (W2)η. For this we
utilize (W2)ζη. For q ∈ L2(0, T ;Q) with ∂tq ∈ L1(0, T : L∞(Ω)) and q(T ) = 0, it holds that∫ T

0

〈
∂tb̂η(χεη), q

〉
dt =

∫ T

0

〈
b̂η(χ0)− b̂η(χεη), ∂tq

〉
dt.

The assertion follows immediately if

b̂η(χεη)→ b̂η(χη) in L∞(0, T ;L1(Ω)) (8.11)

(up to a subsequence). And indeed, by the uniform boundedness of the Legendre transfor-
mation, ‖B̂η(χη)‖L∞(0,T ;L1(Ω)), there exists bχ ∈ L∞(0, T ;L1(Ω)) such that b̂η(χεη) ⇀ bχ in
L∞(0, T ;L1(Ω)). Using the strong convergence of {χη}η and the dominated convergence theorem,

we can identify bχ = b̂η(χη), and thus (8.11).

Lemma 8.8 (Initial conditions of the mechanical displacement). ∂tuη ∈ L2(0, T ;V ) satis-
fies (W3)η.

Proof. Using the uniform stability bound for {∂tuεη}ζ by Lemma 8.1 and the weak convergence
uεη ⇀ uη in L2(0, T ;V ) (up to a subsequence) by Lemma 8.5, standard compactness arguments
yield ∂tuεη ⇀ ∂tuη in L2(0, T ;V ) (up to a subsequence). Hence, ζ → 0 of (W3)ζη yields (W3)η
immediately.
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8.3 Identifying a weak solution for ζ → 0

Finally, we show the limit (uη, χη), introduced above, is a weak solution of the simply regularized
unsaturated poroelasticity model.

Lemma 8.9 (Limit satisfies (W1)η–(W4)η). The limit (uη, χη), derived in Section 8.2, is a weak
solution of the simply regularized unsaturated poroelasticity model, cf. Definition 4.2.

Proof. The limit (uη, χη) satisfies (W1)η–(W3)η by Lemma 8.5, Lemma 8.6, Lemma 8.7, and
Lemma 8.8. It remains to show (W4)η, i.e., that (uη, χη) satisfies the balance equations (4.3)–
(4.4) for ζ = 0. By definition, the sequence (uεη, χεη) satisfies (W4)ζη for ζ > 0, i.e., it holds for
all (v, q) ∈ L2(0, T ;V ) ∩ L2(0, T ;Q)∫ T

0
[ζa(∂tuεη,v) + a(uεη,v)− α 〈p̂pore(χεη),∇ · v〉] dt =

∫ T

0
〈fext,v〉 dt,∫ T

0

[〈
∂tb̂η(χεη), q

〉
+ α 〈ŝw(χεη)∂t∇ · uεη, q〉+ 〈κabs∇χεη,∇q〉

]
dt =

∫ T

0
〈hext, q〉 dt.

Utilizing the weak convergence results, cf. Lemma 8.5 and Lemma 8.6, (W4)η follows directly for
ζ → 0.

Remark 8.10 (Existence of a weak solution for compressible system). If compressibility is
present either for the fluid or the solid grains, the regularizing property (A1?) is fulfilled for η = 0.
For instance, for b as in (2.6), the equivalent pore pressure and the van Genuchten-Mualem model,
it holds that bχ,m = φ0cw + 1

N , cf. Appendix A. Consequently, the limit (uη, χη) in Lemma 8.9 is
also well-defined for η = 0. In particular, it is a weak solution of (2.15)–(2.22), cf. Definition 3.1.

9 Step 6: Limit η → 0 in the incompressible case

In this section, we show the main result, Theorem 3.2, for the more demanding case of an
incompressible fluid and incompressible solid grains. Otherwise, by Remark 8.10 the main result
of this paper follows already. In the incompressible case, b as in (2.6) is monotone but with b̂′ = 0
on a part of the domain with non-zero measure. Under the use of regularization with η > 0, it
holds that bχ,m = η. In the following, we prove that the limit of {(uη, χη)}η for η → 0 exists,
and that it is a weak solution of (2.15)–(2.22) according to Definition 3.1. Throughout the entire
section, we assume (A0)–(A9) and (ND1)–(ND3) hold true.

9.1 Stability estimates independent of η

In Section 8, almost all stability bounds have been independent of η. To summarize, there exists
a constant C > 0 (independent of η) such that

‖uη‖H1(0,T ;V ) + ‖χη‖L∞(0,T ;H1
0 (Ω)) + ‖p̂pore(χη)‖L2(QT ) (9.1)

+
∥∥∥B̂η(χη)∥∥∥

L∞(0,T ;L1(Ω))
+
∥∥∥∂tb̂η(χη)∥∥∥

L2(0,T ;H−1(Ω))
≤ C.

The only bound depending on η is the stability of ∂tχη, cf. Lemma 8.4. We recall, there exists a
constant Cη > 0, depending on η, satisfying

‖∂tχη‖L2(QT ) ≤ Cη. (9.2)

In order to conclude that (uη, χη) converges towards a weak solution of the unsaturated poroe-
lasticity model, it will be sufficient to replace the stability result (9.2) by a uniform stability
estimate. The remaining discussion for η → 0 can be done along the lines of Section 8.2–8.3.

In the following, we prove a uniform stability bound replacing (9.2) in two steps. We show
that the temporal derivative of the mechanics equation, i.e., (W5)ζη for ζ = 0, is well-defined;
and then we use an inf-sup argument and the uniform stability estimate (9.1).
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Lemma 9.1 (Temporal derivative of the mechanics equation). It holds for all v ∈ L2(0, T ;V )∫ T

0
a(∂tuη,v) dt−

∫ T

0
α 〈∂tp̂pore(χη),∇ · v〉 dt =

∫ T

0
〈∂tfext,v〉 dt. (9.3)

Proof. First, we argue that the mechanics equation (3.1) holds pointwise on [0, T ]. Let v ∈
L2(0, T ;V ) ∩ C∞(0, T ;V ). By Lemma 8.9, it holds that∫ T

0
a(uη,v) dt−

∫ T

0
α 〈p̂pore(χη),∇ · v〉 dt =

∫ T

0
〈fext,v〉 dt.

By the fundamental lemma of calculus of variations it follows a.e. on [0, T ]

a(uη,v)− α 〈p̂pore(χη),∇ · v〉 = 〈fext,v〉 , for all v ∈ V . (9.4)

Applying a standard embedding for Bochner spaces [67], we can assume wlog. that uη ∈ C(0, T ;V )
and p̂pore(χη) ∈ C(0, T ;L2(Ω)), as ∂tuη ∈ L2(0, T ;V ) and ∂tp̂pore(χη) ∈ L2(QT ) by (9.2) and
assumption (ND2). Hence, (9.4) holds pointwise on [0, T ].

Now we show (9.3). Let v ∈ L2(0, T ;V ) ∩ C∞(0, T ;V ). By Lemma 8.9, it holds that∫ T

0
a(uη, ∂tv) dt− α

∫ T

0
〈p̂pore(χη),∇ · ∂tv〉 dt =

∫ T

0
〈fext, ∂tv〉 dt.

Since ∂tuη ∈ L2(0, T ;V ), ∂tp̂pore(χη) ∈ L2(QT ) and ∂tfext ∈ L2(0, T ;V ?), integration by parts
is well-defined. Together with (9.4), we obtain∫ T

0
a(∂tuη,v) dt− α

∫ T

0
〈∂tp̂pore(χη),∇ · v〉 dt =

∫ T

0
〈∂tfext,v〉 dt.

The assertion follows after applying a density argument allowing for arbitrary test functions in
L2(0, T ;V ) in (9.3).

Lemma 9.2 (Stability estimate for the temporal derivative of the Kirchhoff pressure). There
exists a constant C(12) > 0 (independent of η) such that

‖∂tχη‖L2(QT ) ≤ C
(12).

Proof. We show that ‖∂tp̂pore(χη)‖L2(QT ) is uniformly bounded. The assertion follows then from
assumption (ND2), as

‖∂tχη‖L2(QT ) ≤ CND,2 ‖∂tp̂pore(χη)‖L2(QT ) .

By Lemma 9.1, the time derivative of the mechanics equations is well-defined, cf. (9.3). Using a
standard inf-sup argument (introducing the constant CΩ,is), cf. Lemma B.11, it follows from (9.3)
that

‖∂tp̂pore(χη)‖L2(QT ) ≤ CΩ,is

(
‖∂tuη‖L2(0,T ;V ) + ‖∂tfext‖L2(0,T ;V ?)

)
.

Since ‖∂tuη‖L2(0,T ;V ) is uniformly bounded by (9.1), ‖∂tp̂pore(χη)‖L2(QT ) is uniformly bounded,
which concludes the proof.
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9.2 Relative (weak) compactness for η → 0

Using the same line of argumentation used in Section 8.2, we can discuss the limit process η → 0.

Lemma 9.3 (Convergence of the primary variables). We can extract subsequences of {uη}η
and {χη}η (still denoted like the original sequences), and there exist u ∈ H1(0, T ;V ) and
χ ∈ H1(0, T ;L2(Ω)) ∩ L∞(0, T ;Q) such that for η → 0

uη ⇀ u in H1(0, T ;V ),

χη → χ in L2(QT ),

χη ⇀ χ in L∞(0, T ;Q),

∂tχη ⇀ ∂tχ in L2(QT ).

Proof. The proof is analog to the proofs of Lemma 8.5.

Lemma 9.4 (Convergence of the coupling terms). Up to subsequences it holds for η → 0 that

p̂pore(χη) ⇀ p̂pore(χ) in L2(QT ),

ŝw(χη)∂t∇ · uη ⇀ ŝw(χ)∂t∇ · u in L2(QT ).

Proof. The proof is analog to the proof of Lemma 8.6.

Lemma 9.5 (Initial conditions for the fluid flow). Up to subsequences it holds that

∂tb̂η(χη) ⇀ ∂tb̂(χ) in L2(0, T ;Q?),

where ∂tb̂(χ) ∈ L2(0, T ;Q?) is understood in the sense of (W2).

Proof. The proof is analog to the proof of Lemma 8.7. We only stress that due to construction
of b̂η, one can show that if χη → χ in L2(QT ), it also holds

b̂η(χ0) ⇀ b̂(χ0) in L∞(0, T ;L1(Ω)),

b̂η(χη) ⇀ b̂(χ) in L∞(0, T ;L1(Ω)),

for η → 0. Hence, (W2) can be deduced from (W2)η for η → 0.

Lemma 9.6 (Initial conditions of the mechanical displacement). ∂t∇·u ∈ L2(QT ) satisfies (W3).

Proof. The proof is almost identical to the proof of Lemma 8.8. Standard compactness arguments
and (W3)η yield ∫ T

0
a(∂tu,v) dt+

∫ T

0
a(u− u0, ∂tv) dt = 0

for all v ∈ H1(0, T ;V ) with v(T ) = 0. Hence, u(0) = u0 in V ; note that u ∈ C(0, T ;V ) by a
Sobolev embedding. Therefore also ∇ · u(0) = ∇ · u0 in L2(Ω), which yields (W3).

9.3 Identifying a weak solution for η → 0

Finally, we prove the existence of a weak solution to the unsaturated poroelasticity model.

Lemma 9.7 (Limit satisfies (W1)–(W4)). The limit (u, χ) is a weak solution of (2.15)–(2.22),
cf. Definition 3.1.

Proof. The proof follows directly from the convergence results in Lemma 9.5 and Lemma 9.6
together with the validity of the regularized problem (4.3)–(4.4) for ζ = 0.

45



A Feasibility of assumptions

The analysis of this paper allows for arbitrary constitutive laws for b, ppore, sw and κrel, as
long as they satisfy the conditions (A0)–(A4), (ND1)–(ND3) and (A1?). In the following, we
demonstrate the feasibility of those conditions for a prominent choice of models. Let b as derived
by [4]

b(pw) = φ0sw(pw) + cwφ0

∫ pw

0
sw(p) dp+

1

N

∫ pw

0
sw(p)p′pore(p) dp,

with ppore chosen as equivalent pore pressure [5]

ppore(pw) =

∫ pw

0
sw(p) dp,

and the hydraulic properties sw and κrel given by the van Genuchten-Mualem relations [63,68]

sw(pw) =

{
[1 + (−αvGpw)nvG ]−mvG , pw ≤ 0,
1, pw ≥ 0,

κrel(sw) =
√
sw

[
1−

(
1− s

1
mvG
w

)mvG
]2

.

where mvG ∈ (0, 1), nvG = (1−mvG)−1, and αvG > 0 are constant fitting parameters.

A.1 Checking (A0)

By definition, it holds that sw(pw) > 0 for all pw ∈ R and κrel(sw) > 0 for all sw > 0. Hence, (A0)
is satisfied for the van Genuchten-Mualem relations.

A.2 Checking (A1)–(A4) and (A1?)

By definition, it follows directly, that sw is differentiable with a non-negative and uniformly
bounded derivative s′w, i.e., sw satisfies (A2). Furthermore, p′pore(pw) = sw(pw), and hence, ppore

satisfies (A3). We therefore only focus on (A1), (A1?) and (A4).

(A1) Monotonicity of b̂. The function b̂ = b̂(χ) is non-decreasing since

b̂′(χ) = cwφ0
ŝw(χ)

κ̂rel(χ)
+ φ0

s′w(p̂w(χ))

κ̂rel(χ)
+

1

N

ŝw(χ)2

κ̂rel(χ)
≥ 0. (A.1)

(A1?) Regularizing property of b̂η. As b̂η is essentially equal to b̂ but with enhanced Biot

Modulus, b̂η essentially satisfies (A1) with

b̂′η(χ) = cwφ0
ŝw(χ)

κ̂rel(χ)
+ φ0

s′w(p̂w(χ))

κ̂rel(χ)
+

(
1

N
+ η

)
ŝw(χ)2

κ̂rel(χ)
≥ 0.

In particular, it holds that

〈b̂(χ1)− b̂(χ2), χ1 − χ2〉 ≥
(
cwφ0

∥∥∥κrelsw

∥∥∥−1

∞
+

(
1

N
+ η

)∥∥∥κrels2w

∥∥∥−1

∞

)
‖χ1 − χ2‖2.

By l’Hôspital’s rule (note 0 < mvG < 1) it holds that

lim
sw→0

(
κrel(sw)

sw

)2

= lim
sw→0

4

[
1−

(
1− s

1
mvG
w

)mvG
]3(

1− s
1

mvG
w

)mvG−1

s1/mvG−1
w = 0.
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and

lim
sw→0

(
κrel(sw)

s2
w

)2/3

= lim
sw→0

4

3

[
1− (1− s

1
mvG
w )mvG

]1/3(
1− s

1
mvG
w

)mvG−1

s1/mvG−1
w = 0.

Hence, there exists a generic constant c > 0, such that

κrel(pw)

sw(pw)
∈ (0, c], (A.2)

κrel(pw)

sw(pw)2
∈ (0, c]. (A.3)

After all, it follows, for η > 0, b̂η satisfies (A1?). Furthermore, in the compressible case

max{cw,
1
N } > 0, also b̂ satisfies (A1?), cf. Remark 8.10.

(A4) Uniform growth of
p̂pore
ŝw

. For all pw ∈ R, it holds that

d

dpw

(
ppore

sw

)
= 1− ppore(pw)s′w(pw)

sw(pw)2
≥ 1,

χ′(pw) = κrel(sw(pw)) ≤ 1.

Hence, by using the chain rule,
p̂pore
ŝw

satisfies the uniform growth condition (A4) with

d

dχ

(
p̂pore

ŝw

)
≥ 1.

A.3 Checking (ND1)–(ND2)

We demonstrate, that (ND1)–(ND2) hold assuming sw ≥ smin for some minimal saturation value
smin > 0. It holds that

p̂pore

ŝwχ
∼ 1

κ̂rel
for χ→ −∞.

Under above assumption, one can assume that κ̂rel ≥ κmin > 0, such that (ND1) holds. Further-
more,

p̂′pore(χ) =
ŝw

κ̂rel
.

By (A.2), p̂′pore(χ) is bounded from below by a constant independent of χ. Assuming sw ≥ smin

for some minimal saturation value, also an upper bound is given. After all, (ND2) holds.

A.4 Discussion of (ND3)

The condition (ND3) is equivalent with(
ŝw(χ)

p̂′pore(χ)
− 1

)−2 b̂′(χ)(
p̂′pore(χ)

)2 > α2

4Kdr
for all χ ∈ R. (A.4)

First, we note that in the fully saturated regime condition, (ND3) is fulfilled since

ŝw(χ)

p̂′pore(χ)
= 1, for all χ ≥ 0.
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For the combination of the specific choices of b, sw and κrel condition (A.4) becomes

(κrel(sw)− 1)−2

(
φ0cw

κrel(sw)

sw
+ φ0s

′
w

κrel(sw)

s2
w

+
1

N
κrel(sw)

)
>

α2

4Kdr
for all sw < 1.

We consider the more demanding case, the incompressible case with cw = 1
N = 0. The expression

s′wκrel(sw)

s2w(1−κrel(sw))2
is increasing in pw, see Figure 2 for two examples. Hence, there exists a minimal

saturation value smin such that (A.4) holds in the regime sw ∈ [smin, 1]. This value will depend
on φ0, αvG, nvG, α and Kdr. Assuming φ0 = 0.1 and α = 1, we compute smin for a set of realistic
parameters, see Table 1. We observe, that the range of admissible saturation values becomes
larger, the stiffer the system. Furthermore, for all parameters, smin is relatively small. Hence, we
can expect (ND3) to hold for geotechnical applications, for which Kdr is typically large.

(a) nvG = 1.5, αvG = 0.1 (b) nvG = 2.5, αvG = 2

Figure 2: Increasing behavior of s′wκrel(sw)

s2w(1−κrel(sw))2
in the unsaturated regime.

αvG nvG smin for Kdr = 105 smin for Kdr = 108 smin for Kdr = 1011

0.1 1.5 0.26 0.10 0.04

2 1.5 0.17 0.07 0.03

0.1 2 0.08 0.02 0.004

2 2 0.04 0.009 0.002

0.1 2.5 0.03 0.004 0.0006

2 2.5 0.01 0.002 0.0003

Table 1: Minimal allowed saturation values for a set of realistic model parameters, assuming
α = 1.

B Useful results from literature

Lemma B.1 (Discrete Poincaré inequality [62]). Let T be an admissible mesh, cf. Definition 5.1,
and u a piecewise constant function. Then there exists a constant CΩ,DP ∈ (0,diam(Ω)] such that

‖u‖L2(Ω) ≤ CΩ,DP‖u‖1,T ,

where ‖ · ‖1,T denotes the discrete H1
0 (Ω) norm, cf. Definition 5.3.
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Lemma B.2 (Discrete trace inequality [64]). Let T be an admissible mesh, cf. Definition 5.1,
and u a piecewise constant function. Let γ(u) denote the trace of u, defined by γ(u) = uK on
σ ∈ Eext ∩ EK , K ∈ T . Then there exists a constant Ctr > 0 such that

‖γ(u)‖L2(∂Ω) ≤ Ctr

(
‖u‖1,T + ‖u‖L2(Ω)

)
,

where ‖ · ‖1,T denotes the discrete H1
0 (Ω) norm, cf. Definition 5.3.

Lemma B.3 (Stability of discrete gradients [62]). Let T be an admissible mesh of some domain
Ω, cf. Definition 5.1, and u ∈ H1

0 (Ω). Define a piecewise constant function ũ by

ũ(x) :=
1

|K|

∫
K
u(x) dx, x ∈ K ∈ T .

Then there exists a constant C > 0 (independent of h for regular meshes) such that

‖ũ‖1,T ≤ C‖u‖H1(Ω).

Lemma B.4 (Corollary of Brouwer’s fixed point theorem [69]). Let 〈·, ·〉 denote the standard Rd
scalar product and let F : Rd → Rd be a continuous function, satisfying

〈F (x),x〉 ≥ 0 (B.1)

for all x ∈ Rd with 〈x,x〉 ≥ M for some fixed M ∈ R+. Then there exists a x? ∈ Rd with
〈x?,x?〉 ≤M and F (x?) = 0.

Lemma B.5 (Binomial identity). For a, b ∈ R it holds that

a(a− b) =
1

2

(
a2 + (a− b)2 − b2

)
. (B.2)

Lemma B.6 (Summation by parts). Given two sequences (ak)k∈N0 , (bk)k∈N0 ⊂ R, for all N ∈ N
it holds that

N∑
n=1

an(bn − bn−1) = aNbN − a1b0 −
N−1∑
n=1

bn(an+1 − an).

Lemma B.7 (Discrete Grönwall inequality [70]). Let (an)n ⊂ R+, (λn)n ⊂ R+, B ≥ 0. Assume
for all n ∈ N it holds that

an ≤ B +
n−1∑
k=0

λkak.

Then it follows

an ≤ B
n−1∏
k=0

(1 + λk).

In particular, if λk = λT
N for all k ∈ N for some λ, T ∈ R+ and N ∈ N, it holds that

aN ≤ B exp(λT ).

Lemma B.8 (Eberlein-Šmulian theorem [69]). Assume that B is a reflexive Banach space and
let {xn}n ⊂ B be a bounded sequence in B. Then there exists a subsequence {xnk}k that converges
weakly in B.
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Lemma B.9 (Relaxed Aubin-Lions lemma [71]). Let {fn}n ⊂ Lp(0, T ;B), 1 ≤ p < ∞, B a
Banach space. {fn}n is relatively compact in Lp(0, T ;B) if the following two are fulfilled:

• {fn}n is uniformly bounded in Lp(0, T ;X), for X ⊂ B with compact embedding.

•
∫ T
τ ‖fn(t)− fn(t− τ)‖pB dt ≤ O(τ), as τ → 0.

For the second property it is sufficient that {∂tfn}n is uniformly bounded in Lp(0, T ;B).

Lemma B.10 (Riesz-Frechet-Kolmogorov compactness criterion [72]). Let F be a bounded set
in Lp(RN ) with 1 ≤ p <∞, N ∈ N. Assume that

lim
|h|→0

‖f(·+ h)− f(·)‖Lp(RN ) = 0 uniformly in f ∈ F.

Then the closure of F |Ω := {f : Ω→ R | f ∈ F} is compact for any measurable set Ω ⊂ RN with
finite measure.

Lemma B.11 (Standard inf-sup argument [66]). Let V and Q be Hilbert spaces, and let B be a
linear continuous operator from V to Q′. Denote by Bt the transposed operator of B. Then, the
following two statements are equivalent:

• Bt is bounding, i.e., there exists a γ > 0 such that
∥∥Btq

∥∥
V ′
≥ γ ‖q‖Q for all q ∈ Q.

• There exists a LB ∈ L (Q′, V ) such that B (LB (ξ)) = ξ for all ξ ∈ Q′ with ‖Lb‖ =
1

γ
=:

CΩ,is.

Lemma B.12 (Properties of the Legendre transformation [53]). Given b : R→ R continuous
and non-decreasing , we define its Legendre transformation

B(z) :=

∫ z

0
(b(z)− b(s)) ds ≥ 0.

It holds for all x, y ∈ R and for all δ > 0

0 ≤ B(x),

B(x)−B(y) ≤ (b(x)− b(y))x,

|b(x)| ≤ δ B(x) + sup
|y|≤δ−1

|b(y)| .
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